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YBaxaemsbie AeBATUKNACCHUKA!

B aTtom y4ebHOM rogy Bbl NPOAOMXMTE U3yyaTb anredbpy nNo y4ebHuKam,
CO3[4aHHLIM HalWUM aBTOPCKUM KOMNIEKTUBOM. JTOT y4eOHUK UMEET Ty Xe
CTPYKTYPY U Te Xe pybpuku, 4To u y4ebHuk 8 knacca. lNostomy npasuna
paboTbl ¢ y4e6GHUKOM OCTaOTCs NMPEeXHUMWU. HanoMHUM OCHOBHbIE U3 HUX.

MNMocne nayyeHusa Tekcta naparpadga oTeeyanTe Ha YCTHbIe BONPO-
Cbl: HaxoouMTe OTBETbI HA HUX B TEKCTE, y4yuTe OrfpeneneHns HOBbIX Mo-
HATWIA, Teopembl, anroputMbl. C noMowpblo BBOAHBIX yNnpaXHeHun
NOBTOPSINTE paHee u3dydyeHHoe, 4ToObl ObINO nerye ycsamsBaTb HOBbIA Ma-
Tepvan n BbiNONHATbL OCHOBHbIE YNpPaXHEHUs No Teme,

Yutarite Auanorun o6 nctopuu, 4Tobbl paclumpuTb CBOM KPYrosop
M MOHATL, OTKYAA W NOYEMY NOSBUNOCL B anredbpe TO MM UHOE MNOHATHE,
B KakuMe Beka NoAN yXe 3Hanu To, 4TO BaM TONbKO eLé NpeacTouT y3HaTh.
O6bpaulaiite BHMMaHve Ha Pa3roBopbl 0 BaXHOM. B HUX Bbl Hanne-
Te OTBeTbl Ha 4acTO 3afaBaeMble BOMPOCHI, y3HaeTe, kakuMm o6pa3omM u3y-
YEHHbIe MOHATUA NPUMEHRAIOTCA B APYrux obnacrax 3HaHWn U Ha NPakTuKe.

B pasgenax 3To MHTepecHO Bbl Hailgére NOOOMNbITHLIE CBEAEHUA
0 MPOUCXOXAEHUN U UCMONb30BAHUM MNONYYEHHbIX 3HaHW. WU3yyaite ma-
Tepuansl pa3genoe LWWar enepépn— ¢ uUX NOMOLWLIO Bbl CMOXETe yriy-
6UTb U paclWMpUTL CBOU 3HAHWUSA MO TEME.

Ecnu B TekcTte yyebHuUka Bbl BCTpeTUTE 3abbiThii TEPMUH, TO B Npea-
METHOM ykasarese B KOHLe y4ebHuKa nocMoTpuTEe HOMEP CTpaHuubl, Ha
KOTOPOW MOXHO HaWTW ero onpegenexHue.

lMocne w3y4yeHus KaxaowW rnaebl NPOBEPAWTE CBOU 3HAHUA U YMEHWA
Cc nomMoulbio 3agay pybpuku NMposepb cebs! ITM 3anaHus pasaeneHsbl
Ha TPW YPOBHS CJIOXHOCTM, KaK U OCHOBHbIE ynpaxHenus yyebGHuka: obs-
3aTefbHbif, NPOABWUHYTLIA U CNOXHbLIK, WHTEpecylwmecs MaTtemMaTukoin
LWKOMIbHUKW HaMayT B KOHUE y4eOHMKA MHOro HenpocTbiX 3adaHvii B pas-
nene 3agayvm Ans BHeknaccHow pab6oThbl. MNocne peweHus 3a-
[ay v ynpaxHeHWin CBepsiTe CBOW OTBETbl C OTBETaMu, npusBeaEHHbIMU
B KOHUEe y4ebHuka.

BHYTPM TekcTa MCnonb3yloTCcH cneayiowue o6o3Ha4yeHus:

n — dopMynMpoBKKM OnpeaeneHuin, Teopem, nNpasun
— BblAeneHue BaXHOro martepuana
1 - o
2; — NOpsAOK OENCTBUA, anroputm
P, <1 — Hayano v OKOHYaHWe peleHus 3apadu
@, ) — Hayano M OKOH4YaHue O00OCHOBaHUA YTBEPXAEeHWs WNu BbiBOAA
dopmynbl
17. — obf93aTenbHble ynpaxHeHus
43. — pononHuTenbHble, 601ee CNOXHbIE YNPaXHEHUN

— TpyOHblE yNpaXXHeHUs



CreneHb
C pauuoHasNbHbIM
nokKasarenem

ﬂ bl 3HAKOMbI C OnpeaeneHuemM CTENEeHU ¢ HaTypasnbHbiM No-
Kasartenem:

a"= a-a-as...-a, a=a.
e
n pas

Mpy nayyeHun Teopum NpUBANMXEHHBIX BLIYUCNEHUA WUC-
NnoNb30Banu CTeneHwn ANns nNpeacTaBfieHns YiMcen B cTaHpapTt-
HoM Buae (Hanpumep, 0,023 =2,3 - 1072). Takum o6pa3om, Bbl
YXe 3HAKOMbl C HEKOTOPbIMW CTEMNEeHsSMKU C OTpUUATEeNbHLIMK
rnokasarensimu.

HeobxooMmocTb BO3BEAEHMA 4YUMCEN He TONbLKO B HaTy-
panbHble cTeneHn BO3HMKNA B XVIB. B CBS3W C PasBUTUMEM
hanbHEro MopennaBaHusl, Tak kak nortpebosanuce ycosep-
LWEHCTBOBAHHbLIE ACTPOHOMUYECKME HabnogeHuss U TO4YHbIE
BbluuCneHusa. Jivwbe K koHuy XVIIB. noHaTue cteneHu 6bino
0606L1eH0 A0 cTeneHu ¢ APOOHLIM U OTPUUATENbHbIM MOKa-
3aTenaMu. B okoH4aTensHOM BuMAE TEOpUIO cTeneHen chop-
mynuposan W. HbloToH.

C Bo3BegeHMeEM 4Yucen B pas3nuyHble CTerneHW Mbl 4acTo
CTaNKMBAEMCH B MOBCEOHEBHOW XW3HW, NPU pELIeHUU Nnpak-
TUYeCKuX 3ajay. Hanpumep, npu BbMMCAEHMW nNAoOWAnen
NPUXoOAUTCA BO3BOAWTL Yucna B KBaapar, Npu BblHUCAEHUU
06bLEMOB — B TpeTeio creneHb. Cuna BCEMWUPHOro Tsrote-
HWS, BNEeKTPOCTaTU4eCKoe W MarHuTHoe B3auMOLENCTBUSA,
CBET U 3BYK 0ocnabeBaioT nNponopuMoHansHO BTOPOA CTEeneHu
paccTtosiHus. B uMHXEHepHbIX pacuyérax 4acTo BCTpevalTcs
4eTBEPTLIE U Aaxe LWeCTble CTeneHn BenuyuH. ApkocTb pac-
KanéHHoro Tena, Hanpumep, npu 6enomM kaneHun pacTér npo-
NOpUMOHansLHO 12-i CTeneHy Temneparypsbl.

B at0ih rnaBe Bbl nNpoWpgére nytb marematukoB XVI—
XVIl 8B., 0606WMBLLUMX MOHATUE CTEeneHu [0 CTeneHu ¢ pa-
LUMOHanbHbIM nokasarenem. lNosHakomuTech ¢ HOBOW op-
MOI 3anncu KBaflpaTHOro KOPHA W3 BbipaxeHws. Y3HaeTe
O CYLWECTBOBAaHWW KOPHEN APYrux CTEeneHeiln n noimetre mux
B3aMMOCBSi3b CO CTENeHAMU C pauuMoHaNbHbIMW MNokKasate-
NAMK.




neHb C UuenbiM nokKkasarenem

yTobBbl Onepaums BbiYUTAHUA N —m Oblna BbINOMHMMA HE TONbKO ANA
n>=m, HO U AnA n<m. AHanorM4yHo B anrebpe BBOAWUTCA MOHATUE CTe-
NeHn C OTpUUATENbHLIM NoKasaTtenem Ans Toro, 4Tobbl CBOMCTBO Ae-
neHus creneHen a”: am™=a" " B0 BLINONHUMO U Npu Nn<m. B aTtom
naparpade GyayT BBefeHbl MOHATUSA CTENEeHW C UEenbiM oTpuuartenb- |
HbiM W HyNEBbiM NoKasaTeNsMu. 3HAKOMble BaM CBOWCTBA CTENEHU |
C HaTypanbHbiM nokasarenem ByayT 0606wWeHbl Ans cTeneqn ¢ NobuiM
LenbiM nokasarenem.

lNoHaTHe oTpuuaTenbHOro Yucna B apudpmeTrke BBOOWMNIOCH OIS TOro,
|
i

' CNMOMHEHWTI
y L ilb.

[l MOHATHE CTENEeHH C HATYPANbHBEIM IOKasaTeJieM;
| CBOMCTBA CTEIEHH C HATYpaJbHBIM NOKAa3aTeJieM;
[/ OCHOBHOE CBOMCTBO Jpo0OH;

! CcTAaHAZAPTHHIM BHJ YHCIA.

IIpu paccMOTpPEHHH CBOMCTB CTElleHH C HATYDPAJbLHBIM IOKa3aTeleM

0TMedasioch, 9YTO CBOMCTBO JeJIEHUS CTeleHeH
a* a®=—a*"™ (1)
cnpaseyiuBo npu n>m u a#0.

Ecim n<m, T0 B npaBoi dactu paBeHcTBa (1) moxasaTeib CTENeHH
n—m OTpHIAaTeNeH WiIX paseH Hy 0. CTemess ¢ OTPHOATENLHBIM H
¢ HyJeBhIM MOKA3aTeNsiIMH ONPEJeNsiOT TaK, 4Tobbl paBeHcTBO (1) GBLIO
BEepHO He TOJBKO IpH n>m, HO ¥ IpH n<m.

Hanpumep, ecim n=2, m=>5, 1o mno ¢opmyre (1) moaydaem
a2:a%=a%25=a>.

2

1
g - ia. IlosTOMY CYHTAIOT, 9TO @ °= —

2. 5_@°
HOG:QZ—?Z‘—*:!—a 3"
a a a a a

Ounpenenenune 1. [lna moboro uncna a, He PAaBHOTO HYJIIO, H Ie-
| JI0ro OTPHUATENLHOrO 4YHCIA —N

i
a T
a
IIpamepsi:
s_1 _1, a1 .1, " S
1) 27= iy 2) -3) Caf sl 3) (0,5) ©5° 0125 8
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Ecan n=m, To no dopmyse (1) nonyuaem a":a"*=a" "=a’.

n
C apyroit cTOpOHBI, a":a"= % = 1. Iloaromy cumraior, uro a’=1.

E Onpepenenue 2. laa moboro yucia @, He PABHOIO HYJIO,
{ ]
a’=1,

0
2
Hanpuwmep, 3°=1, (_".";J =1.
CreneHu C OTPHMIATENLHLIMH IOKA3aTeJAMH ViKe HCIOJb30BAIHCh
[IpH 3aIMCH 4YUCeJ] B CTAHJAPTHOM BHJe.

Hanpumep: 0,00027 =2,7 - T:Tf =2,7-10,

Bce crolicTBa CTEeneHH C HaTypaJIbHBIM IIOKa3aTeJieM CIpaBeIJIHBEI
M OJsA CTeNeHHM ¢ JI00bIM LeJBIM IIOKa3aTelieM.

CeoiicTBa !_,HJIH n00b1x a#0, b#0 1 nO6BIX LEABIX 7 U m

| CIpaBeJJIMBLI PABEHCTBA: .
n
1. a"a™ = ar+m 3. (@)™ = a™m 5. (2] =5

| b
! 2. a":am=aq* ™ 4. (ab)™ = a™b"

HokakeM, Hanmpumep, CIpaBeJJIMBOCTL paBeHcTBa (ab)”=a"b" npu
n<0.

® Ilyers n — mesoe oTpuiaTeabHOe yucio. Toraa —-n=k, roe k — Ha-
TypanbHOe 4uciao. Mcnonb3ya ompezesieHue CTENEHUW ¢ OTPHUIATEIbHBIM
IOKa3aTeJleM M CBOMCTBA CTENeHU ¢ HATYDAJbHBIM [IOKAa3aTejeM, IOJy-

qaeM
1 1

B S 8
(ab)* ~ a*b* ~ oF b
AHaJIOrMYHO JOKA3BLIBAIOTCA M APYTrUe CBOMCTBA CTENEHH C LeJBIM IIO-
KasateseM. IIpuBenémM NpuMepsl IPUMEHEHUA CBOMCTB CTENEHH C IeJIbIM
ImoKasaTreIeM:
4—8 . 411 g 4—6=4—3+11 . 4—6.:4—34»11-6:42: 16;

(ab)'= (ab)*= =a™"b=a"h".

-3 \2 -3.(-2) 2.6
(%) = 3‘0 = 3_‘3 =9p°q*, rne p#0, ¢#0.

2.g2CD q
Japava. Yopocruts Beipaxkenue ab(a?-a*)(a®+a?®, roe a#0.
1 1 1 a? =1 1
P a6 -aY)Y(@+a¥) =gl | — e | e = gf . =
( )( ) a® a*)a®+a® a* a’(l+a)
=a-1.

6 Fnaea |. CreneHb C paumMoHanbHbIM nokasaTenem



YcTHbIe BONpOCHI U 3afaHuA

1. ChopmynupoBaTs omnpeaenenue crenesd a™, rae a#0 u n — HaTy-
paJisHOe YHCJIO.

2. Jlate onpenenenue crenenu a’, ecaum a#=0.

3. IlepeuncauTs CBOMCTBA CTENEHU C IEJIBLIM IIOKA3aTeJIEM.

4. YTo Ha3BIBAIOT 3ANMCHLI0 YUCJIA B CTAHZAPTHOM BHZAe?

BBOAHLIE yNpaXHeHus |

1. Ilpeacrasuts B Buzae creneHu (b=0):
8
1) a-a’  2)b0:bh  3) (Y5 4) a5 5) 5

2. Banucars C CTAHAAPTHOM BHJE YMCJIO:
1) 2400; 2) 38; 3) 56 700; 4) 10.

YnpaxHenus |
1. BeruuciauTs:

1) 22+(=8)° - (-2 +(-1)%  2) (1) =(-4)*-3%

3) 13.283-9.23+28; 4) 6 (-2)® -5 (-2)% - (-2)%.

I"Ipe,nc'raBH'rL BhIpaxKeHue B BHJIe CTelleHH C HaTypaJdbHbBIM nmoKasa-
Tesem (2—3):

72 _715 ; 53.510 _57 . 322_311 ) 132&_1316_132
“ B e 2) 54.515 %) 3.5%.8%" 4) 13%.13%.13 °
azasba cadacs . xlsyl-i . x9y3x15y3

3. 1) oy “oogT Dy Y Ty

4. (Yerso.) Berancnurs:
-4 -1
1) 15  2) 4% 3) (-10)% 4) (-5)% 5) [%] 3 6) [%] .

5. BanucaTh B BHIE CTEIIeHH C OTPHIlATEJbHBIM IIOKasaTejieM:

1, 1, X, 1
1) ZE' 2) 213 ? 3) xl? ? 4) ag ol
Brruucauts (6—7).
10)? 9" 4.
6. 1) (?J : 2) [-H] : 3) (0,2)%;
4) (0,5)%; 5) - (-17)%; 6) —(-13)2.
-3
7. 1) 31+(-2)% 2) (%] -47%
3) (0,2)%2+(0,5)7% 4) (-0,1)2%-(-0,2)3.

§ 1. CTeneHb C uenbiM nokasarenem 7



8. (VcrHo.) CpaBHHTH C eSUHHIEI:
-4
1) 123 2)21%  3) (0,6)%  4) (%] .

9. 3anucars 06e3 cTeneHel ¢ OTPHIATENLHBIM IOKAa3aTeJIeM:
1) (x-y)% 2) (x+y)% 3) 3b°c®;
4) 9a3%b4; 5) a'b%c3; 6) a%blc .

Beraucaunts (10—11).
AN 1) 1),
0.1 (3)7) 2 (-3)3)
3) 0,37.0,3°10; 4) 175.173.17.
11. 1) 97:910; 2) (0.2)*: (0.2 %
2 -12- 2 2- 2 3' 2 -1
o (%) (&) »(3):0)
12. BosBecTu cTeneHL B CTENEHB:
1) (a%% 2) (b3 3) (@®)% 4) (b7) 1.

13. BosBecTH B CTemeHb IPOU3BEICHHE:
1) (@b?)*  2) (@®™);  3) (2%  4) (3a¥) .

14. BrimmoaHuTh AeHCTBHA:

1) (:—:]42; 2) [—2—;]3 3) [;:—i]z; 4) (‘ ;”)3.

15. BBIYHCIHTH 3HAYEHHE BhLIDAXKeHHHA:

-2
1) (x"'y‘z—4y*2)-[i] npu x=5, y=6,T;

a*—ht
2) (@b ')*—a"%?): = npu a=2, b=-3.

2
Sanumcarbs B craEgapTHOM BHje (16—17).
16. 1) 200 000%; 2) 0,0003%; 3) 40002 4) 0,0023.

17. 1) 0,0000087; 2) 0,00000005086; 3) o3 4) .

18. Ilponmecc mIHMOBKHE CTEKIa 3aKAHIYABACTCH, KOIAa raybuHa BEIEMOK
Ha ero NnoBepxHOCTH He npeBmmaer 3- 1073 mMm. Bammcarte umeno
3:10° B BHAe aecaTHuHON ApPOGH.

19. AromM CBepXTHKENOro Bogopoja cymectByer aums 0,00000000001 c.
Sanucars gucao 0,00000000001 B Buae crenenm umcna 10.

20. Pasmepnl BHpyca rpunna cocTaBasior okono 10+ mm. Banmcars
guciao 107* B Buge mecaTuunOi ApOGH.

8 Mnasa |. CreneHb C pauuoHanbHbIM NoKasaTenem



21.

22.

25.

Ipo6b mpeAcTaBUTL B BHAE CTENEHUW M HAWTH €€ 3Ha4YeHue IPH AaH-
HOM 3HA4YeHHH a:

8q7 15,3 1
DLl a=08 ii.a=7.
BeraucinuTs: )
1) ((200)7: ((-20) P +2%  2) ((17) (1D )" ‘[%] :

I[IpuMeHUTHh CBOMCTBA CTENEHHM ¥ BBIYMCIUTL HA MHKPOKAJIBKYJIIHA-
rope ¢ TouHocThO 0 0,01:
1) (1,3)18.(1,3)'%; 2) (0,87)7™:(0,87)%%

AN S LA N 23)* (23)™
o (55) () o3 -G)

BBIYHCIUTE HA MHKPOKAJBKYJIATOPE M 3anucaTk pe3yiabTaT B CTaH-
JAapTHOM BHJE:

) (186:7)%: (7865)75; 2) (9233%)5.(923%%;

3) (1,76)%- 35% 4) 473 :(2,5)%.

C moMoOIIbI0 MHKPOKAJBKYJIATOPA BBIYHCIHTH obBéMm Kyba, AJAMHA
pebpa KOTOpOTO paBHA:

1) 1,54 -107* mm; 2) 3,18-10% km.

YupocTuTh:

Aunanor 06 ucropum

1) (a?+b3)-(a2-b%)"'-(a?- albl+ b2
2) (@2b-ab?)-(a2+a'b+b%)".

Nepebie 0603HaYeHUs CTeneHein C OTPULATENIbHbIMU
nokasarensaMm

il §I 3ma0, uTo B «Apudmernke» [{uodanTa, KOTOPYIO OH HAIHCAN
'*' B III B., BoepBhle BeTpeuaioTcd 0003HAYEHHA HATYPATBHBIX CTE-
~ meHe#H uucaa X.

Ieiticreurensro, [luodant Ana pellieHHA CBOUX ypaBHEHH# BBEJ
@ﬁg 0003HAUeHWA MEePBBIX IIeCTH HATYPaJIbHBIX cTemeHeld uWwmesa X.
= Tam ke OH BBEJ W NOHATHE ¢OTBJICYEHHOW eAMHHUIIBI» (x°), xo-

(=]
Topyio 0603HAYAN B CBOeW KHHIe M. JIuodanT ke BBEN cHeNHAJIbHBIE
oGosmauenus u aua x5, x5, x4, x3, x? m x'. H3BecTHO TaKKe, UTO
B cepejiiHe TepBOro ThICAYeNeTHs WHAMACKHE MATEMATHKH ONepHpoBa-
M cTeNeHAMYM ¢ HATyDAJbHBIME IokasaTeasmu ot 1 jo 9.

- A Korja NOABHJIHNCH 3alHCH cTeneHed ¢ OTPHIATENbLHBIMH IIO-

L/ # xasaTensiMu?

'y sunacek B xkaure H. IlMlioke «Hayka o umciax B TPEX dYacTAX»

- Buepsbie 3amucCh CTeNeHH C OTpHMIATENbHEIM NOKasaTeleM IodA-
GFe
= 5 XVs.

§ 1. CTeneHb C uenbiM Nokasarenem 9
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danTacTU4ecKkue paspesbl U peanbHble pacyéTsl
@ Ilpeanararo nmogaHTa3sMpOBaTL HA aKTyaJbHYI Temy. HemaBHo

6bL1 M300peTEH CBEPXTOHKMII MaTepuat — zpagern. Keratu, oqun

u3 ero usobperareneir K. C. HoBocénos — yuenux M. H. Illa6y-
HMHA, OJHOT0 M3 aBTOPOB aroro yuebumkxa. Tonmwunaa rpadena paBHa
Avamerpy atoMa yriepoga, T.e. 0,1 sm. Ogun HaHomerp (1 HM) paBeH
10-° M. [lomycTum, uMMeercs KBagpaT co CTOPOHOH 1 am rpadeHOBOM
nnénku. E€ paspesaior momosnam, OfHY M3 IOJIOBUHOK CHOBA DPEIKYT IO-
mojaM M T.A. A0 TeX IIOP, NOKA He IOJYYUTCH KBAAPAT CO CTOPOHOI,
paBHOH Auamerpy aroMa yriepoga. Kax Bel gyMaere, CKOJIBKO HYKHO
cAesaTh TAKHUX paspes3oB?

HAdymalo, 4TO O4eHb MHOTO...
O

HapaiiTe caenaem pacuér. I 9TOr0 HAM IOHAZOGUTCH 3HAHHE
cBoiicTB crenenu. ITocse BTOporo paspesa NmOJy4YMM KBAIpaT CO

1 "
CTOpPOHOIT 2 AM, IIOCJIe YeTBEPTOro — 22 AM, TOCJe IIecToro —

1 1 1
25 AM, ToCIe BocsMOro — o7 AM # T. X., mocre 2n-ro paspesa — o AM.
Tenepr BhIpasuM auaMeTp aToMa yrilepoJa 4Yepe3 CTeleHbL uuciaa 2.
Mer snaem, uro 2'°=1024. Bygem cumrars, uro 2'°= 1000 =10%. [Ina-
MeTp d aroma yriepoga pased 10710 m, T.e.

1 10 1
— -10 e - = L
d=107"Mm = IOIOM_ 1010 IM = 109,II;M—
1

= oo " = iy A = g A

Ilonpobyio Temeps cam ompesesuTh MCKOMOE UHCIO PA3PE3OB.
(4"} HUrax, nmocne 2n-ro paspesa cTopoHa jamcra rpadesa, paBHas

i |
E‘-HM' RoykHA GBITh IPMMEDHO paBHA JMAMETDY ATOMAa yIJjepo-

1 -
na, T.e. 2_30"“" OueBusHO, uTO 3T0 mpomsoiAéT npu n=30. To ecThb

BCero-To HYXHO cjesarb 2n=2-30=60 paspesos.

Kpucrannmuueckas crpykrypa rpadena
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OenuMocCTb U CTEneHu

Hcnoabsys cBoficTBa cTemeHed, MOXHO, HaNPUMep, AOKA3aTh,
uro umeno 219+ 5'2 — cocrasHoOe.

Ilna aToro MBI AOJKHEI IPEACTABUTH 9TY CYMMY B BHJIe IPOM3-
*,*) BeleHUs XOTH GBI ABYX MHOJKHTENEH, OTIMUYHBEIX OT 1.

saTenbcTBa morpebyercs emié sHaHMe (GOPMYJ KBaJpaTa CyMMBI
ABYX YMCeJ U PASHOCTH KBAZDPATOB, & TAKIKe TOTo, 4To a=a+b-D.

® 2104 512=(25)2 +(5%)2 = (252 +(5%)2+ 2 - 28 - 56_-.92.925.56=
=(25+56)2-28.50=(2%+ 56 — 28. 53) (25 + 5% + 23. 53),
OueBHAHO, YTO KasKALIH MHOMXUTENIb 3/eck Gosbine

A reneps monpobyiiTe caMOCTOATEeNbHO [0KasaTh, UTO CyMMa
5+ 52+ 5%+...+ 520 genurca Ha 6.

@ Tsl BepHO BCIIOMHWMJI MoOHsATHE cocraBHOro umcia. Ho ana aoka-

§l, xa)kercs, 3HAI0, Kak AoKasaTh, HysKHO CrpynnupoBark cjia-
-
A7 raeMble IOMAapHO...

MdMeTUYECKNii KOPeHb HaTypanbHOM
SNeHU

C noHsTMeM apudMETUHEeCKOro KBaapaTHOro KOPHS M3 Yucna Bbl No-
3HaKOMMNMCh B 8 knacce. M3BneyeHwe KBAAPATHOro KOPHHA — one-
pauus, obpaTHas BO3BEAEHWIO Yucna B KBappar. B artom naparpade
| Bbl MO3HAKOMWUTECH C M3BNEYEHWEM KOPHA n-i cTeneHun — onepauven,
' 06paTHO BO3BEAEHWIO YUCNa B N-10 CTEneHb.

Hy>XHO BCNOMHWUTb:

IOHATHUS YETHOrO M HEYETHOI'O UHCesI;

onpejesieHre apu(PMETHIECKOTO KBaJAPATHOTO KOPHS M3 HHUCIA;
pelieHye JUHEHHLIX HEPaBEHCTB;

MeTOJ MHTEepPBaJOB.

3apava 1. PemmTs ypaBHeHue x*=16.
p BanunieM ypaBHeHHE B BHIE

x4—-16=0 mmm (x>—-4)(x*+4)=0.
Tak xax x2+4#0, To x2—4=0, oTkyAa x,=2, x,=-2. <
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Hrak, ypasHenue x?=16 mMeer ABa JelCTBATEIbHBIX KOpHA X, =2,
x,=-2.

WX Ha3BIBAIOT KOPHAMHM 4YeTBEPTOM cTemeHHW M3 umciaa 16, a moio-
JKHTEJbHBIA KOPeHb (YMcio 2) Ha3HIBAIOT apH(PMETHYECKHMM KODHEeM

s as 4
YeTBEPTOHd cTeleHW U3 4yuciaa 16 m obosmauaror V16.
4
Takum obGpasom, V16 = 2.
MokHO AOKa3aTh, YTO ypaBHeHHEe X" =a, Iie N — HATYPaJbHOe YUCJIO,
a — HeOTPHIIATEJIbHOEe UYHCJIO, UMEeT e€JAMHCTBEHHBIA HEeOTPUIATEeNbLHBIH

KOpeHb. ITOT KOPEHb HA3LIBAIOT apU(PMETHIeCKUM KODHEM n-H CTelneHH
H3 9HCia a.

"l Onpepnenenue. ApupMeTHYECKHM KODHEM HATYPAJBLHON CTeme-
Eﬁ HHM n > 2 U3 HEOTDPHIATEJHHOTO YMCJIA @ HA3hIBAETCH HEOTPUIATENb-
=

- HO€ YHCJIO0, n-s CTeneHb KOTOpOoro paBHa a.

ApundmeTHueckuii KOpeHb n-# CTENEHM M3 YHCIA @ OOO3HAYAETCS
rak: va. Yucao a HassiBaeTcs OOAKOPEHHBIM BhIpaxkeHHeM. Eciau n=2,

2
TO BMeCTO va mumyT vJa.
ApudmeTruecKuii KOpPeHb BTODOH CTENEHM HA3LIBAIOT TAKIKE KBa-

APaTHBIM KOPHEM, a KOPEHb TPeTheH CTelleHH Ha3bIBAlT KyOMdecKHMM
KOpHEM.

B Tex cnywasx, xorza sCHO, YTO pedb HAST 06 apa(meTHYecKoM
KODHE n-il CTelleHU, KPaTKo roeopaT: «KopeHs n-ii cremenms.

YTo6Bl, HCIIONIL3YA OIpeeIeHue, JA0Kas3aTh, 4TO Ya paBeH b, HYXHO
IOKas3aTh, 4TO:
1) $20; 2) b"=a.

Hanpuwmep, V64 =4, tak xax 4>0 u 43=64.

| Us onpenenenns apudMeTHUECKOTO KODHS CIELYET, UTO

T
. ectm a>0, to (Va)" =a, Va" = a.

Hanpumep, (Wf: 7, Y13°% =13.

HelicTBue, MOCPEACTBOM KOTOPOTO OTHICKHBAETCH KOpeHBb n-u cre-
IIeHW, Ha3bIBAETCA H3BJIEYEHHEeM KODPHA n-il CTeneHH. IJTOo AeiicTBHe
ABJAeTca OOPATHHIM K BO3BENEHHIO B 71-10 CTEIEeHb.

Japava 2. PemuTh ypaBHeHue x° = —8.
» OTO ypaBHEHHe MOXKHO 3ammcaTth Tak: —x°=8 wmwim (-x)°=8. O6ozHa-
9uM —-x =y, Torga y°=8.
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9T0 ypaBHEHHME HMeeT OJWH MOJOXXKHUTeNbHBIH KOPeHb Y = Y8 =2.

OrpunaTebHBIX KOpHeil ypaBHeHme y°=8 He mMeeT, TAK Kak y3<0
npu y <0. Yucno y =0 Takxe He ABIAETCA KODHEM 9TOr0 ypaBHEHHA.
Hrak, ypasHeHHe y° =8 uMeeT TOJBKO OJMH KOPEHb y =2, a 3HAYMUT,
ypaBHeHHe X3=-8 HMeeT TOJbKO OfMH KODeHb X =-Yy=-2.

OtBet. x=-2. <

KopoTko pemreHme ypaBHeHHsi X°=—8 MOXHO 3anucaTh TakK:
x=-38 =-2.

[ : Boobme ans ao6oro HEYSTHOro HaTypanbHOoro uucia 2k+1
% ypaBHeHHe x2¥*1=ga npu a <0 uMeeT TOJILKO OJUH KODEHb, IIpPH-
="  u@éM oTpMIATeNbHBIN. JTOT KOpDeHb 0003HAuaeTcsd, KaK U apudg-

Zk+U_ .
MeTHYeCKHIl KOPeHb, CHMBOJIOM a. Ero HasslBaiOT KOPHEM HeYerT-
HOH CTemeHH H3 OTPHIATENhHOro JHCJAa.

Hanpuwmep, ¥—27 =— 3, Y-32 =— 2.

KopeHb HeYéTHO{l CTeleHW M3 OTPHIATENHHOTO 4HCIA 4@ CBA3AH
¢ apudMeTHIeCKEM KOPHeM M3 Yucia —a =|a | clieayomuM paBeHcTBOM:

1 —WHU_—E 25 _2&+m.
Hanpumep, ¥—243 = — 243 = -3.

YcTHbIE BONPOCHI W 3aAaHus |

1. Yro HaswIBaeTcsl apudMETHUECKHM KOPDHEM HATYyPaJIbHO# CTEeleHH 7,
rae n=27

2. Kak HasbnBalT apudMeTHUYeCKHi KOPeHb BTOPOW CTENeHH; TpeTbei
CTeneHH?

3. Kax ¢ moMompbi0 OnpejesieHHd aprudMeTHYeCKOro KOpHA A0KasaTb,

uro Y125 = 5?
4. Yupocrurs seipaxenue (Va)"; Va", ecrm a>0.

5. CKOJMLKO CYIIECTBYET AEeHCTBHATEIbHBIX KOPHEH ecTOi CTeneHW H3
OJIOKUTEeNBbHOTO yuciaa?

6. CKOJBKO CyIIeCTByeT apM(pMeTHYeCKHX KODHe# 4eTBEPTOH CTemeHd
U3 HeOTPUIATEJbHOIr0 Ymcya?

7. CKOJBKO CYINeCTBYeT KOpDHeH IATOM CTeNeHHM H3 OTPULATEeJIBHOTO
yuenaa?

8. Jlna a <0 ykasaTh BepHbI€ pPaBeHCTBA:

1) ¥Ya=-%Ya; 2 ¥Ya=-%a; 3)VYa=-Yal

§ 2. ApUDMETUHECKMIA KOPEHb HATYPaSIbHOW CTeneHu 13



BBoaHbie ynpaXxHeHus

1.

Haittn xBagpar uucia:

1) 0; -1; 2; -3; 4; 11; -12; 13; -14; 15;

2) 0,01; 0,2; —0,3; 0,04; gyl -2, 8., 5
Ll » t End | 2%y t ) ? 5! 7! 11! 14

2. Ha#éitu xy6 umcia:
1) 0; 1; -2; 3; —4; 5; —6; 2) -0,1; -0,2; 0,3; 0,4;
1 1,1 ,1
3) 15-, —15, 14, 1 5
3. Haittu verBépryio cremenn umciaa: 2; 3; 4; 5; 0,3; 0,4; %, -2~
4. PemuTh HEepaBeHCTBO:
1) 3x-5>0; 2) T-2x=20;
3) (x-8)(x+9)=20; 4) (x+4)(x—-6)<0;
5) x2+5x+6=0; 6) bx—x2-6>0;
7 (x-1)(x+2)(x+3)<0; 8) (x—4)(x-1)(x+5)=0.
5. PasnoskurTh, Ha MHOMKHUTEIH:
1) 8a%-6a; 2) a’-6a+9; 3) x3+8x2+ 16x;
4) 2x3 - 8x2 + 8x; 5) 2ab+4b—-a-2; 6) 3a?-a-2.
YnpaxHenus |
27. (Ycrmo.) 1) Haittu apudmeTudeckuit KBagpaTHbIMA KOpPEeHb M3 Yucja:
1; 0; 16; 0,81; 169; ——.
289
2) Haiitu apudmernueckuii xKybuueckuii KopeHb u3 umcma: 1: 0;
125; -217; 0,027; 0,064.
3) Ha#iTu apudmMeTnyeckui#t KOpeHh YeTBEPTON CTEHNEHHM M3 UHCIA:
16 256
0; 1; 81; kT 0,0016.
Beruncaute (28—30).
2
28. 1) V36%; 2) V647 3) ¢ (25} 4) Y225% .
29. 1) Y10°; 2) ¥312; 3) 1{[12 s 4) ,/
30. 1) ¥~64; 2)Y-1; 3)3 —iT; 4) ¥-125; 5) Y-34%; 6) Y=g,
14 Fnasa |. CteneHb C paumoHanbHLIM MOKa3aTenem



31. Pemnth ypaBHeHHE:

1) x4=81; 2) x°= -§1§; 3) 5x5=-160;  4) 2x6=128.

32. IIpu KaKUX 3HAYEHMAX X HMMEeT CMBICJ BBIpaKeHHe:
1) Y2x - 3; 2) Yx+3; 3) Yor-x-1;  4)2=3%,
Boruneants (33—34).

38. 1) ¥-125 + - ¥64; 2) ¥32 - 0,5 Y-216;

3) —%i/s_1+ 4625; 4) 3~100 —%‘ste;

5) 4/0,0001 — 20,25 + 3 —%; 6) ° 13 +3/70,001 - 4/0,0016.

243
84. 1) V9 + V17 -9 -V17; 2) (V35 V5 ~V3-5) ;
3)(JE+JE+J5—JE)2; 4) gig—g;‘g

[85.] VnpocruTs:
1) ﬂ(—x_—T)"’ npu: a) x=2; 6) x<2;
2) \f(-g—_x)“ mpu: a) x<3; 6) x>3.
CKOJ’H:KO HATYPAJIbHBIX 4YUCe]X 7, TAKHX, 4YTO 1987 < /n < 1988?

' HaxoxpeHue nNpubnvxEHHbLIX 3HAYEHW KBaApaTHbIX
' n ky6uueckmMx KOpHei ApPeBHMMM MaTeMaTukamu
|
| WMapecTHbll BaM yuéHEII-0aT cpefHeBekoBba O. XaiiaM B oxHOM
@q‘? U3 JOIefIIMX JO HAC KHUr coobijaer, 4TO HaméJ CcIocobsl
M3BJIeUeHHs KOpHei siobbix cremeHeit. Ho TpyAsl ¢ onucaEueM
aTux crnocobop He Gbliu o6HAPYKEeHBI IIOTOMKAaMH.

| Moker GBITh, O. XaliaM NOIIYTHJI ¥ HM OH, HA ero COBPeMeH-
| ‘454 HUKM He yMeJHM HaXOAHUTH AaKe NPUONMIKEHHO 3HAYEHUS pas-
- HBIX KOpHei?

Iymaio, uto XaiaM [AefCTBUTEJILHO yMeJ JAejaTb TO, O uéM
nucas. IIpocTo MHOTME ero PYKONMCH NOTePAIMCh. 3aTO cOXpa-
™ gunace kEMra mo apudMeTMKe HU3BeCTHOro apabckoro marema-
Tuka ANbKapxXd, jKuBIIero wyTh paHbme Omapa Xaiisima. AJbKapxu
mocJe WSyYeHUA NPHEMOB M3BJEYeHWA KODHeH rpekaMu W MHAyCAMH
nozpobHO ommca] B cBoelf KHHUIe, KaK HAXOAHUTH npubanKEéHHble 3HA-
| yeHUA KBAJPATHBIX U KyOWMYeCKHX KODHEI.

=
=
Q
(o]
=
0
=
©
o
[
5]
g
]
X
g
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Pacckakure, nokanyitcra, 06 stux npuéMax. OHH B HaAM MO-
el I'yT OBITH MOJIE3HEI.

JeiicTBHTEIbHO, 3TH NPHEMBI BaM MOTYT NDPHIOAMTHCH H HAa
KOHTPOJBLHBIX paboTax, ¥ Ha SK3aMeHaX, ecJM HeJn3fd Oyzer
HCIOJIb30BATh AJIfA BBIYMCIEHHH MHKDPOKAJNBKYIATOD. AJIBKapxu

mocrynan ciaepyomum obpasom. Ecim mepsoe npubamikeHme umcia
JA = \}az+b (rme a — Hambosbiee HaTypalbHOE YHCJO, TAKOE, UYTO

a® < A) npunars 3a a, To ciaepywomumMm, Gosee GIH3KHMM 3HAYEHHEM

b
(5 a+ , T. €.
et

+1

2 - )
JaZ+b a+2a+1 (1)

Ipeanonosxkurensuo, sty GopMmysny ANBKApDXH BEIBEN C IOMOIBIO

| Memoda NONHCHO20 NONONCEHUA.

Hcropuku npepnonarasor, uro dopmyna (1) momoria HTATBAHCKOMY
maremMaTuky JI. @uboHaYun ¢ MOMOIIBIO Memoda ABYX MONCHBLX NONO-
HCeHUU HAUTH PopMYLYy ONA u36NeUeHUA KYOULECKOZ0 KOPHA U3 YUCAA:

3 3[ 3 o b
— = T e 2
VA =3a*+b Sy @

| rAe a — HauboJbllee HATYPaJbLHOE YHCIO, TAKOE, uTo a>< A.

IompoGyiiTe camMocToATENbHO ¢ HOMOMmBIO GOPMYI (1) = (2) mai-

TH OpuUONMKEHHbIe 3HAYeHUs KopHei: 273, V156, ‘:'.r‘145, /236. |
Ilonyuenssie pesyibTaThl NPOBEPHTE ¢ MOMOMIBIO MHUKDOKAJIBKYJIATODA.

NCTBa apMpMeEeTUYeCcKoro KOpHs

B 8 knacce Bbl m3yumnu ceoiictBa apudmMeTUyeckoro KBapaTHOro
KOPHA 1 0DOCHOBanM UX C NOMOLLLIO CBOWCTB CTENEHU C HaTtypasb-

HbIM nokasarenem. B atom naparpade aHanormyHbiM o6pasom OynyT

000CHOBaHbI CBOWCTBA apUMMETUHECKUX KOPHEN MIOObIX CTeneHew.

K DEeiCTBMAM C KOPHAMM pasHbiX CTeneHel Bbl ewé pa3 BepHETech

|
i B 10 knacce, NOTOMy NMPUMEHEHWE CBOWCTB KOPHEW NoKa 6ynet wn-

NOCTPUPOBATLCA B OCHOBHOM Ha apU(pMETUYECKUX KOPHSX, CTeneHb
KOTOPbIX HE NPEBOCXOAUT YETBEPTOMN.

16
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10 BCIMOMHMTh.:

I ompejeyieHHE apH(PMETHYECKOro KOPHSA HATYPaJbHOH CTeNeHH;

" CBOMCTBa apH(METHYEeCKOro KBaJpPaTHOrO KODHH;

| CBOMCTBa CTEIIEHH C HATypaJbHBIM IIOKasaTeJeM;

» TabiaAnsl KBaZpaToB M Ky0OoB HaTypaiabHBIX dmcesl or 1 zxo 10;
IIOHSATHE KODHS TPEThEeH CTEeNeHH U3 OTPHUIATEILHOTO YHCIIA;
HaxoxxJeHue (C 3aJaHHOW CTENeHBLI0O TOYHOCTH) 3HAYEHUH KBajpar-
HBIX KOpPHEH C IIOMOINBI0 MHUKDOKAJLKYJIATOPA.

ApudpmMeruuecKkuil KOPEeHBb n-i cTeneHu obafaeT caefyIONIUMH CBOH-
CTBaAMH:

Cnoﬁc'rna | Ecom a=0, >0 u n, m—Ha'rypaJmHme aucna, |
IpHYIEM n>2 m=2, To

':/_J_ 3. (Va)" =Vam !
2 J_ ':/_ 4."Va ="a |

B cBoiictBe 1 ymeno b moxker rakyke 6biTh paBHBIM 0, B cBoiicTBe 3
YHCJIO M MOKeT OBITh JIO0BIM meabiM, ecau a > 0.

Tlokaxcem, Hampumep, uto Vab = Va Ub.

BocnonpayeMcsa onpejieieHueM apudMeTHUYecKOro KOpHH:
1) Ya b > 0, Tak kak a=20 u b=0.

n n n n
2) (¥a ¥b)" = ab, rax xax (Ya ¥Yb) = (Va)" (Vo) = ab.
AHANOrMYHO J0Ka3bIBAIOTCSH M OCTAJIbHbIE CBOMCTBA.
IlpuBenémM npuMepEl upmueaemm CBOMCTB apu(pMeTHIeCKOro KOpH4.

1) V27V3 =V27-3 =437 =
9) 3[256 :.-{[Li]@:s =§]£= W =4
625 \5 625 5 125 Y125 5
3) V5° = J(5°7 = (¥5°)'=5*=125;
4) 342096 ='%4096 ='¥2% =2; 5) V9)2=V9? = 4{_81_1 _ %

(W)

Hcnoss3ysa CBOMCTBA apH(PMeTHYECKOTO KOpPH:, IOJyYaeMm

(Va®?)'  a®%? _ a®® _ b

3{W - $a12p® a’h

§ 3. CsoncTBa apnpmeTnieckoro KOpHs 17
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YcTHbie BOMPOCH U 3afanHus |

1. CdhopmynupoBarh cBOMCTBa apu(pMeTHUECKOro KOPHA HATYypPaJbHOMH
CTENeHH.

2. HassaThb cBO#MCTBa, KOTOpHIE IIPUMEHEHBLI IIPM HaXOXKJAEHUHM KOpHeH
B Ka)XJoM M3 npumepoB 1—5 Tekcra maparpada.

3. Ilouemy B yCIOBHH 3aJa4H B TEKCTe maparpada DoA4EPKHBAETCH, YTO
3HaueHusa OYKB a U b, BXOAAINMAX B BbIpajXeHHUEe, IOJOMKHUTEJILHBI?

~ BeoaHbie ynpaxHeHus |

1. Haiitu anuay pebpa xyba, 06bém koroporo paseH 27 cm®; 125 m%;
1000 xm3.

2. BpruuciauTs:

1) V16; V16; ¥8; 2) J9; V81; ¥2T;
3) V7)% 7)3 4) ¥=27; 3-125.

3. Ilpu KaKUX 3HAYEHUAX X MMEET CMBICJ BhIDAXKEHUE:
1) Vx; 2) JVx +1; 3) ¥x; 4) Yx+1?

4. BpryuciIHUTH:

1) /400-0,25; 2) /8% (—4)%; 3) %; 4) (3v10)%.
Yopaxuenus' |

Beruncants (37—40).
37. 1) 3/343.0,125; 2) ¥512.216;

3) /256 - 0,0081 ; 4) %/32-.100000.
3
38. 1) ¥5°.7%; 2)411°.3%; 3) 40,2 8*; 4) ﬁ[%} . 218 .
39. 1) ¥2.3Y500; 2) %0,2-%0,04; 3) V324 -V4; 4)¥Y2.V8.

8 8
40. 1) ¥f3°.255;  2) I2°.5%; 3) :fslz-(%}: 4) *,/4“‘-{%)-

41. WsBiieub KOpPEHb:

1) Y64x®2%;  2) Va®"; 3) {32x"%%; 4) Ya''S.

IBJJ.ECI: H JgaJjiee 6ynnamn 0003HAYeHEl IOJIOMKHTENLHEIE YHCJA, ecIH HeT AOMOJTHH-
TeJBHBIX ycnonnii.

18 Fnaea |. CteneHb C paunoHanbHLIM NokasaTtenem



42,

43.

44,

45.

47.

49.

50.

YOpocTUTE BBIpa)KeHHE:

1) ¥2ab? - Y4a%; 2) V3a2® - V27a%;

4’21’, .#Esﬁ- 3}1;‘“_ .s’L
3) c b’ 4) b2 2ab’

Briuucaure (43—44).

o[ 64, J[16, ifad. e 1
1) 195 ° 2) i 3) 38, 4) 516.
1) V324 : V4; 2) V128 : /2000;
3 5
gy 218 gy
2 V8

5) (V20 - V45) : V5; 6) (Y625 -¥5): ¥5.

Y1upocTuTh BBIpAYKEHHE:

1) Ya%" : Yab?; 2) ¥81x'y : 3/3xy;

3x Y 2b a
8] 88 ., Y o Y NS
3) ’yz’ '1/9‘:2’ 4),’a3 . e

Beruucaurs (46—47).
1y )% 2) (¥9)°; 3) ('¥32)% 4) (Y16)™.
1) V¥729; 2) JVi024; 3) /9 -¥3; 4) 325 - Y55,

YIpoCTUTL BhHIpaKeHUe:

1) (x)’s 2) §lv*)’; 3) (Va -¥b)";
4) (la® Vo )% 5) (V¥a® )'; 6) (Y7272 )".

Beruncauts (49—50).

33 .3/g1, dga.f 3. 4} i.@.
I)J; et LR R Lt SN0yt

4) 3,!11% : ﬁ; 5) G/V27)’; 6) (V16 )",

1) Va9 -3112 2) V54 - V120 |
/250 5

§ 3. CeowicTBa apudMeTUHecKoro KopHs
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4
3) %ﬂ/zfﬂ ~Vi64;
2

5) Y11 - 57 - Y11+ 57;

g3 4 .4 I _ :
4)1138+Jﬁ ,’42 JV256 ;

6) Y17 - V33 - Y17+ V33.

Yupoctuth Beipaskenue (51—53).

’abz ,a"’b
51. 1) J_— .3 —'—z-;

,’ 2b2 ,, 3b3 2

Vabe?
5) Va* ) -(Vo?)’;
52. 1) ¥2ab - Y4a? - Y27b;

3) 3a®? . 5(3a2b3 .
GJé- ?

[53] 1) Va® + (\/W)s;

3) 2JVan® - (Ve )’;
5) (V¥='y?)' - (=)

V2a% -Y4ab
2 Ya%?
6) (Va®®)" : (Vab? ).
2) Yabe - Yaib?e - Vboe?;
4 Vax?y® - Yax'y

2

4)

> 2xy
2) (V%) + 2(4Vx )"
1) Y= - Qxy?)’
6) ((fa¥a ) -¥a): Y.

BelUMCINTE HA MEKPOKAJBKYJIATOpPe ¢ TouHOCTBIO no 0,01:

1) J7 -J14 : J§;
[55.] Beramcmurs:

% ?

1)

3) (ﬁ—%+@(%+f]§);

2) /6,7 -V/23 -,/0,37.

Y7 V343
lfi/"_ >
1) /9 +¥6 + Y1) (¥3 -¥2).

2)

[56.] Toxasars, aro J4+2J§—J4—2J§ = 2.

[57.] Yopocrurs BrIpakenne:
1)‘/_ Vb JEHJE;
Ya-U5 Va+ Vo

3) a-b a+b
Ya-%o Ya+ ¥’

1
= [‘UE-‘UB_‘J‘
1) [“_“’;_m]:(%-%)z.

](r J5),

Ta+ 5
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3HaKOMbIA NPUEM B HOBOW CUTYauUMM

. HDHMEHHH CBOCTBa cTeneHed BhI CMOXKeTe CynmiecCTBeHHO yIIpo-
}_ CTHTH, HallpUMep, TaKOe BbhIPpaKeHHe:

(1+va)@+Va)1+¥)+%Ya)1+*%a)1-*a),
a 3aTeM HaAWTH ero YMCJIOBOe 3HadyeHHe npH a=2013.

51 nomMHIO, uTO B 7 Kjacce MBI Pelllajid MOXOMKYIO 3ajady, HO O6e3
Ifh:‘ 3HAKOB KOpHe#. Mory yCTHO YIPOCTHTH 3TO BhEIpakeHHe, HadaB
VMHOXKEHHEe «C KOHIIa», M HAWTH ero 4McJIOBOe 3HAYeHHe.

(1+va)@+Va)(1+¥2)1+¥2)01+*2)1-%%a) = ... =1 - a.
Ero uncioBoe sHauenwme npu a= 2013 pasmo —2012.

Monogen. Tenepsr caMoCTOfATebLHO HalJUTe 3HAUYEHHE BEHI-

paKkeHHusA (a~s/;+l)(x/5+%+1)(\/;—%+l) npu a=717.

eneHb C pauMoHaNbHbIM NoKasaTenem

| B atom naparpad)e Bbl y3HaeTe, 4YTO KOpPEHb HaTypasibHOM CTeneHu
M3 MOMOXWUTENIbHOMO YMC/Ia MOXHO 3anucbiBaTb B BUAE CTEMNEeHU C
ApobHbiM nokasartenemM. Yacto GbiBaeT yaobHee 3aMeHUTb AenCTBUS
C KOPHAMW OEWCTBUAMWU CO CTErneHsMU C APOGHLIMKA (PaUMOHaNbHBI- |
Mu) nokasarensamu. CBOICTBA TakMX CTENEHEN aHaNOrMuYHbl 3HaKOMbIM |
BaMm CBOWCTBAM CTENeHewn C Hawpanbuumn rnokasartensmu.

Hy>XHO BCNOMHMTD

! oIpejeieHHE PAIlMOHAJIHHOIO YMCJIA;

[l NOHATHE CTEeNeHH C HATYPaJbHLIM IOKAa3aTejeM;

! IOHATHE CTENEeHH C IEeJbIM OTPHUIATEJIbHLIM IOKA3aTeJIeM;

I CBOMCTBA CTENEHH C IEJLIM II0KA3aTeseM;

U moHATHE apu(PMeTHYEeCKOro KOPHA HATYPAJIbHOM CTENeHH W3 HeoT-
PHIaTeIbLHOI'0 YHCJIA;

¥ cBolicTBa apU(METHYECKOro KOPHS HATYPAJIbHOH CTeleHH.

- ” 3
Zanayua 1. Berameants V58 .

» Tax kax 5°= (5%)° To J5_ﬁ Y62 =
Takum obpasom, 58 = 53. Tak ke MOYHO IOKa3aTh, ato V74 =7 2.
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m
Ecnu n — HaTypajibHOE YUCJIO, 112 2, m — Iejoe YUCJI0 U 4acTHOe —
n

.. #ABIAeTCA LEJBIM UHCJOM, TO npu a>(0 crnpaBeAIuBO PaBeHCTBO

va™ =a*, (1)
. m
® Ilo YCJIOBHIO ‘: — IIeJ0e 4YuCJIOo, T.e. IpH OeJeHHH M Ha n B pe-

m
ayapTaTe moaydaercs uesnoe umciao k. Torma u3 paBeHcTBa — = k cie-
n

nyer, aro m=kn. Ilpumensasa cBoiicTBa CTeNeHM ¥ apUGMETHIECKOro
KOpHS#A, MOJy4YaeM

Ya= = Yo = Y@y =a*=

m
Ecnu e yacTHOoe — He fABJIAeTCHA
n

m
HeJBIM YHCJIOM, TO CTENeHb a”
rzge a >0, onpesensoT Tak, 4T00bI
ocrasiack BepHO# ¢dopmyna (1),
T.e. ¥ B 3TOM CJIy4ae CUMUTAIOT,
qT0

a"="Yam. ()
Taxum obpasom, dopmyJa (2) cpaBeAsuBa AJA J000r0 IeJ0ro 4mc-

na m, jaoboro HarypajasHOro uyuciaa n=2 u a>0.
Hanpumep,

5
={16° = V27 =22=8; T4 =V7° =107 =77

3
3“3;’_—2_3,L_ Vi_1_1
¥ Emyas - 272 " 336 32 9

m
HanmomHuM, 4TO pauMoOHaJdbHOE YMCJIO ' — 3TO 4YHCJIO BHAa —, T. €.
n

m
r=-—, TAe m — mejoe, n — HarypajbHoe umciao. Ecam n=1, To
n
a” — CTeIleHb C ILIeJIbIM IokasaTeaeMm M A a >0 oHa ompejeneHa. Ecau
m
>2, 1o no dopmyne (2) monyuaem a’=a" = Va".
Taxkum ob6pasom, cTeleHbL ONpejeseHa A J000ro pamuoOHAJIBHOTO
nokasaTesjig U Jioboro mOJIOKHUTEJSBEHOINO OCHOBAHUA.

22 Fnaea |. CteneHb C pauuMoHanbHbIM Nokasartenem



m
Ecau r = — > 0, To BelpakeHue Va™ UMeeT CMBICT He TOJBKO IDH
n

a>0, HO U npu a=0, npuuém Yo =o. IToaTromMy cUMTAIOT, YTO IIPH
r>0 BeinosHsieTca paBeHcTBo 07 =0,

IToneaysace dopmynamu (1) u (2), cTeneHs ¢ panUMOHAJBHBIM IIOKAa-
3aTejleM MOXXHO IIPEJCTABUTHL B BUJE KODHA U HaobGopoT.

‘| Ormerum, yTo U3 hopMyss! (2) ¥ CBOMCTB KODHA CJEAyeT PaBeHCTBO

| : a "n—q nk 3
rne a> 0, m —unejgoe a1 n, k— HaTypaJbHBIE YHCJIA.

3 L] 3
Hanpumep, 74= T8 = 712,

| CsoificTBa I MoxxHO mOKasaTh, YTO BCEe CBOMCTBA CTEIIEHH C Ha-
TYPaJbHBIM IOKa3aTejeM BepHbI [AJA CTeNeHH ¢ JI0bIM pammo-
HAJBHBIM IOKA3aTeJeM M IOJOKHTEeNbHBIM OCHOBaHMEeM. A HMMeH-
HO [Jis JIIOOBIX PAIMOHAJBHBIX YHUCEJ p U ¢ ¥ J00bix a>0 u b>0
BepHBLI PABEHCTBA!

P
2 _ a| _af
1. aPa%=ar*1 3. (aP)1=ar? 5. (3) =

2. aP:a9=aP 1 4. (ab)? = aPb?

OTH CcBOMCTBA BHITEKAIOT M3 CBOMCTB KOpHEH.

@ Iokaskem, HampuMmep, cBOUCTBO a’a?=aP*?,
o

® Ilycty p = %, q= —'}, rae n 4 | — HaTypaJbHBIE YHCJA,

m k

= +
m u k — uensle uncaa. HyHo mokasars, uto a"a'=a .

2|3
~|a

m k
IlpuBepa apobu — u T K oflieMy 3HaMeHATeJIO0, 3alUIIeM JIeBYIO
m k ml kn
yacTh paBeHcTBa B BUxe a"a'=a™a™.

Hcnonbaysa ompezesieHHEe CTEIIEHU € PalMOHAJIBLHBIM IOKA3aTeIeM,
cBoifcTBA KODHA M CTENEHM C LIeJIbIM IIOKA3aTeleM, MoJydaeM

m k ml kn
e T o i nl ni
an_atzant_anf= aml alm_
mi+ kn m+k
nl nl T
— Jami -akn. - Jamt+.'m =a nl a® l. @

AHANOTUYHO JOKAa3BIBAIOTCH OCTAJIbHBIE CBOMCTBA CTEIIEHH C panmno-
HaJbHBIM INIOKasaTeJieM.
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IIpuBenéM npuMephl NIPDUMEHEHHHA CBOMCTB CTEIIEHH.
1 3 1 3 2 1 2 1 1

1) 74 Ti=71 4= 2) 92:99=9% =929 =3;

1Yy 19 3 NPT |
3)(16%) =163 1=16'=(29)'=2 *=2°=8;
2 2 2
3-9"3.33-433% =4%9;
1 =
3

8)3_ 8 (2% _ 2
%) (E] i S
27 (8%°

4) 24% = (2°.3)

1

1 1
3apaya 2. Berameauts 25° - 125°.
1 1 1 1

b 25°.1255=(25-125)°= (5°)°=5. <

3 3 _
Zapaya 3. YupocTaTh BhIpajKeHHe: a) a bl ; 6) . = g .
g+ 14 2z 1
a®*-a® a*+a?
4 4 x =z
3 3 3 3
a"b+ab ab(@”+b
> a) 3 3 2 (1 1 ):ab'
Va +3b : 1
a®+b?
. (A X 5 1 X
3 3 3 3 3 2 3 2
a”"—a a“"—a a*(1-a°) a "(1-a
o) L0 -4 =t ~2 Q-8 _140-(1-0)=2a. <
a®*-a® a®+a?® ad’(-a) a’@d+a)

YCTHbIE BONPOCHI M 3a/aHUS |

1. HPE,[I,CT&BHTB B BHJE CTeleHU C pallHOHAJIbHBIM IIOKas3aTeJieM H O0C-

HOBAaHHEM 5: 'g{/g; :/g; 52

. Ilpn xakux 3HaYEeHUAX @, M H N CIpPaBeJHBO PaABEHCTBO 4" = Vam™?
IIpn KaKUX 3HAYEHUAX I UMeeT CMbICH paBeHCTBO 07=07?

Ilpn KaKkuX 3HaueHHMAX @ u b BepHHI cBoMcTBa creneHu 1—57?
IIpuBecTd NpUMep NPUMEHEHUS KayKJAOr0 M3 CBOMCTB CTENeHH C pa-
OHOHAJIBHBIM MMOKAa3aTeJIeM.

PU 8o B

BEOAHbIE yNpaXHeHus |

1. BuIuHCIHTE:

1) ¥3%; 2)35°%; 3) ¥25.35; 4) 31‘;—2; 5) (¥25)7 6) JV64.
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2. Pasnoxurth Ha MHOXKHTenu: 1) a®?—64; 2) a’—6a+9; 3) bs—-é-.

3. PasnokuTh Ha MHOMKUTeNHd 1o (GopMyje pasHOCTH KBaJApaTOB:
1) a—4; 2) x2-1.

4. Bumonuutsh aeiictusa: 23 -27—(0,79)°+64.

x—syz " xB

y‘3x ’ 3y15 -

5. YopocTuTh:

YnpaxHeHus |

58. (Yermo.) IlpeacraBuTs B BHIE CTENIEHH C PAlHOHAJNBLHBIM IIOKAa3a-
TeJieM:

nJvx*; 2V HV; HV¥x; 5 Va;  6) Yb.
59. (VerHo.) IlpeacTaBATE B BHAE KOPHA M3 CTENEHHW C IEJbIM IIOKAa3a-

TeJieM:
1 2 5 2

1)x%  2)y®; 3)a®; 4 b3  5)@2¥%  6)(3b) 5.
Brerauciants (60—63).

3

1 1 2 3
60. 1) 642; 2)27%; 3)8%; 4)81%;  5) 16°7;  6) 915,

2 s 2 1 105 2 EY
61. 1)57-57; 2)9%:9%5; 3)4%:4% 4) (T % 5)(82) .
2 2 2 2 3 3 3 3
62. 1) 95 . 27%; 2) 73 - 493; 3) 1444 : 94; 4) 1502 : 62.
i V¥ faya -2
6. (5] +(3)% 2) (0,04)% - (0,125) 5;
16 8
9 2 & 4 e 3\,
3) 87 : 87 — 35 . 35; 4) (55)° +(0,24) "
64. HaiiTu 3HaYeHHE BBIPDAYKEHHA:
1)%-%@3 a=0,09; 2)\/3:%11];)3 b=2T;
g BV o po1,3; Ya - Ya - %o upm a=
)—-g_b— opu b=1,3; 4) Va - Va - VYa® opm a=2,T7.

65. IlpeacraBHTh B BHJIE CTEIIEHHM C PAMOHAJNBHBLIM IHOKA3aTeJIeM:

1 i 1 1 X
Da*-Ja; 2)b62-5°-Yb; 3)Vb:6% 4)a®:Ya.
BrerauciaHTh:
1) 22-—3Jg . SJE; 2) 3!+2§E . 93'1._'; 3) 61+2J§ :(41!5 . gﬁ); 4) (5]+JE)1'J§.
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Yupocturhs BeIpaykenue (67—68).
3 _2)® 4
67. 1) (@) * - (b 8) s 2) (( "s] ]12;

3) (V- g 2)% 4 (x5 )"

|

a2
6s. 1) — "¢ [03”3)- 2) & (4 - 45),

R Y

5 1 1 1
3)0 *bl-ab ® 4) a®Jb +b°Va

Va2 - Vo2’ Ya+ %

69. Boruuciaurs:
B, X 5 1 1 3 1 3
1)(2%-33-3%.23).V6; 2) |54 : 2% - 24 :54).11000.
70. YOpocTHTE BEIDaXKeHHE:
1 21
1) a® Ya¥a; 2) (3Jab‘2 + (ab) °)"‘Jab4;

1 2 2
3) b2 b Vb 4) Va +Vb) [aa + b - aJab).
Coxkparutk Ipo0b:

1 1 1
2

- Ja -+Jb m2+n? c—2¢c°+1
) T4 20— 3) T ——; 4 —F——.
) % % ) r 1 )m+2dmn+u ) Ve -1
+y a*-bt

Yupocturs BeIpaskeHue (72—74).

-1){1 2( )( —b;]z 2) (aéwé):(zq/%w%];

1 3 X

3 a'- a" b 2—62 . Ja -a S"b Va2 -a ®b
} S r— == =
a*-a* b*+b? Va+a Vb
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3 1

b2 2a—4ab 1 Ya+3¥6 .
B - e Dy e

a®-¥Yab +b
.2 32 _3/pe -
gl B Jin., GoE-F. s
x-y Nx-Jy Jx+y Va -Vb 2 2
a®+Yab +b?
a- b a+b . a+b a-b i
a®+b? a®-a®b® +b® a*+a®b® +0b?
2 2 1 1
a +b"“ 1 at-=b® ¢
3) a-b T i’ % a+b 1 11 1
3 b3 aa_aab3+b3

BeraucauTh Ha MUKPOKAJBKYJIATOPe ¢ To4HOCTHIO mo 0,01:

H¥3+¥a;  2r+¥10; 5% 9 2B sy

i Pagukan u crteneHs ¢ ApoGHbIM nokasarenem

. C mcTopmeil moABIeHUsA 3HAKA KBAAPATHOIO KOPHHA # BaC 3HAKO-
: mun B 8 kiacce. JJo6asimio emé, uro 6osee 500 ner meén npomece
| S COBEPIIeHCTBOBAHUSA 3HaKa paduwxaaa (xopHa). CoBpeMeHHEBINH l
|

auak v COCTOMT u3 ABYX Yacteii: 3Haka \ — BHAOM3MEHEHHOI GYKBBI I l
| (mepBoii OYKBHI JIATHHCKOT'O CJI0BA «radix» — KOPeHb) ¥ YepThI HaJ YUC- |
| JIOM MJIM BhIpa’keHWeM, 3aMeHHMBIIIeil paHee MCNOJbL30BABIINECH CKOOKH. |
Boofme paguKaJoM HA3LIBAIOT OJMH W3 KOpPHeH ypaBHeHHA x"=a, |

|
re n — HATypadbHOe umeao (n>2), u obosmauaor Va. Ilpu momomu !
| pajMKaJ OB MOJKHO 3allMCATH KOPHH J060ro ypaBHeHUA BTODOi, Tpe- |
| Thel M YeTBEPTOH cTelmeHeil, BhIpa)kada WX deped KO3(M(PUIMEHTH ypaB- |
| geguda. B XIX B. Bmigaomuecs maremaTurku Huawve Xenpuwx Abens
‘ (1802—1829) u Beapucm I'anya (1811—1832) nokasanu, 4TO pe- |
| maTh B PaJMKaJax ypaBHeHHs CTENEeHH BbIIIe YeTBEPTOH MOXKHO TOJb-
| KO B 4YACTHHIX caydyasax. K Tpygam ¥ KU3HEONMCAHHIO DTHX 3aMeda- |
| TeJbHBIX YYEHBIX MBI BEeDHEMCA B CTAPLIMX KJaccax.

Aunanor o6 ncropumn

7 A KTO B KakK IepBEIM CTAJI 3alMCHEIBATH CTENEHb C APOGHBIM HO-
'__/ rasatengem?

IMousTHe cTemenu ¢ ApobGHBLIM MoKasaTeneM, o6osHAUEHMEe TAKOM |
CTeneHH H IpocTeillime IpaBHJja AeHCTBHIl CO CTENEHAMH BBEN
B CBOEH KHHre «AJIrOpH3M Ipomopnuii» (paHIy3CKHH MaTeMa-
THK, enuckon ropozaa JInasé Hukonaii Opem (ox. 1330—1382).
1
=
| Hanpumep, creness 4 2 OpeM 3anMCHIBAJ TaK: [lp %]4 !
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B XVII B. ¢pnamanackmit yuénwii Cumon Cmesun (1548—1620)
OPeAJIOIKI) IOHUMATEH Va (opu a>0) Kak cTeneHb YHCJIA @ C MOKasa-

1 —
TeneM —: Ya = a”. JIo aTOro MOMEHTa HAXOX/JEHHEe KODHA M CTENeHH
n

B MATEMATHKe DACCMATDHBAJIH KAK JBA HEe3ABHCHMEIX JAeHCTBHA.

HasepHoe, /ipeBHHEe YYEHBIE HMEJH IIPEACTABJIECHHE O CTEHeHIX
¢ ApoOHLIMH MOKA3aTeJsIMH, HO 3aIHCHLIBANHA HX 6e3 cHMBOJIOB?

HeiicTBUTENbHO, PEJCTABICHHE O CTEIIeHH C PAIlHOHAJLHLIM HO- |
kasaTeneMm 6wbuio emé y Apxumena. O, Hanpumep, MHACAJ, 9TO
OTHOIIeHHWe O00BEMOB GOJIBIIEro W MEHBINEro CerMeHTOB Inapa,
o0pa3oBaBIIHXCHA NOCJHEe pacCcedYeHHs INapa IUIOCKOCTHIO, PABHO OTHO-
IIeHHI0 MEXAY IJIOMAJAAMH HX NOBEPXHOCTeH, B3ATOMY, KaK MBI OBl

m A C\'enem. C MppauWoHanbHbIM NOKa3arenem

ITIpodeccop, a cymecTByeT JiM CTeleHb, NOKa3aTeleM KOTOPOH
ABNAETCH HPPANHOHAJIBHOE YHCIO?

Koreuno, cymectByer. Halifém, HanpuMep, 3Ha4YeHHe CTeNeHH
2, Insi sToro HaiféM cnepBa NpHONHKEHHOE 3HAYEHHE J2
C DOMOINbI0 MHKPOKAJBKYJIATOPAa: 2 1,414213562.

BrimumeM nocliefoBaTeNbHO NPHOIHIKEHHBIE 3HAYEHHAA J2 ¢ Touno-
crei0 go 0,1; 0,01; 0,001 m T. x. ITonyunm mocaegoBaTenbHOCTB: 1,43
1,41; 1,414; 1,4142; ...

3anunieM NOCHeAOBATENLHOCTE CTelleHeHd 4YHcejia 3 ¢ S5THMH paiuo-
HAJNBGHBIME NOKasaTenamm: 31-4; 3141, 3L4l4, glduea,

Mo3KHO NOKAa3aTh, 9YTO 3TH CTEIEeHH ABIAIOTCH IIOCJEJOBATEIbHBIMA
OpHOIHIKEHHBIMHE 3HAYEHHAMH HEKOTOPOIo JeHCTBHTEJLHOIO YHCIA,

KOTOopoe 0003HAYAIOT 32, Burumcnnm ma MHKPOKANBKYJIATOPE:
3" =4,655536722, 3""' =4,7206965002, 3'*'* =4,727695035,

344142 4 72873393, 372 =4,728804388.

AHAJOTWYHO HAXOAHMTCA CTENEeHbL @’ ¢ IOJOJKHTENLHHIM OCHOBAHHM-
€M a ¥ JIo0LIM MpPANHMOHAJNBHLIM NOoKasarejiem. Taxum obpasom, Te-
nepb CMeneHnb ¢ NOAONUMEALHBIM OCHOBAHUeM onpedenena dasa nw0bo-
20 deilcméumenvbHOZ0 NOKA3AMEAS, NPULEM C60licmEa cmenenu ¢ deii-
cmeumenbHblM nokazamenem makxue Xie, KAK U C8oicmea cmeneHu

¢ PAQUUOHAABHbBIM NOKA3AMeAEeM.
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3BefleHne B CTerneHb YMC/IOBOro
epaBeHCTBa

Bbl 3HAKOMbI CO CBOMCTBAMW YMCNOBLIX HEPABEHCTB. 3HaeTe, 4TO He-
paBeHCTBA OAHOr0 3Haka C MONOXWUTENbHbIMU JIEBOWM WM MNpaBoOi 4a-
CTSAMW MOXHO NMepeMHOXaTb. Takum 06pa3om, Bbl yMEETE U BO3BOAUTL
B NioByi0 HaTypanbHylO CTENEeHb HEePaBEHCTBA C MONOXUTENbHLIMU Ne-
BOW 1 NpaBoit yacTsamu. Hanpumep, ecnm a>3, 10 @°>9, a°>27 u 1. A.
B arom naparpade Bbl ybeautech, 4T0 nogobHbIe HEPABEHCTBA MOX-
HO BO3BOAMUTbL B NOOYI0 (OTNMYHYIO OT HyNs) PaUMOHANIbHYIO CTENeHb.

HyXHO BCNOMHUTBb:

CBOMCTBA YHCJIOBEIX HEPaBEHCTB;

TIOHSITHSI CTPOTMX ¥ HECTPOIHX HEPABEHCTB;

CBOMCTBA CTENEeHH C PAIlHOHAJbLHLIM IIOKAa3aTejeM;

3alUCh KOPDHS N-H CTENeHHW B BHJE CTENEeHH C PalHOHAJBLHBIM IIO-
KasaTeyeM.

B kypce anre6pnl 8 kiacca ObLIO AOKA3aHO, YTO IPHA YMHOMKEHHH
HEePaBeHCTB OJHMHAKOBOI'O 3HAKA, V KOTOPHIX JIeBble M MpAaBBIE YacTH
TIIOJIOKUTENLHEI, MOMYYaeTCss HEPABEHCTBO TOr'O JKe 3HAKAa.

Orcrona ciuegyer, 9ro ecnd a>b>0 m n— HarypaabHOEe YHCIO, TO
a”>b".

® Tlo ycinosmo a>0, b>0. IlepeMHOMXAas N OAWHAKOBHIX HEPABEHCTB
a>b, nonygaem a" >b".

5
3apava 1. Cpasuuts uuciaa (0,43)° u (—g—] 2
P Taxk kax %%0,428 ¢ TouHocteio mo 0,001, To 0,43>%. IToaTomy
3 5
(0,43)5>[—] . <
7
l C‘BOﬁCTBa r-Ech a>b>0, r>0, To a">b"; 1)

| ecim a>b>0, r<0, To a"<¥?". (2)
LHepaBeHCTBO, Y KOTOpOro JjieBad ¥ IpaBad YaCTH MOJIOXKHTEJIbHEI,

MOMHO BO3BOJHTHL B OTJIMUHYIO OT HYJsd palHOHAJIBbHYIO CTEIleHb.

2 2
Hanpuwmep, 57 > 37, Tak xak 5>3 n %30; (0,7 8<(0,6)8, Tark xak

0,7>0,6, a -8<0.
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@ HMoxaxem csoiictBo (1). Crauana mokaskeM, 4uTo cBoiictBo (1)

1 m
BEPHO NpH r=—, a 3aTeM B 0o0IeM cJiydyae IpH r = —.
n n

1) Ilyers r=—1—, rjge n — HaTypajbHOe 4ucJio, bosabmiee 1, a>0, b>0.
n

1 1
Ilo ycnosuw a>b. HyxHO pokasatb, uto a”" > b". Ilpemmoso:kum,
1 1

YTO 3TO HEBepHOo, T.e. a”" < b". Ho Torma, BO3BOAA 3TO HEPABEHCTBO

B HATYPAJBHYIO CTENeHb N, MOJYYHM a <b, 4TO NPOTHBOPEUYHT YCJIO-
1 1

BHIO a>b. Urak, usa a>b>0 cnexgyer, utro a™ > b".

m
2) Ilycre r = —, TAe m ¥ n — HATypaJbHBEIe ynucaa. Torga mo goxkasas-
n
1 1
HOMY M3 ycaoBuda a >b>0 cuexyer, uro a” > b". BoaBensa aTo HepaBeH-

a¥* f A moom

CTBO B HATYPAJBLHYIO CTEIIeHb M, HOJydaeM (a a J 2 p" ] ,T.e.a®>b".

Tenepsr mokakeM cBoiictBo (2). Ecau r<0, To —r>0. Ilo cBoii-

ctBy (1) u3 ycnosusa a>b>0 cneayer, uro a">b". YmHOMKAaA

ofe 9acTH BTOro HEpPABEHCTBA HA INOJOXKHUTEJLHOe 4YHCIo a'd’,

nonyyaem b">a’, T.e. a'<b".

B Kypce BeIcIneit MaTeMaTHKH JOKAa3kIBAeTCH, 9YTO cBOiicTBO (1) copa-

BeAJIMBO AJIA JIO6OT0 IOJOKUTEIbHOTO AeCTBUTeILHOI0 YHUCJIA I, & CBOM-
cTBO (2) — ansa a1060ro OTPHUIATENBHOTO AeHCTBHTEILHOTO YHCAA T

V2 V2 -3 -
Hanpumep, B b= i , TAK KaK 8 > < ,av2>0, (l) < (E) ;
9 8 9 8 8 7

TAK KAk %)E, a -3 <0.

7

OTmeTHM, YTO PACCMOTPEHHBIE CBOMCTBA BO3BEJEHUA B CTEIeHbL CTPO-
FHX HepaBeHCTB (CO 3HAKOM > HMJM <) COpPaBeAJHBBEI U AJA HECTPOTHX
HEepaBeHCTB (CO 3HAKOM = WU <).

HUrak, ecsiu 0b6e yacTu HEpPABEHCTBA IIOJIOXKUTENLHBI, TO IPH BO3BE-
JEHUH €ro B IOJIOKHTEJBbHYI0O CTeNeHb 3HAK HepaBEeHCTBA COXPAaHA-
ercsd, a IpPHU BO3BEJEHUH B OTPHLATEJBHYIO CTelleHb 3HAK HepaBeH-
CTBa MEHAETCHA Ha IMPOTHBOIOJOJKHBIN,

HanmoMHMM, YTO AJIfA CTPOTMX HEPABEHCTB NMPOTHBOMOJOMKHBIMH CUH-
TAIOTCA 3HAKU > U <, a AJIAd HEeCTPOTHMX — 3HAKH 2 U <.
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1
a = 17) 3 18) 3
3apava 2. CpaBHUTH UHCIA (—) H (—) 8

18 17
} 17
b Tax xax 18 <1, a % >1, T0 %;— < % BosBegsa 9TO HepaBeHCTBO
1 1
1 17)3_(18)3
B OTPHUIATEJIBHYIO CTEIeHb -3 b moJIy4aeM 18 > ) =

Japava 3. PemuTs ypaBHenme 10*=1.

» Yucno x=0 sBasiercs KopHeM ypaBHeHHMs, Tak kak 10°=1. IToxa-
JKeM, UTO JAPYTruX KOpPHeH Her. 3amumieM ypaBHeHHe B Buje 10%=1%,
Ecau x>0, To 10> 1%, u, cienoBaTesbHO, YPABHEHUE HE UMEET I10-
JIOXKUTENbHBIX KODHEeI.

Ecmu x<0, To 10*< 1%, u, cirenoBaTeJbHO, YPABHEHHE HE UMEET OT-
punareabHBIX KopHeil. Takum ob6pasom, x =0 — egHHCTBEHHBIA KO-
peHs ypaBHeHusa 10=1. -

AHaJIOTMYHO JOKa3bIBaeTCH, 4TO ypaBHeHue a*=1, rge a>0, a#1,
HMeeT eJUHCTBEHHBIH KopeHb x =0.

H PasenctBo a*= a¥, rae a>0, a# 1, BepHO TONBKO IpH X =}.

@ VwmuOMxas paBeHCTBO a*=aY Ha a¥, moaygyaem a* ¥=1, orkyza
x=y.

Japaua 4. Pemuts ypaBHeHue 32¢-1=9,
b 32:-1=32 orkyma 2x-1=2, x=1,5. <

Yc'rl-lug BOMPOCHI U 3ajaHns |

1. VI3 kakoro CBOMCTBA YHCJIOBLIX HEPABEHCTB CJEAYET HEPaBEHCTBO
a">b" npu a>b>0 u HarypanbHomM n?

2. CpopmynupoBaTe CBOMCTBO BO3BEAEHUS B PALMOHAJBHYIO CTEIeHb
HepaBeHCTBA C IOJIOMKHUTEJNBHLIMH JIEBOM M IIPABOM YACTAMU.

3. IlpuBecTH npuMephl CPABHEHHsA CTEIeHEH, Y KOTOPHIX IIOKasaTelu
CTelleHell paBHBIE: MOJIOMKHUTENbHBIE YHCJIA; OTPHIATEJbLHbIE UYHCJIA.

4. Haittu xopenb ypaBHeHus a*=1, rge a>0, a=1.

5. Ilpm KakuX 3HAYEHHAX X M Yy BEepPHO paBeHCTBO a*=aY, ecau a >0,
a#1?

~ BsopHbie ynpaxHeHus |

1. BBHIDOJHUTH CIOKEHWe U YMHOXKEeHWe HepaBeHCTB:
1) 1553 u 0,1>0,01; m125>4%;12>$.
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2. CpaBHHTH uymcCIa:

47, 1515 1.8
) 15 * 15° R TRETY 8)—g B
4) % - 1%; 5) 0,015 1 —0,015; 6) 3,14 = x.

3. CpaBHHTH 3HAYEHHHA CTENEHEM:
1) (1) 1) (sY
1) [E] " (E] 7 2) {1 E} " [g] : 3) (0,22 u(0,3)2% 4) 53%=m 63

4. Pemutsr ypaBHeHme: 1) 3x+ 7=%; 2) 2—%3::3.

(Yervo.) CpaBHuths uucaa (76—77):

1 1 4 4

76. 1) 2° n 3% 2)55 m 35,

1 .l_ —_— 1
&0 [ 5.1 814 1
77. 1) (0,88)° u [11] ;0 2) [12] u (0,41) “.
78. Pemuts ypaBHeHHE:
1
1) 6= 67; 2) 3*=27T; 3) -0,
1 4x-3
4) 2241=32;  6) g2**=1; ® (E) -

79. CpaBHUTE 4mcia:

o= =G4 2l =il

Pemutes ypasHenue (80—82).

L g1
80. 1) 32-v=27; 2)35-2=1; 3)97 -3=0; 4)27 * -81=0.

1 2x—5 . . . 1 x—4

= — x—-8. dx-9_ | — .

81. 1) (9) 3ox-8, 2) 2 [2] ;
I I 25=-2 _ (1}
y grar L, b B (17
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I

Y (Tlfé”r (8V3) 2) (Y2)"'= (%)

3) 93x+4J§ _ 2'3"5'1; 4) (Jg)x = 43:—2ﬁ.

_:A
4 )
b

> 3uacre s BEI, uTO anreGpy WHOrZA HA3BIBAIOT apupmemuroil
' GEO 1 cemu Odeitcmeuit? Ilpu sToM HOApasyMeBalOT, YTO OHA 3aHMMAa-
LS ercs, MOMHUMO UYeTHIpEX 0OIerus3BeCcTHBIX AeHCTBUH, elé TpeMms:

BO3BeeHUEeM B CTeleHb B [ABYyMdA Oﬁp&THHMH eMy HEeUCTBUAMU.

C BO3BeleHHEM 4YHCJa B CTeNeHb Mbl IO3HAKOMMJIUCH emé B 7 Kyac-
ce. B 8 xiacce MOBHAKOMMJIMCE C M3BJIeYeHHMEeM KBaJpaTHOI'0 KOPHA H3
quesna. VI TOMBKO UTO HAYYWIMCH U3BJIEKATH KOPeHb J000# HaTypasb-
HOH CTeNeHW M3 TOJIOMKHUTENbHOr0 4HCJa.

-

>

i §l moHMMA0, 4TO MBBJeUYeHHEe KOPHA — 9To ofparHas omepanus
LI
‘47 # BO3BE/ICHHIO HHCIA B CTENCHb. Ho BBI cKasajiy, 9TO y BO3BeJe-
" Hua B creneHs aBe obparHbie omepamuu? Kakaa sxe Bropas?

H Eciiy BbI BO3BOJIMTE HEHM3BECTHOE IIOJIOKHUTENIbHOE YHCJIO X, Ha-
%Slﬁ npumep, B KBagpar (T. e. HAXOQuTe a4 = x2), To onepamuA HAXOMX-
B

= JeHus dYHcJa X [0 U3BECTHOH ero BTOpOil cremeHu (mO YHC-
JIy a) — obpaTHas onepanusd, Ha3blBAKIAACH HAXO0MKJeHHueM apubpmeTH-

YecKOro KBaJpATHOI'O KOPHSA M3 YMCJa 4 (JE =x). Ho ecin, HanpuMep,

BaM M3BECTHO, UTO 2% =8, TO onepanus HAXOKAEHUA NOKA3ATENA X TaK-
ske gBJsferca obpaTHOM omepamueil K omepanuy BO3BeJeHU:A B CTENEHb.
PaccmoTpuM ypasHeHue a*=b, rae a>0, a1, b>0.
MoKHO [A0KAas3aTh, 4YTO 9TO ypaBHEHHe HMeeT e/[MHCTBeHHBIH KO-
pers X,. UMCIO X, HA3HIBAIOT Jorapudpmom uMciaa b mo OCHOBaHMIO @
u obosHauaior log, b. Hanpumep, KOpHEM YPaBHEHMUI 3*=9 sBasercs

aucno 2, T.e. log; 9=2. Touno Tak xe log, 16 =4, Tak KaK 2¢=16;

-8
1og5-15— = -1, Tak Kak 57'= %; log, 27 = -3, TaK Kak [%) =27
3

Jlorapudm umcnaa b mo ocHopaHHIO 10 HA3BIBAIOT AECATHYHBIM JIO-
rapudmom u obosrayaror lg b. Hanpumep, lg 100 = 2, Tak xax 10%=100;
lg 0,001 =-3, Tax xax 10%=0,001.

C IMOMOIIBI0 MAKDPOKAIBKYJIATOPA, MMEOIIEero KJIaBuIy , pemum
ypaBHerue 103**1=5 (c TouHOCTBIO MO 0,1).

b 83x+1=lg5, orkyaa x = -13: (lg 5 — 1). BoruncyieHus IPOBEEM IO IPO-

5 . E| 1 E|3 5-0,1003433.

OTtBeT. x=-0,1.

rpaMme:
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1
Borauenurs: 1) log,49;  2) log, 64;  3) log% 4 4)logy .

BEIYMCIATE HA MUKPOKAJBKYJIATOPe ¢ TOYHOCTHIO go 0,1:
1) lg 23; 2) 1g 131; 3) 401g 2; 4) 571g 3.

C noMomeio MHKPOKaJbKYJATOpPa HaiTH ¢ TouHOCTHIO A0 0,01 Ko-
PEeHb YpaBHEHHSA:
1) 10%=-1=17. 2) 101-3==¢,

LJ CreneHb ¢ paumoHanbHbLIM NoKasaTenem B ypasHEHUMN
- c napameTtpom

Ilpepnaraoo BaM NPOBEPUTH CBOM 3HAHWS M NOHUMAHME TeOpe-
'@x THYECKOTO Marepuajia B XOJe DeIleHHs CJIeAyIOmeid safaqu:
= «Ilpm KaKOM 3HAYEHHH @ ypaBHeHUe
8 4

x®-(@+1)x 3 +2-2=0 (1)
i HMeeT €JHHCTBeHHBIN KOpeHb?»

@ B nepeyio ouepexs Hy»:HO OTMETHTB, YTO HEM3BECTHOE B ypaB- |
.’ HEHHM BCTPEYaeTCA KAK OCHOBAHHUE CTENeHH C PalMOHAIbLHBIM
noxasaTeneM M NOKasaTeNb 3TOT OTPUIATENeH. SHAYUT x> 0.
4

9TO ypaBHeHHMe KBaZpaTHOE OTHOCHTENbHO x . Eciu BBECTH
4

obosHauenue t= x_g, TO ypaBHeHHe (1) sanuimercsa B Buge
2—(a+1)t+2a-2=0. (2)

Jho6oit moNMOKUTENbHBI KOPEHD ¢ 3TOro VPaBHEHHA JACT BO3MOMHOCTE
HalTH OAMH KOpeHb ypaBuenus (1):

_4 =41 _3 3
x 3=t, orkyga |x 3 =t1 e x=t 1,

WE° A B KaKoM jke ciydae ypaBHeHHe (2) 6yner uMeTh eUHCTBEH-
€ HBI# KOpeHb t>07?

@ Ecsau npu guckpummuanTte D, paBHOM HYyJIO, 6yaem umers ¢ > 0,

BepHo, HO ecTb em@ oaME BapmaHT: Kornma npu D>0 (t.e. npu
HaJIM9IMH JABYX KOPHEeH ypaBHEHH:) TONBKO OZHMH KOpeHBL Oyger
MIOJIOMKHUTEJIbHBIM.

8HAYMT, paccMaTpHBaeM JBa CaydYad:
1) D=0, 1.e. (a+1)>-4(2a-2)=0, orkyaa (@a-3)’=0wu a=3.
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a+1

HaxoauMm KopeHb ypaBHeHHA (2): t = . IIpn a=3 umeem t=2>0.

a+1*(a-3)
2

t,>0, o npu ycnosum t,<0, T.e. mpu a<l1, ypapHeHme (1) Gyner
MMeTh POBHO OJMH KODEHb.

2) D>0, roraa t, , = , OTKyna t;=a-1, t,=2. Tak kKak

3HAUYHUT, OTBET K 3ajgaue OygeT TakuM: «YpaBHeHue (1) mmeer
\A ' ONWH KODEHb TIpH a=3 u npa a<1»?

P> Orser BepHBIH. A AnsA caMOCTOATENbHONH paboThl mpeana-
(16": raip BaM CJeAyioliue 3ajgadH.
<

1. Ilpu xakuX 3HAYEHHUHAX @ YpaBHEHHEe
2 1

4x ® +(@* +7a®+3)x > +a’-a-6=0

umeer oauH KopeHb? (OTBeT. Ilpm —2<a<3.)

2. CKOJIbKO KOpHEH HMeeT ypaBHeHHEe %2+ (2a-3)-x 5\-‘ x3-6a=0?
Haiitu atu xopeu. (OrBerT. Ilpu a=-1,5 m a>0 oaMH KOpeHBb:
x=%/243; npu a<0 u a#-1,5 aBa KopHS: x1=8v'24 X x3=3w)—32a5.)

EEE YNPAXHEHWUS K FNABE | NS

86. BuruucauTh:

4 1
1) (0,175)°+ (0,36)2-13; 2) 1°%43-(0,008) ®+ (15,1)%
aY? (1) - (8Y
= . 0. ol - 0
3) (E] -—(27J +4.379°% 4) (0,125) +[4} (1,85)
87. BuIUMCANTH:
1) 9.3-107%:(3,1 - 107%: 2) 1,7-10°%.3-107;
3) 8,1-10'%.2.1071% 4) 6,4-10°:(1,6-107);

ove(o-2]' (3" 4]
oeo-(e-3J" ("33

88. HaiiTu 3HaueHUE BbIPAYKEHUA:
1 5 \2

3 6

0| E2== npux=%; 2)

npu a=0,1.
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89. YopocTuTh BEIpa)keHHE:
1) {125x - ¥8x) - /27x - V64x);
2) (Vx + V16x) + (V81x - V625x);

3)[Ji_a+ 1—aJ:—~——3+ﬁI§; 4)[1—ﬁ]:(\/x—2—?~x).

90. PemuTs ypaBHEHHE:

1) 75%-1=49; 2) (0,2)'~*=0,04;
1 3x+3 1 ox
1 R, be-T | —

3){7) i 5 (3J '

91. BEIYUCIHTH:

1 )" 157 1 g d
1) (EJ +1oooo°-25-[7 E] :  2)(0,001) P—22.64%-8 3

2 =
3) 273 - (-2)%+ {3 g] % 4) (-0,5)*- 625 - {2 i} .
92. Ilpu KaKMX 3HAYEHHAX X MMEET CMBICJ BhIPAKEHUE:

1) x*—4; 2) 3x*—5x + 6; 3) 4X=2,

x+3

4) Yx?-5x +6; 5) Yx®-x; 6) Yx®—5x2+ 6x?

YIpocTUTh BhIpasKeHHe:

1 =X 4 _2 5 1 _3
o % i 4 1 1
D=7 2) T 3) % +§2b le :
at—a ¢ a®=a ® bé+b 4

_4 _4 3 _1 21 3
9@ p2—a?p ® 5) vadb! —vJa'b® | 6) a'b ‘-a ‘b’

= E Jatt —das it Lo

a *2—p 3g2 a'b *+a 1b*

CpaBHuTE pebpo Kyba oobémom 100 cm?® ¢ pagmycom mapa Takoro
ke obbpéma. (O6bEM mapa paguyca R Beruuciasiercsa 1no QopmyJe

Vv=2nR.)
C moMOImBI0 MHUKPOKAJBKYJIATOPA BLIUYMCIUTEL Mepuof KoJjebGaHui
MaATHUKA aauHo# 18,5 cm mo dopmyne T = 2n 1’}—, rae | — piauHAa
g

MaATHHKA (B mMerpax), g€~ 9,8 m/c?, T — nepuox konebanwii masaT-
HHUKa (B CeKyHIax).
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A

NMPAKTUYECKWUE U MPUKJIAOHBIE 3A0A4YM
1 B CEeJILCKOM XO03AMCTBE HpHﬁJ‘[H3HT€J’[bHHH 006'bEM 3epHA MIIeHH-

IObl, CIPY’K€HHOI'0 B HAacChlllb, HMEIOIYI0 (opMy KOHYcCa, HAXONAT IIO
3

hopmyne V = g_(]’ Ile p — AJIMHA TaK Ha3LIBAEMOM <«IIeDEKHIAKU», HA-

XOAAIAACA C NOMOIIbLIO IIHYpa, mepe-
KHHYTOr0O 4epe3 Kydy 3epHa (HA PUCYH-
ke 1 p=AB+ BC). Haiitu 06b6M cChI-
DaHHOI'O B KOHHYECKYI0 Kydy 3epHa,
ecia p=10m; p=20 m.

2. KosthpunuerT pocTa IpoOH3BOJ-
crBa K, B n-M rofly HaXoAuTCsa KaK OT-
HomeHnne oO0BEémMa mnpomsBojacTBa N a
B BTOM roay K OOBEMY HpPOH3BOACTBA Puc.
a1 T-€. K = Ny i

Nr.l—l
CpenreronoBoii TeMn pocra npomsBoacTBa K 3a m JieT HaXOQHUTCA IO
dopmyne K= ”{f K.,-K, -...-K,,, . IIpousBojcTBO IPOAYKIMH CEJIBCKOIO

xo3aicTea B Poccum 3a mepuoy 2001—2004 rr. orpaskeHo B Tabiuue:

B

npomoro roga N

ron | 2001 | 2002 | 2003 | 2004 |
| O6uém npowssoncrea N (wapa p) | 961 | 1020 | 1155 | 1363 |

BeIuHCINATE CpeAHEeroJOBOM TEeMII pOCTa HpoM3BOoAcTBA B Poccum 3a
nepuox 2002—2004 rr.

3. Ilpu maccoBoM yuére 0en08020 Jleca WCHOJNL3YIOT CJIELYIOMIYIO

dopmyy ANnA HaxoxaAeHHA oO0béma omHOro Opesma: V = nI(R;r] , IIe

R um r— paguycel TopuoB OpeBHa, | — anuua OpeBHa. Haiitm npu-
MepHBI 00béM ApeBecuHBI 0T 200 Gpé-
BeH, UMEIOIUX OAWHAKOBBLIE PA3MephI:
l=6m, R=~0,18 ™, r~0,16 M.

4. IIpu mnocesBe ceMeHa CKaTbIBa-
IOTCA Ha JHO OOpPO3AOK, CAEIAHHBIX
B nmouyBe comHMKamMu. Ochlmaromascs
3aTeM CO CTeHOK OOpOo3oK 3emys mO-
KDBIBaeT ceMeHa PHIXJBIM cioem. Toi-
IIWHA 3TOro cjoA | HaskIBaeTcs 2aylu-
Hol 3adenku ceman. I'nyOuna 3agenku
B CYXOH IecyaHOM IIOYBE ONPENesseTCs
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no ¢opmyne l=h-7,2.x%, rne h — rny6una Go-
po3nKu (B MM), X — PACCTOSTHHE MEXKAY CTeHKaMH
comHanKa (B MMm). Onpemenurs raybuHy 3afenku
ceMfH, ecan h=60 MM, x=32 MMm.

5. Ilpx KOHCTPYHMPOBAHHUU 3€PHOOYUCTHUTEJID-
HBIX MAIIMH BaXHLEIM [IapaMeTpPOM HABJIAETCA TaK
Ha3bIBAEMBI# npusedénHblil pazmep d 3epHa, AN
OYHMCTKHM KoToporo 6yzer paGorars MamuHa. Benu-

yury d HaxoaaT no dopmyie d = Yabl, roe a —
TOJINUHA 3epHa, b — mupuHa, | — gauHa (Bce pas-
Mephl BHIpAXKAOT B MM). I[is BepHOBBIX KYJIBTYP
HexkoToporo perumoHa 1,2<a<4; 1,5<b<5,1;
4,56<1<19. HaiiT rpaHUAIbl U3BMEHEHUA BeJIUUYHMHEI d 3epHA B 3TOM pe-
THOHE.

6. Eciim k necke npuBsA3aTh rpys3 U HAYaATh PACKPYYUBATE 9TOT IPY3,
HOCTEIeHHO YBEJIWYMBAsA YACTOTY BpaIlleHWA, HACTYIHUT MOMEHT, B KO-
TOPBLIN JiecKa pasopBércsi. B Kypce (U3MKU Ipeles IPOYHOCTH G (co-
OpPOTHUBJIEHME HA PaspbIB) MaTepHaja, M3 KOTOPOI'O M3TOTOBJIEHA JeCcKa,
HaxoxauTca mo dopmyne 6= 16nn?mRD2, rgpe n — yacrora BpalleHUs
(uucno oboporoB 3a 1lc¢), m — macca BpamialIilerocsi rpysa (BKr),
R — paauyc BpameHus (B M), D — nuamerp Jiecku (B m). Halitu npenen
NPOYHOCTH MeTAaJNJIudYecKoi secku, ecnu D=1073, R=0,8, m=5, n=2.

B 3aToh rnase Bbl y3Hanwm,

gTO TaxKoe:

— CTeleHb C IeJIBIM OTPHIaTeIbHBIM IOKa3aTesieM;

— CTeneHb C HYJIEBBIM IIOKA3aTeJIeM;

— apudMeTHYeCKH KOpPEeHb HATYPAJBLHOH CTEIleHH;

— KOpeHb TpeThe¥ CTEeNeHH U3 OTPHUIATEJHLHOI'O0 YMCJA;
— CTeleHb C PanMOHAJLHBIM MOKAa3aTelieM;

KakK:

— TIPAMEHATH CBOHCTBA CTEIIEHH C IIeJBIM IIOKAasaTeseM;

— IPEeACTABJATH YMCJIO B BHJe KOPHA TpPeThell CTelneHu;

— IOPHUMEHATH [AJid BEIYUCIEHUN CBOMCTBA apu(@MeTUYeCKOro |
KODHS TpeTheil CTelleHu; o

— NpPeJCTaBIATH CTENEHbL C PAMOHAJNLHBIM IIOKa3aTesJieM B BUJIe |
apudMeTHIeCcKOro KOpHA, a Apu(MeTHYECKUN KOPEeHbL — B BH-
Jle CTelleHH;

— BO3BOAUTHL B CTEeNEHb YHCJIOBOE HEPABEHCTBO, Y KOTOPOIO Je-
Bad M IpaBasg YacTH IOJOKUTEJIbHBI;

— CpaBHMBATH CTENEHH C OXWHAKOBBIMHU DAlMOHAJNBLHBEIMU IOKa- | |
3aTeJIAMH.

38 Fnaea I. CteneHb C pauvoHanbHbIM nokasartenem



| ypoBeus

NPOBEPb CEBS!

Brruncante:

133
a) 875:87— 2. 244 ((g) ] ;
V48
5/910 S i I
6) {3732 - s
2 2

8 2
B) 252257 + (5%)%: 5°— 48%: 62,

T

Banucars yncaa 8600 u 0,0078 B craszapTHOM BHAe M Haii-
TH HX IIpOH3BeJeHHe MU 4dYacTHOe.

YOpocTuTh BBIpa)KeHHE:

3x9.2x5 1)7?
a) ———; 6) (x+yYHy.|—] .
) B ety
5
al i
YIpocTUThL BBIpA’KEHHEe ———— U HANWTH ero YHUCJIOBOEe 3HAa-

P

1
Ya? -a*

yeHue npu a=381.

2 2 L 21
CpasuuTts umcaa: (0,78)% u (0,67)%; (3,09) ® u (3,08) 3 |
i — - - - " - — J

HaiiTu sHayeHHMe YHCJIOBOTO BBIPAXKEHUA: :
3 5 &

458 .3 8

S

1
a) ((0.2’5')")‘2'7—2%-814 ~(-5)2+8,17.8,1; 6)
34.158

CpaBHUTH 3HAYEHWUs YUCJIOBLIX BHIPAKEHUH
1 1
1 1

6 1
0,2- Y(-5)® n "I

2
VuopocTuTs BhIpaskeHue [1 —2a%b % + ab”l] - bTa U HAUTH

ero 4yuciaosoe 3HayeHwe npu a=0,49, b=1,21.

2
Pemurs ypaBHeHme 23 -1 = 4%,
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10. HaiiTyn 3HAYeHHEe BHIPAYKEHHA:

-4 3 07\? 3
1o (1) ] 1000
5 5 9

=] 11. Haiit uncioBoe sHaueHme Beipaskenus 32-a”—4a—17 npu
- 3-2V7

a=————.
S 8
i . 39,7 -3[8.1
Bl 12. CpaBHUTE C HYJIEM 3HaUeHHE BHIPAKEHUA - T S :
= 70,021 -40,022

13. YopocTuTh BBIpasKeHHUE:

(-t e )

B TEMbl MCCNEOQOBATENBCKUX PABOT NS

1. Hcropusa pasBUTUA NOHATHSA CTENeHH.

2. CreneHb ¢ paIMOHAJILHBIM NOKA3aTeJieM B XUMHUH, (Gusuke, 6H0OIOTHH.
3. 3anuch YHCeNl B JBOMYHOM CHCTEME CUYHCJIEHHA.

4. Ucropua 3HaKa KODHA.

5. ®opMybl NPUOIMIKEHHBIX BBEIYUCICHUH KODHEM.

6. ®opmyasr [I. Kapgaso xkopHeil KyOM4uecKOro ypaBHEHUS.

3 5
7. JlokasaTeJbCTBO MPPANMOHAJIBHOCTH dmcsaa vH; V3.
8. IlecaTuunbie jorapudMbl U UX CBOMCTBA.



CreneHHan
byHKUMSA

'E npeabiayLlen rnage Bbl U3y4unv CBOWCTBA CTENeHU C pa-
LMOHANbHLIMK NOKa3aTensaMu U NOHANKW, YTO MHOTUEe ABNEHUA
NPUPOAbLl ONMUCHLIBAIOTCA C MOMOLLBID CTEeNneHel C UenbiMu
unu apobHLIMK nokasdatenamu. C noHsTueM QyHkummn (3asu-
CUMOW nepemMeHHon) u crnocobamu eé 3afaHus Bbl 3HAKOMbI
¢ 7 knacca.

B aTtoW rnase Bam NpencTtouT pacliMpuTe CBOWM 3HAHUA
0 dyHKUMAX BUAA y=X', A€ r — paunoHanbHoe 4Yucno. Takue
| byHkuMM Ha3bLIBAKOT CTEneHHbIMK. H4acTo CTeneHHbIMU (YHK-
UMMM HasbiBaloT 1M GyHkuum Gonee obuwero Bupa y=kx',
rne k — HekoTopoe 4YUCNo, OTAINYHOE OT Hyns.

OpnHy “3 nepsbiX CTENEHHbIX 3aBUCUMMOCTEN, CYLUECTBYIO-
wwmx B npupoae, oTkpsbin W. HetloToH. 370 6bin 3aKOH BCEMUP-
HOrO TArOTEHWs, COrnacHo KOTOPOMY A/ ABYX NPOM3BONb-
HbiIX TEN CWANa B3aWMHOrO MPUTAXEHWUA F ymeHbliaeTcs npo-
NOPLMOHANBLHO KBAAPATY PACCTORHUA I MEXAY LeHTPaMu Macc

k
aTux Ten: F = —-. AHanorm4Has 3aBuCMMOCTb CyLUECTBYET Mnpu
r

B3aUMOLENCTBUN OBYX TOYEYHbIX 3/IEKTPUYECKMX 3apanos —
cuna WX B3aUMOOEWCTBMA YMEHbLAEeTCA NpOonopuuoHansHO
KBaapaTy paccTosHus Mexay 3apspamu (3akoH Kysowa).
Takum 06pa3om, U 3aKOH BCEMUPHOro TArOTEHWS, W 3aKOH
KynoHa OnMuCLIBAIOTCA C MOMOLLBIO OHOW U TOW Xe mare-
MaTMYECKOW MOOENN — CTENEHHOW (YHKUUA y=kx=2.

CreneHHble 3aBMCMMOCTM BENWYMH BCTpEYalTCcs AocTa-
TOYHO 4YacTO B CaMblX pas3nuyHbix 06nacTax 3HaHWiA, a Tak-
Xe B NPUKNafHbLIX BONPOCax XW3HeAeAaTeNbHOCTU 4YenoBeka.
¥ Hanpumep, 9KOHOMUCTHI 3HAIOT, YTO pacnpefeneHue noaen
| B 0BLLeCTBE NO A0X0AAM MOAHUHAETCS CTENEeHHON 3aBMCUMO-
ctn (byHkums lapero). CteneHHON (yHKUMein onucbiBaeTcs
pacnpegeneHue cioe B TekcTe (3akoH Lundga).

B dyHkumax Buaa y=x' nokasatenu cTeneHein Ha npakTu-
K€ 4aCTO OKA3bIBAIOTCA HE TONbKO LenbiMu, HO U APOGHbIMK.

o
Hanpumep, B ynomsiHyToin dpyHkumm Mapeto N (Y) = [%“-] -100

(roe N (Y) — 4mMcno cemeit, nony4alowmx oxoa He meHble Y,




Y, — HauMmeHblniA foxon cemein B obuie-
CTBE) 3HaYyeHWe nokasatena o MoOxeT BbiTb

paBHbIM, HanpuMmep, %

Ona Tex, kTO NOBGUT CaMOCTOATENLHO
y3HaBaTb HOBOE, BbIXOASALLEE 38 PAMKM LLKONb-
Horo yyebHuKa, npegnaraem BbIICHUTL, YTO
Takoe @paktansl (0aguH M3 ¢pakTanos M3o-
OpaxEH Ha pUCyHKe crnpaea), a Takke y3HaTb
0 (pakTanbHbiX CTENEHHbLIX 3aBUCUMOCTSIX.

Mpu n3yveHWM 3TOW rnasbl Bbl BCMIOMHM-
T€, 4TO C NPOCTENLWNMK CTENEHHLIMIU DYHKLM-

1 E
amu (y=Xx, y=x%, ¥ = —) Bbl yXe 3HakOMbl. B aToi1 rnase Bam npeacTouT Hay4uTb-
X

CH HaxoAuTb 06nacTb onpenenexns GyHKUMM, NPOMEXYTKM €& 3HAKONOCTOSHCTEA,
NPOMEXYTKW BO3pacTaHus W ybbiBaHWsA, UCCNenosaTe MYHKLMIO HA YETHOCTb MAU
HEYETHOCTb.

acTb onpepeneHus QyHKUUM

o = -
C noHATMEM GyHKUMM Bbl 3HAKOMbI JABHO, HO CTPOroe ornpeaene-
HWEe 3TOro MOHATUSA Bbl Y3HAETe TONLKO ceiyac — B 9TOM naparpade.
Bam npencrtout Takke paclwmMpuTb CBOWM 3HAHUS O BMAAX byHKUMIA
W ux CBOWCTBax. M3BeCTHbIE BaM NIMHEHAA U KBaApaTU4Has QyHKUUK
Obinn onpeaeneHbl ONs BCEX AENCTBUTENbHbIX 3HAYeHUN Xx. OpHako
CYLLUECTBYET MHOXECTBO (YHKUMIA, ONpemenéHHbIX Ha ApYyrux npome-

| XyTkax. Hanpumep, GyHkums y = Vx ornpegeneHa Toneko ans x=0,

. B atoMm naparpacde Bbl yaHaeTe 06 OOHOW U3 BaxXHEMLIMX xapakrepu-
| CTMK PyHKUMM — obnacTn eé onpeneneHus.

Hy)XXHO BCNOMHUTB:

MOHATHUA 3aBHCUMON ¥ He3aBUCHUMOM INepeMeHHBIX;

crocobbl 3anucu GYHKIHMOHANBHON 3aBUCHMOCTH ABYX BEJWYUH
cnocoObl 3agaHuA PYHKIINY;

HaxOo)xJeHue 3Ha4YeHUsdA (PYHKIUM 110 3alaHHOMY 3HAYEHUIO apryMeH-
Ta ¥ HaXOXK/leHHe 3HaYEeHHUI apryMeHTa 10 38JaHHOMY 3HAYEHUIO (QYyHK-
nuu (ecnu QyHKIuMs 3anaHa GopMysnoil, rpaduKoM WM rabaunei);
onpeaeJieHHe MOAYJIA 4YUCJIA;

NOHATHA KOPHEH BTOPOH M TpeTheill crerneHeii;

Haxo)<[leHWe YMCJIOBBIX 3HAYEHHMH ajareOpanvyecKux BbIPAXKEeHWIl;
peleHye JUHeWHBIX M KBaJPATHBEIX YDaBHEHHUH, HepaBeHCTB;
IOCTPOeHHEe Irpa@uKoB QYHKIMHA C IMOMOIIBLIO CABUTOB.

SEEERN
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JKecTBa YHCeJI IIOCTABJEHO B COOTBETCTBHE YHMCJIO Y, TO FOBOPAT, UTO
HA 9TOM MHOKecTBe 3ajaHa ¢yaxuuda y (x). IIpu arom x HA3LEIBAIOT
He3aBHCHMOI TepeMeHHOH UI¥ apryMeHTOM, & y — 3aBHCHMOM Ie-
peMeHHOI UMK (QyHKIUMEH.

B Onpepenenue. Ecau KaaoMy 3HAYEHUIO X M3 HEKOTOPOTO MHO-

Bbl 3HAKOMBI C JuHeHHOH GyHkmued y=Fkx+b M KBaJpaTUYHON
dyuknueir y=ax?+bx+ec, a#0.

Ins sTuX QYHKOUN 3HAYEHWe apryMeHTa MOKeT ObITh JI006BIM Aeii-
CTBUTEJBLHBIM YHCJIOM.

PaccmoTpuM Temeph QYHKIIMIO, KOTOpPas Ka)XIOMy HEOTPHUIaTeJIbHO-
MY YHCJY X CONOCTABJAET YHUCJO v X, T.e. GyHKOuio y = v x. [lna aToi
GYHKIMM apryMeHT MOKeT NPHHMMATHL TOJbKO HEOTPHIaTe/JbHble 3HA-
yenusa: x=0. B aroMm cayuae roBopaT, 4TOo (PyHKIUA OIpeJesieHa Ha
MHOKECTBe BCeX HEeOTPHUIATEeJNLHBIX UHCeJl, ¥ 3TO MHOXKeCTBO HA3BIBAIOT

obiacTeio ompenesieHUA QYHKOUM Y = Jx.

O6macTeio onpeaeneHns (QYHKIMM HA3bIBAIOT MHOJXKECTBO BCeX 3HAa-
YyeHUil, KOTOPbIE MOXKeT NPUHMMATH €€ apryMeHT.

Hanpuwmep, GyHKnus, 3aganaad GopMyson y = %, onpejesieHa NpH

x#0, T.e. objmacTs onpeneseHus ITOU (YHKIIMHA — MHOXXECTBO BCeX
neﬁc'rnn'rensnmx YyHceJs, OTJIUYHBIX OT HYJHA.

Ecau dyHKUuA sagada (opmyJsoi, TO INPUHATO CYUTATH, UYTO OHA
ompe/ieJieHa IPHA BCeX TeX 3HAUEHHMAX apryMeHTa, IIPH KOTODBIX aTa
dopMysa MMeeT CMBICI, T. €. BHIIIOJHUMBI BCe AeiCTBUSA, YKasaHHBIe
B BBIDA’KEHHUM, CTOSINEM B IpaBoil 4acTu (POPMYJIBI.

Haiitu obiacts onpeieneHus GyHKIMH, 3aJaHHONR GopMysoH, — 9TO
3HAYUT HAWTU BCe 3HAYEHWUS apryMeHTa, IPM KOTOpHIX (opmysa uMeer
CMBICJI.

Z3apava 1. Haiitu obsacThb onpenesieHHMA (QYHKIIMH:

1) y(x)=2x2+3x+5; 2) y(x)=vx-1;

) y@=—r5; 9y = =22

p 1) Tax xax BeIpaxkeHue 2x?+ 3x + 5 MMeeT CMBICJ IpPH JIOGOM X, TO
GYHKIUA OIpejiesieHa IIPH BCeX X.

2) Bripaxenue v x —1 mmeer cmbica mpu x—120, T.e. pyHKRIUA
ompeznenena npu x = 1.
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rpadbuka GyHEKIME y=|x

3) Bripaxenue

HMeeT CMBICK \ £

-2 2
npu x+2+#0, 1.e. GyEKnHMa onpe-
JeJjieHa IpH X #—2. Puc

4) BripaxeHnue 4#”2 HMeeT CMBICJI IpPH x+§ 2 0. Pemas sT0 He-
x — xX—

paBeHCTBO, monydyaeM (puc. 2): x<-2 u x>2, T.e. QyHKHHA onpe-
JeJieHAa IpH Xx<—-2 4 IpH X > 2.

HanomMeuM, 4T0 rpadmkoM (PyHKIHH HA3LIBAGTCS MHOMKECTBO BCEX
TOYE€K KOODAWHATHOM IIJIOCKOCTH, abGCIHCCHI KOTOPHIX PABHBLI 3Hade-
HHASAM HEe3aBHCHUMOH IIepeMeHHOM wu3 o0JiacTH oOoInpejeleHHs ITOH
GyHKIOHH, a OPAUHATEI — COOTBETCTBYIOIIUM 3HAYEHHAM (DYHKIIHH.

B 7 knacce B pybpuke «Illar Bmepéa» 6BLIO MOKa3aHO IOCTPOEHHE
. PaccmorpuMm aTy QyEKOHIO Gonee geTanmbHO

H BBIIBEM €€ CBOHCTBA.

Zapava 2. Iocrpouts rpadhuk bysxkmum y=|x|.

?.

44

x,ecau x =20,

—x, ecoim x < 0.

Taxkum 06pasoM, BeIpakeHHe | x | uMeeT cMBICca NpH ITI060M geHCTBU-
TENBHOM 3HAYEHHH X, T.e€. 00JacThio onpeAeneHus GyHKIWH y=|x |
ABJIAETCA MHOYKECTBO BCEX AEeWCTBUTEJLHBIX UHCE.

Ecmu x>0, 1o |x|=x, u mosromy mpu x>0 rpadmxoM sABISETCH
OmcceKTpHCa NEepBOro KoopauHATHOrO yria (puc. 3, a). Ecam x<0,
10 |x|=-x, u rpapuxom dyExkumm y=|x| sBasercs GuccexkTpuca
BTOPOr0 KOOpPAMHATHOro yria (puc. 3, 6). I'padhuk pysxknum msobpa-
JKE€H HAa PHCYHKe 3, 6.

Bamerum, 4To |—x |=|x| Ans moboro x, mosTOMy rpadukK GYHKIHH
y=|x| cuMmmeTpuden OTHOCHMTENLHO OCH ODAMHAT.

W3BecTHO, 4TO [x|={

) 7 o) y 5 yA
y=x / \y=-* \ y=k /
xw/__.,.. x<0 .
1 / 1 1 /
/ ; N . o e ‘
0 1 x 0] 1x 0 g

Puc
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3anava 3. INocrpouts rpaduk ¢pymxmuu y=|x—2[-1.

p T'pajpurx dyExknum y=|x-—2| momydaerca u3 rpapuka (GyHKIHH
y=|x| caBurom BAoNL ocu Ox Ha 2 eAuMHHUIBI Bpaso (puc. 4, a).
Il nonyyenus rpadmka ¢yskmuu y=|x—2|-1 gocrarousno casu-
HyTh rpaduk GyEkmuM y=|x—2| Ha eauHMNy BHU3 (pHC. 4, 0).

YcTHbIe BONPOCHI U sanauunl

1. Yro HaseiBaercs (pyHKIUE?
2. Yro HaspIBaeTcd 00JacThIO ompeneseHHs GyHKIuUm?
3. Ilpusectu npumep GYHKIUH, 06JIACTHIO OIpEeNeNeHUs KOTOPOH #B-
JIsieTCA:
1) MHOKECTBO BCeX HeHCTBUTENBHBIX JHCEeJ;
2) MHOKECTBO BCeX HEOTPULATeJbHBIX UHCEJ;
3) MHOKECTBO BCEX HEMOJIOXKUTEJbHBIX UHCeJ;
4) MHOIKECTBO BCEX JEeHCTBUTENbHBIX UMCEJI, OTJIUYHBIX OT HYJId.
4. Kak maiiTu o6iacTh onpefeneHus (DyHKIUH, 3afaHHON Gopmymoi?
5. Kaxosa obsacTes onpeneneHus (QyHKIIHA:

nuneiinoit; kBagpaTmuHol; y = JVx; y = Vx; y=|x|?
6. Yro HYKHO cjesiaTh, 9YTOOBI HAWTH 0oOJacTh ompejesieHHsA (PyHKOHHU:
1
=Jx+5; y= ?
y Y x+5

7. Haiitu obnacth onpesenenus pysxnuu y = f(x), 3aganHOi rpapude-
CKH Ha PHCYHKe 5.

YA 6 YA
a) 51 )

'f-'\'_
I ATRY s
_‘-2| ‘/ |% : :/ 1 | I—
4x

":\ ..I]_ o/i T } =1 0"- :I[ é 1 T

Puc. 5
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8. Haiitu obnacTs onpeaenenus GyHKIUM y =y (x), 3agaHHOH TabauIe:

Diael=al 1 ToaTe] D[ xbltbal silte

yx)| 4|10 1] 4 yx){ o | 1| 2]3] 4

9. C momompbI0 KaKUX CABUIOB rpadmka GyHKOUHU Y =|x | MOXKHO mOJy-

4uTh rpaduk GyEKouM y=|x+3|+2?

BeoaHble ynpaxHeHus |

1. Jama dysknusa y (x)=-2x - 3. Haiitu:

97. ®yuxknusa sagana Gopmysion y (x) =

98.

46

1) v (1) ¥ 1% ¥ (0) y(_%];

2) 3HAUYeHMA X, OPU KOTOPHIX ¥ (x)=1, y(x)=-1, y(x)=0.
3) 3HaAYeHMA X, OIPH KOTOPLIX QYHKIUSA NPUHUMAET OTPHUIATEeJIbHBIE
3HaAUeHUd.

2. Jana dpyskous y=x%—4x+4. Haiitu:
1) sHadeHMA X, IPU KOTOPBHIX (PYHKIUA OIPUHUMAET IOJOMKHUTETbHbBIE
3HAYEHU;
2) 3HayeHWe X, OPH KOTOPOM (YHKIUSA NOPUHHUMAET HAUMeHbIIIee
3HaAYEHWeE.
3. HaspaTe CABUIM, C IOMOIIBIO KOTOPHIX U3 rpadpura QyHKOHUHU y = x2
MOXKHO IOJIY4YUTh rpaduk pyaxoum: 1) y=(x—1)>+3; 2) y=x2+6x+9.
4. Ilpm KakMX 3HAYEHHMAX X MMEeT CMBICJA BhIpa)kenme: x?; Vx?; Jx;
1 2+x 1
Vey—; ; ?
X 2—x 1+x
YnpaxHeHus |
96. ®ynxnua sagasa dopmysoi y (x)=x?—4x+ 5.

1) Haittu y (-3), y (-1), y (0), y (2).
2) Ha#itu 3navyenue x, ecau y (x)=1, y (x)=5, y (x)=10, y (x)=17.

x+5
x-1"

1) Haiitu y (-2), y (0), y(g) v ).

2) Haiitu 3Hauenue x, ecau y (x)=-3, y (x)=-2, y (x)=138, y (x)=19.
Haiitu obnacrs onpenenenus byaxnuu (98—99).

(Yerno.)
1) y=4x%2-5x+1; 2) y=2-x-3x%
_2x-3, . B Y vt = 3
3)y_ _3! 4)y—5~x2, 5)y 6 x! 6)9‘ x+7-
Fnasa Il. CreneHHaa GyHKUMA



- 2x _g/2xt4,
9. ) y=_5—35; 2)y 1/3-:: ;
3) y = 3/3x2— 2x + 5; 4) y = Yx?-Tx +10.

100. ®yexnus sagaHa dopmyiaoi y(x)=|2—x|-2.
1) Haiitu y (-3), y (1), y (1), y (3).
2) HaiiTu 3Hauenue x, ecau y (x)=-2, y (x)=0, y (x)=2, y (x)=4.

HaiiTu obiacTs onpeaeneHus GOYHKIUU:

D y= B4 2) y ={x-Dx-2) (x-9);

3)y=3,/};j; Hy=Ja+DE-D@x-49);

2 a
5)y=?/x—';i_%*~5~; 6)y=2/;+5\!1+x.

Ilocrpouts rpadux dyaxmuu (102—103):
102. 1) y=|x+3|+2; 2) y=—|x|; 3) y=2|x|+1.
03] 1) y=|x|+|x-2];  2) y=|x+1|-|x|

L 4 OGnacte onpeaenexns GyHkuuu, 3afaHHOn He popMynoi

o IIpodeccop, BBIMOJHAS yCTHHIE 38JaHUA K 2TOMY naparpady,

@ A MOHAJA, YTO HAXOAUTH 06/1aCTh OonpeneseHNA PYHKIHHA IIpOIIe

" Bcero, Korjia oHa safaHa Tabnauneil uiu rpaduKoM (eciH OH H30-
6pa)kéH MOJIHOCTHIO).

IeiicTBUTENBHO, B STHUX CJIy4YasdAX cpasy BHJHBI BCe 3HAYEHHUS
aprymMeHTa, COCTABJIAOIINE 00JacTH ompeneseHus.

ITomu0, Bel HaM pacckaswiBaiu O QYHKOHUAX, 3aJaHHBIX OnNuU-
“, %) canuem (baxtuueckn GyHKIMA y=|x| Toske 3amama onmcaHu-
=7 em). Kak a1 HUX HaXoAuTb 06GJACTH ompejeseHHA?

Il HUX KakK pas o4eHb IPOCTO HAXOAHUTH 00J1aCTh OIpeAeseHHs.
TlosHaxoMa0 Bac ellé ¢ OAHON (PyHKIUel, sajaHHON omHcaHH-
eM, a Bel OblcTpOo Haiinére eé obiacTh ompeneneHus. PYHKIUIO
aTy HaseBawT QuHkyueil Jupuxae u obosznavaior D (x):

D(x)= 1, ecam x — panuMoHANBHOE YHCJO;
0, ecsm x — MppauMOHAJILHOE YHCIIO.

B naHHOM CcJyuyae O4YeHb IPOCTO HAWTH 00JacTh ONpeJeseHHS
. .

4% dyuxnum — uuraeMm u obbeauHsAeM BCIO HH(popmamuio o6 ymo-
' MAHYTBIX 3HAUYEHHAX X, OHM M COCTABAT 006/1acTh OIpeleseHUsA.
Tak uro dpyHkuua [Iupuxie ompeneieHa AJsd BceX AeHCTBUTENbHBIX X.
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> Bepuo. Tak e HeCJI0’KHO HAXOAUTH 00JIACTH ONpefie/ieHuA (DYHK-

@ nuii, 3aJaHHBIX Ha MHTepBagax (Taxkue (QDYHKIMM HHOTAA HABBI-

E BalOT KycouHo 3adanmnbimu). CaMoCTOATeNbHO HaiauTe
o6s1acTH ONpejeseHUs U MOCTPOiTe rpadUKH CIAeAVIOMUX (DYHKIIHA:

—x%+|2x|-8, ecim -2<x<1,
u y=9-3x+1, eciint 1<x<2;
-5, ecaim 2<x<6.

i | x2—5x+ 6|, ecnn x>2,
2x—4, ecnu x<2;

pactaiHume u yoObiBaHue QyHKUUM

Bbl yXe ymeeTe HaxoauTb NPOMEXYTKU BO3pacTaHusi u ybbiBaHWs KBa- |
apatuyHoin ¢yHkumm no eé rpaduky. B atom naparpade 6yayT naHbl
obuwe onpeneneHus Bo3pactaHvs 1 ybbiBaHus GyHKUMU. C NOMOLLBIO
9TUX OnpeaeneHuin Bbl CMOxeTe no dGopmyne, 3agaioulen GyHKUMIO,
yCTaHaB/nMBaThb €€ Bo3pacraHue unu yobiBaHvue Ha onpeaenéHHoM npo-

HY)KHO BCNMOMHWTE.:

W omnpepenesde QYHKIIHH;

¥ noHATHe obyacTH onpejaesieHUs DYHKIUH;

B HaxoKIeHue 1o rpaduKy JuHEHHON (KBaApaTUYHOM) QYHKIUH IIPO-
MEeXYTKOB €€ BO3pacTaHus, YOLIBAaHHA;

B croco0bl MOCTPOeHUA IPadUKOB JINHEHHON 1 KBaAPATUYHON QYHKINIM;

¥ HaxOMXJeHUWe KOODAWHAT TOUYeK IiepeceueHHusi IpadHuKoB 3aJaHHBIX

bysKRIMI;

peleHue JIMHEHHBIX M KBaJ[PATHHIX HEPABEHCTB;

npeAcTaB/ieHHe KOPHA B BHJIe CTEIIEHH C PAIMOHAJBHBIM IIOKa3aTeseM;

HaxoK/leHHe YHCJIOBOTO 3HAYEHUS CTENEeHHU C PAIMOHAJLHBIM IIOKA-

3aTeyieM.

Bbl 3HAKOMBI ¢ QYHKIHMAMA Yy=X U y=x2. ITH QYHKIHHA ABIAIOTCA
YACTHBIMH CJIYYadMU CTeNeHHOH (BYHKOHH, T.e. QYHKIHUH
y=x7,
rjae r— 3ajJlaHHOE YHCJIO.
Crenennasi GpyHKOHMA ompezeseHa AJig TeX 3HAYEHHUH X, IPU KOTO-
PEIX opmyia y=Xx" uMmeer cmbici. Hanpumep, 061acThi0 onpegeneHuss
bysxnmit y=x u y=x2 (r=1 u r =2) ABasgeTcs MHOECTBO BCeX Aeii-

1
CTBHTEJbHBIX 4HCes; 00JlacThio ompezeNeHHss QyHKmum y = — (r=-1)
x

ABJIAETCA MHOMEeCTBO BCeXxX ,II,EﬁCTBHTeJIbH]:IX YHCEJI, HEe PaBHBIX HYJIIO;
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1
06J1aCTHIO OTpeiesieHuss QYHKINA J = vV X (r — E} ABJAETCA MHOKECTBO

BCeX HeOoTpHIAaTeJIbHBIX YHCeJl.

h Onpegenenusda PyHknusa y(x) HaspIBaeTCs BO3pacTaloliei Ha
5 HEKOTOPOM IIPOME’XYTKe, eClIH JJd JIOBIX X,, X,, NIPUHALJIEKAIIAX
" HaHHOMY IPOMEKYTKY, TAKHX, YTO X,> X,, BHIIOJHAETCA HEpPaBeH-

cTBO Y (x,) >y (x,).

Dyurnusa y (x) HazpiBaeTcsd yObIBaIOIel Ha NPOMEXKYTKe, eClH JAJdA
M00BIX X,, X, U3 ITOTO IPOMEIKYTKA, TAKHUX, UYTO X,>X,, BBIIOJIHA-
eTca HepaBeHCTBO Y (x,) <y (x,).

Hanpumep, GbyHKOuA y=2x BO3pacTaeT Ha BCell YHCIOBOM OCH.
dyaxnusa y=x? BospacraeT Ha npoMexyTke x =0, yObiBaeT Ha mpome-
myTtre x<0.

HokaskeM, aro GyHKIUA Y = Jx BO3pacTaeT Ha Bced obiacTu ompe-
JleleHusi, T. e. Ha mpoMexyTke x = 0.

- IIyerp x,>x,20. Bo3Benss HepaBeHCTBO X,>X, B IOJIOKHUTEJLHYIO
1 1

1 = —
CTeleHb I' = 3 (cm. §5), monyumm x? > x?, oTKyZa /x, > . x,, T.e.

y(xy)>y (x)).
I'padpux GysHRKIUH Y = Jx n3obpa-
JKEH Ha pucyHKe 6.
W3 pucyHka 7 BUAHO, uTO rpaduk
DYHKOHH Y = Jx (T.e. rpadpuk GyHK-
1 I
OUH Y = xE) Ha npomexyTke O<x<l1
JIEXKHUT Bhille rpaduka QyHKnuu y = x2,
a Ha IPOMEXYTKe X>1 — HH)Ke rpa-
buxa dysxnuum y=x?. Orcoza ciexy-
1

YA

a &

1.41-.

L
[y
-~

=Y

er, Hanpumep, uro 0,7°< 0,72 (rTak Kak v
4 y=x
0<0,7<1);1,3%2>1,3% (rak kak 1,3>1). L. _&
3aMeTHM, 4YTO HOPOMEXYTKH X =4,
x>a, x<a, x<a MOXHO 3aIHCbIBATH 1
Kak [a; +00), (a; +00), (—oo; a], (—oo; a)
COOTBeTCTBeHHO. Hanmpumep, mpoMerky- 0 T T f T e
TOK [3;+00) COmep’XUT Bce 3HAYEHHUS
x=23, a IpOMeXYyTOK (—oo; 5) — 3HaAUe-
HEA x<5.

§ 7. Bo3pacraHue u ybuiBaHue yHKUUN



Japava 1. Jlokasarb, 4yTo QyHKOUA y=x2—3 yOniBaeT Ha IPOMEKYT-
Ke (—oo; 0].
b Ilyers 02x,>x,. Ilokaxewm, uro y(x,)<y(x,). CpaBEEM Cc HyIéM
pasHOCTh Y (X,)—y (x,):
Yy(x)-y(x)=x2-3-(x2-8)=x%-x2=(x,—x,) (x,+x,)<0,

TaK Kak x,—x,;>0 u x,+x,<0. 3nauur, y(x,) <y (x,).

- 1
Japava 2. NlokasaTh, 4T0 GQYyHKIUA Y = X + — BO3pacTaeT Ha IpoMe-
x

myTre (1;+00).
b Ilyers x,>x, > 1. ITokaxem, uto y (x,) >y (x,). Paccmorpum pasHocTh

i] = (x, - x,)

X

1 x,x, —1
y(x)-y(x))=2+——|x, + Lz -

Xa XXy
Tak Kak x,>x, u x,>1 u x,>1, 10 x,—x,>0; TaKk Kak x,x,>1,
T0 x2,%x,-1>0 mn x,x,>0. Iloaromy y(x,)-y(x,)>0, T.e.

Y (x5) >y (xy).

___YeTuule Bonpock u 3apanms

1. Kakywo GyHKUHIO HA3LIBAIOT CTEIEHHOM?

2. Haiitu o6nacTs onpegeseHusas QYHKIHUN: Y =X; y=x% y = Jx; y=x1

3. Kakasa ¢yHKIMs HasbiBaeTrcs Bospacraroulei (yObiBaioiei) Ha He-
KOTOPOM IIPOMEIKYTKe?

4. Ha xaxom npomexyTke (GyHKuusa y=x’? Boapacraer; yOniBaer?

9. Ha kakom npomeskyTKe BodpacTaer QyHKIUA Y = Jx?

BBoAHbIe ynpaxHeHus

1. CpaBHHUTEL 3HAYEHHSA Bmpmennﬁ'

1) (5,1)% u (3,8)% 2) ﬁ ﬁ;

Lk
3) —_0—6‘ B 20, 9 4) \{6,9 u \f6,09.

2. Ha#tu obnacthk onpezeneHus (QYHKIIMH:

1) y=x2+ 3x; 2) y =+Jx+2;
3)y=3\/3—x; 4)y=xi7.

3. C momompio rpadura (puc. 8) HaTH IPOMEXKYTOK, Ha KOTOPOM KBa-
aparuuyHas QyHKOHUS BO3pacTtaer; yOGbIBaerT.
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ynpaxHeuus |

104. ITocrpouts rpaduK ¥ HAWTH IPOMEKYTKH BO3PACTAHHSA U yOBIBA-
HUA QyHKOHUH:

1) y=2x+3; 2) y=1-3x; 3) y=x2+2;
4) y=38-x% 5) y=(1-x)% 6) y=(2+x)°.
105. (Vcruo.) CpaBHUTE CTeNeHH:
2 2
1) 0,987% u 0,9862; 2) {—5 %J u (—5 %J ;
1 1 3 3
3) (3,26)% u (3,27)% 4) [g}z u (g]”.

106. Jloxasars, uTo GYHKIKMA BO3pacTaeT Ha BceM 00JacTH ompenese-
Hua: 1) y=13x-1; 2) y=0,7x+6.

107. HoxasaTk, 4TO (hYHKIUA yObIBAET HA BCced 0GJIACTH ONpeHeIeHHA:
1) y=—%x+3; 2) y=-2,4x 5.

108. IlocTpouThs Ha MHUJILIUMETPOBOM Gymare rpaduk GyHKIUM y = Jx.
Haiity no rpapury npubamxEéHHO:
1) smavenusa x, mpu Kortopeix y=0,5; 1; 4; 2,5; 3,5; 3,8;
2) smavenns \1,5; V2; /2,5; ¥3; V53 7,5; V10; V12,
109. oxasarb, 4TO QyHKIUA:
1) y=x2+5 Boapacraer Ha mpomesxkyTKe [0; +00);
2) y=x*-T yOuiBaeT Ha mpoMexkyTKe (—oo; 0];
3) y=(x+1)? yoriBaer Ha mpomexkyTKe (—o0;—1];
4) y=(x—4)* BoapacTaeT Ha IPOMEKYTKE [4; +00);

5) y:%-g yObiBaeT Ha mHTepBaje (—oo; 0);

a) VA ‘ 6) vA
4-.—

S
[
Do

13
—

T4 Puc. 8
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6) y=%+6 yosiBaeT Ha mHTepBase (0; +co);

7 y:ﬁ yObiBaeT Ha uHTepBaje (—2; +00);

8) y=ﬁ yOBIBaeT Ha mHTEpBaje (—oo; 3).

110. Jloxasars, 410 QyHKOHA:

DDy=x +% ybuiBaeT Ha uHTepBase (0; 1);

2)y= Z il y6biBaeT Ha mpomexxkyTre [0;+co) m Bo3pacTaer Ha

npomesxkyTre (—oo; 0];
3) y=x®—-3x Bospacraer Ha npomexxyrkax (—oo;-1] u [1;+00),
yb6siBaeT Ha orpeske [-1;1];
4) y = x—2Jx Bo3pacTaer Ha npomexyrke [1;+oco) m yOniBaer
Ha orpeske [0; 1].
111. ITocTpouts rpadux u HAWTH IIPOMEKYTKHU BO3pacTaHMUA M yObIBa-
HUA QYHKOIUMA:
1) y= x+2, ecnu x < -1, 2y yji= x%, ecmu x <1,
y x%, eciu x > —1; y 2—x2, ecim x > 1.

4 ) IIpodeccop, moab3ysach ONpeleleHHAMHA BO3pacTaHuUA u yObIBa-
.4 <+*’ Hua GYHKOMH, $ CMOI' BBINOJHHUTL BCe yHpPaKHeHUHA, Kpome

N 110, 4). B aToM 3ailaHMH MHe He YJaJoCh NPEACTABATE Pa3sHOCTH
y(x,) -y (x,) B Buje, y00HOM /il CPABHEHHS C HYJEM.

s1 momory Tebe:
@ y(xz)—y(xl)=x2—2J£—(x1_2Jx_l)=
=xy—x,- 27 + 27 = (V3 ) (V7 ) -2 (V&2 - )=
= (Ve =V ) (Vo + V) - 2 (Ve — V1) =
=(E‘JZ]( x2+~/x_1—2)-

B Cnacubo, Ilpodeccop, faapine A caM CIPaBJIIOCH.
—

Ilokasky BaM IIOJIE3HBIN NPHEM, MCIOJIB3YIONUHCA NPH JOKAa3a-
TeJbCTBE BO3pACTaHHA WM yObiBaHUA GYHKIHH, cojepiKaiiei

B CcBOeH (popMyJie KBaJpaTHbEIe KOPHH. JTOT NPHEM NOCTPOEH Ha
3HAHUM OCHOBHOrO cBOiicTBa Apobm u GoOpMyJibl PA3HOCTH KBaJpaToB.
Iokaskem, Hampumep, uto dyHKNUA y = /1—x yObiBaer Ha Bcei
obnactu oupenenenus (T.e. mpu x<1).
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@ Iyere 12x,>x,. CpaBauM ¢ HyJaéM ¥y (x,)—y(x,), DOMHA O TOM,
9To ,/1— x 20 opm Bcex x m3 obyacTH ompejeNeHUA:

o s, (Vi-2x -J1-x)(J1-x,+/1-x)
. : J1-x, +1-x
_ (1-2x5)-(1-2x) = X, — %y
Ionyuennas npoGb MeHbIIE HYJNS, TAK KaK 3HAMEHATENH IOJYYEH-
HO# ApobH mosioxkHTeNeH npu 1= X,>Xx,;, & YACJIHUTENb OTPHIATEJIEH.
Muorza ypaérca AokasaTh BO3pACTAHME HMJIHM yOBIBaHWE (QYHKIAH
Y=y (x) Ha HEKOTOPOM NPOMEKYTKe, aHAJIU3HDPYSH YCIOBHE X,>Xx, AINA
X,<X,, €CIH X, U X, OPHHAJJIEIKAT HCCIEAYEMOMY HPOMEKYTKY.

MoskHO TakuM 06pa3oM AOKasaTh BospacTanue QYHKOMH y =+ x
Ha mpomexkyTKe [0; +00)?

Ha sToM nmpuMepe s B IPOAEMOHCTPHPYIO HOBBHIH cmocob JoKa-
3aTeNIbCTBA.

@ Hyers x,>x,>0. Hyxnso pokasats, uro |/x, > x;. Tax
KaKk X,>X,, T0 X,—x,>0. Ho Ana HeOTpHIATENBHEIX X, M X, HMeeM

X, = (@2 u x1=(m2. 3naumnr, (@2—(@2 >0, orkyna
(Jg—m( X, +JE)>0. Tak kak Jx_2+JxT>0 npu x,>x,20,
TO M E—E>O npu x,>x,20, orkyzaa JZ>J;; Ha NpoMme-

-

:‘_
i
%

xyTre [0; +00), uro um TpeboBanocs AOKA3ATE.

HOCTb U HEYETHOCTb (PYHKUUM

Yacto noctpoexune napabonbl HAYMHAIOT C NPOBEAEHUSI 8 OCU CUM-

MeTpun. 3aTemM Mocie HAXOXAEHUS! HEKOTOPbIX MPUHALNEXALUX el |

TOYEK CTPOAT CUMMETPUYHbIE UM OTHOCUTENBLHO Ocu napabonwl. MMa-

. pabonbl BUAa y=ax? u rpaduku HEKOTOPbIX CTENeHHbIX PYHKLUUNA CUM-

| METpUYHbI OTHOCWUTENIbHO OCWM OpAauHaT. Takue GYHKUMU SBNSIOTCA

| 4€THbIMU. CywiecTByioT GyHKUMK, rpadyKkmn KOTOPBLIX CUMMETPUYHDBI OT-
HOCUTENbHO TOYKW — Hayasna KoOpAMHAT, WX Ha3blBAOT HEYETHbIMMK,
Hanpumep, 3HakoMas Bam ¢yHkuma y=kx, raoe k#0. B atom napa-

| rpade Bbl MO3HAKOMUTECH C OMPEAENEeHVSIMU YETHOW U HEYETHOM

| GyHKUMA, nocTpouTe rpadukn OTAENbHBIX YETHBIX U HEYETHBLIX CTENeH-

| HbIX ¢yHkumMi, oboblumTe Mx CBOKCTBA.

e
o)
(48]
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n
-

Hy>XHO BCNOMHWTL:

noHATHe obJyiacTy oupeneneHus GQyHKINH;

cBoficTBa ¥ rpaduky QyHKIME y=x; y=x% y=|x|;

HAXOMKJEHHEe 3HAUEHMH (PYHKIUH IIPH X=X, U X=—X,;
ompejeneHus Boapacraiomeil u yObIBawIIei GOYHKIMIHA;

[OCTPOeHMEe TOUKHM, CHMMETPUYHON AaHHOM OTHOCHTENBHO 3aJaHHOMK
npsaMoi (TOYKH);

nocTpoeEue rpa@uKoB QYHKIMI € IOMOLIbIO CABHUIOB.

Onpepenenne. Pyrxnusa y (x) HasbIBAeTCA YETHOM, ecau 06aacTh
eé ompefielleHUs CHMMETPUYHA OTHOCHUTEJHHO Havyajla KOODAMHAT H

y(=x)=y (x)
AnA moboro x u3 obaacTH ompejeeHMs dTOH (PYHKIHH.

Hanpumep, YETHBIMM ABIAOTCA QYHKIHHA y=x2u y=|x|. T'paduxn

aTHX QYHKIUN CUMMETPUYHLI OTHOCUTEJILHO OCH ODAWHAT (puc. 9 u 10).

Ganavua 1. IMocrpouTs rpadux GyHKIHH y=x°.

=

1) O6nacts ompejgeneHUs (QPYHKIUU Yy =x® — MHOKeCTBO BCeX Jei-
CTBUTEJbHBIX YHCeJ.

2) Buauenusa GyHKOUM y=Xx° HOJOXKHUTeNbHBl mpu x>0; orpuia-
reapHBl npu x<0; y=0 npu x=0.

3) Hoxaskem, 4To rpapux (QyHKIHAK y=x3 cuMMeTpUYeH OTHOCH-
TeJIbHO HAYAJa KOOpJAHMHAT.

® IIycrs Touxa (x,; Y, UPHHALIEKHT rpahuky QyHKIUU F=ad;
T.e. Y,=x5. Touxka, cumMMerpuyHas TOUKe (x93 Yp) OTHOCHTEIBHO
Hayaja KOOPAMHAT, HMeeT KOOPAMHATHI (—X; —Y,). ITa TOYKA TaKKe
MPUHAMJIEKUT rpaduKy (QYHKOIUHK y=x°% Tak Kak, ymMHOKaa obe
YaCTH BEDHOTO DABEHCTBA Y,=X§ Ha —1, TONIydaeM —y,=—Xg, HIHA
_'y[):{_xo)s-

DTO CBOHCTBO MO3BOJAET JJiA MOCTPOoeHMA rpadpuxa QyHKIUA y=2
HOoCTpOUTH CHauasa rpadpuk ana x>0, a saTreM OTPasuTh €ro CUM-
METPHUYHO OTHOCHUTEJLHO Hauajla KOOpAHMHAT.

=x2 ;
"‘"_ .-I; \\ ‘Q /
\ / \
\'- 1+ { ./ \ 1+ /

/
"8 87 L A
0 1 x 0 1

=Y

Puc. 9 Puc. 10
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4) Oynkuus y=x° sospacraer Ha Bcel 06- v
JacTa onpegeneHud. [lelicTBUTENBHO, ecJH
Xy>x,, TO

—_ a3
x3—x=(x,—x,) (x2 + x,x, + x2) = y=x

1 Y. 3

= 2
=(xy—x,) [x2+ le +Ix1 >0,
Pl TY X

5) CocraBuB Tabauny sHayeHM# QYHKIHAU /
y=x% pnsa HeKOTOPBIX 3HaueHwit x > 0 (HampH- /
mep, aaa x=0, 1, 2, 3), mocTpoum yacrs rpa- /
uka npu x 20 ¥ 3aTeM ¢ MOMOIBIO CHMMe- 1
TPUM — TY €r0 4aCTh, KOTOPASA COOTBETCTBYET /
OTpHUIlATeJbHEIM 3HaueHHUAM x (puc. 11).

Onpenenenne. Pynxknua y(x) HasbIBa-
erca He4érHOM, ecam obnacTe eé ompeje-
JeHHA CUMMEeTDHYHA OTHOCHTEJNLHO Hauaja
KOODAHHAT U [

Yy (=x)=-y (x) f
AJis 1300010 x U3 06s1aCTH onpeesIeHus 3TOH
bysRIMH.

Hanpuwmep, dysknuu y=x3, y = % HeYerT-

Heple. padukm oTUX (QYHKOUHE CHMMETPUYHBI -8
OTHOCHUTEJbHO HAYaja KOODAWHAT.

CymecTByror ¢yHKnuM, Koropeie He obaa- Puc. 11
JAOT CBOMCTBAMHM 4YETHOCTH MJH HEYS8THOCTH.
Hanpumep, mokaxem, 4To (QyHKHUA y=2x+1
He ABJIAETCS YETHOW M He ABIAeTcs HeuérHoM. Ecam 6w ara dyHKIUA
Obl1a 4é€THOM, TO paBeHCTBO 2 (—x)+ 1=2x+1 BBINOAHANOCH ObI AIA
BCeX X; HO, HAIpUMep, IpH x =1 3TO paBeHCTBO HeBepHO: —1 # 3. Eciu
Obr oTa QyHKIUA ObLTA HEYETHOU, TO TOrZAa NPH BCEX X BBITOJHAIOCH
661 paBenctBo 2 (—x)+1=-(2x+1); HO, HampuMep, Opu X =2 3TO pa-
BEHCTBO HEBEpPHO: —3 # -5,
3apava 2. IToctpouts rpaduk GyHKOIUE Y = Vx.
b 1) Obnacte ompezneneHuss — Bce AeHCTBUTENbHBIE YHCJA.

2) OyHKUMA ABIAETCH HEUSTHOH, TAK KAK ¥ —X = —ax Ansg Jabo-

ro x.
3) Ilpu x>0 dyHKnuMA Bo3pacTaer, IO CBOMCTBY BO3DACTAHHS CTe-
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y
A y={!—x—
2 _ — = - o
H—r
=1 0 1 8 h?_c
) -1
e +-2

Puc

1
NeHHOH (PYHKIHUH C NOJOXKHUTEIbHBEIM MOKa3aTejieM, TaK Kak Yx = x*
npu x=0.
4) Ipu x>0 ssauenus y>0; y(0)=0.
5) Haiifa HECKOJBKO TOYEK, NPHUHAJIEKAINUX rpapuKy, HOCTPOHM
yacTh rpaduKa A 3HadeHuH x 20 U 3aTeM C MOMOIIbI0 CAMMETPHH
nisa 3Havenui x <0 (pumc. 12).

OrmeTHM, 9TO QYHKOHA Y = Ux ompejejieHa IpH BCeX X, a (PyHK-
1

oua y = x° Toasko mpu x =0.

YcTHbIE BONPOCHI W 3apaHns

i
2.

3.

4.

ChopmynupoBaTh OmnpejeieHne JETHOM; HEUYETHOH (PyHKIHH.
IIpuBecTH npuMep YETHON QYHKIHA; HeyeTHOM PYyHKIUH; QYHKIHAH,
He SIBJASIOMENCH HU YETHOM, HA HEYETHOM.
. 3
IlepeuncauTh CBOMCTBA QYHKIHHU: Y = X; y=x% y=a% y=+=x.
1 1

IlepeuncauTh cBOficTBa QYHKIHMA y = x* u y = x°.

BsoAnbe ynpaxHenus

1.

HassaTh YHCJIO, ITPOTHBOIOJIOMKHOE JAaHHOMY: —9; —1%; 0; 3; 7.4.

. IIpu x=5 u x=-5 cpaBHUTL 3HAYEHHUA PYHKIHUMU:

1) yx)=x% 2) y@=x% 3) yx)=Vx; 4) y@)=|x|

Iarsr Toukn A (15 3); B(-1; 3); C(-1;-3); D (1;-3). Kakne u3 HuX
CAMMETPHUYHEl OTHOCHTeJIbHO: ocu Oy; Hadana KoopauHAaT?
HaszeaTh KOOPAMHATEI TOYKM, CHMMeTPHUYHO#M Touke A (—2; 3); B (-5;0)
OTHOCHUTEJIbHO OCH OpJAHHAT.

HasBaTh KOOPAMHATHI TOUKHM, CAMMETPUYIHOM Touke M (6;—4); N (0; 3)
OTHOCHTEJHLHO Haduajla KOOpAUHAT.
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__ YnpaxHenus |

112,
113.

114.

115.

116.

117,

118.

BbIsSICHUTD, ABJISIeTCA U (DyHKIMsA YETHOM Wim HedéTHoM (112—113).
1) y=2x% 2)y=38x% 38)y=x22+8; 4)y=a*-2.
1) r=ats 2) y=x 3) y=x*+x%
1
x+1°

4) y=x%+x5 5) y=x?-x+1; 6) y=

ITocTpouTrs ackus rpadpuka GyHKIUU:
1) y=x%; 2) y=x°.
ITokasaTs, uTo QYHKOUA HEe ABIAETCS YETHOH M He ABJIAETCA He-
YETHOM:
x+2 x2+x-1
)y= = 2)y="—"-—.
x-3 x+4
BrificHUTD, ABAfAeTCHA JU (QYHKIUA YETHOM, HEYETHON MM He AB-
JAeTcss HU 4ETHOM, HM HEYETHOM:

1) y=x*+2x%+3; 2) y=x3+2x+1;
3 3
3)y=?+\/;; 4) y=x*+|x|.
Hcnonp3ysa CHMMETDPHIO, IMOCTPOUTEH rpaduK 4EéTHOH (QYHKIUH:
1) y=x2-2|x|+1; 2) y=x%2-2|x|.
Hcnonp3ys CHMMETPHIO, MOCTPOMTE rpadmk HeUYETHOM (DYHKIAH:
1) y=x|x|-2x; 2) y=x|x|+2x.
ITocTtpours rpadpur GyHKOHH:

1) x%, ecoim x 20, 3 x3, ecim x > 0,

y x%, ecom x < 0; y x%, ecam x < 0.

OnpenenuTs, P KAKWX 3HAYEHUAX apryMeHTa 3HAUeHUA PYHKOUH
HOJIOKUTENbHBI. YKa3aTh NPOMEKYTKHA BO3PACTAHUA U yObIBaHMA.

IMocrpours rpadpux pyErmuwm y npu x>0, ecuan:

1) y=% 2)y=2% 3)y=x'+x% 4) y=x*—x.

Ioctpouts rpadur Kaskxod w3 GyHKoui ana x <0 Tak, 4ToOBI
IOCTPpOEHHAA JMHHAA ObLna rpadurom:

a) 4érTHOM (PYHKIMH; 6) HeuéTHOH (DYHKIUH.

BazaTs QOPMYJION KajKAYI0O U3 HNOJYyYEeHHBIX (DYHKIIUH.

BeisicHHTH cBocTBa (DYHKIMHM U IIOCTPOUTH €€ rpaduk:

1) y=vx-5; 2) y=+Jx +3; 3) y=x'+2;
4) y=1-x% 5) y=(x+1)% 6) y=x3-2.

Banucars ypaBHEHHE OCH CHMMETPUM rpaduia QYHKIUHU:

1) y=(x+1)5% 2) y=x8+1.

VKa3aTh KOODAMHATHI MEHTpa cuMMeTpuu rpaduxa QyHKIUH:

1) y=2*+1; 2) y=(x+1)>

§ 8. YBTHOCTb M HEYETHOCTb YHKLMM 57
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HBIX GYyHKOHHA o6ixacTH onpejesieHUs CHMMETPUYHBEI OTHO-
CHTEeJBHO Hauvaya KoopauHaT. Ecam (yHKIHA 3ajaHa Ha He-
CHMMETPHYHON OTHOCHTEJbHO HAYAJa KOOpAHMHAT obinacTu, TO OHA He

ABJNAETCA HU YETHOM, HU HeudTHOH. Hanpumep, yHknusa y = Vx ompe-

JeneHa Ha mpoMe:xyTke [0; +0c0), HECHMMETPHYHOM OTHOCHTEJLHO HAa-
yaja KOODAMHAT, 3HAYMT, OHA HM 4YE€THA#A, HM He4yérHasd. A Kax BH

aymaere, GyHKIHA

@ Xouy ofpaTUThs Balle BHUMAHHE HA TO, YTO Y YETHHIX M HEYET-

x2+5x+6, eciu —4<x<-1,
y(x) =12, eciu -1<x<1, *)
x2-5x+6, ecii 1<x<4

ABJAETCA YE6THON WJM He4YeTHOMN?

O6nacte eé ompeeleHHsd, OTpe3ok [—4; 4], cuMMeTpUYeH OTHO-

2+*’ curensHO Hauana kooppuHar. Eciau BBEINOJTHUTCHA ONHO H3 yCJO-

BUl Yy (—x)=y (x) nm y (—x)=-y (x), To GyHKIUA Oyner 4éTHOM

HJIN He4ETHOH cooTBeTcTBeHHO. HO KaK NOHATH, YTO MPOMCXOAUT C BH-

noM (YHKOMHM IOPH 3aMeHe X Ha —Xx, ecnd (DYHKIMUA 3afaHa HA IIpo-
MEXYTKax, Kak B 9TOM cJaydae?

> Bo Bcex CcTpoKax onmMcaHHA (DYHKIHM 3aMEeHH X Ha —X M II0-

39 CMOTPH, UTO NOJY4YHTCH. X0Uy JHIIb OOpATHTH Balle BHUMaHWE

©  Ha TOT (aKT, 4To ecam QYHKOHA Y (X) HMeeT CUMMETPUYHYIO
(oTHOCHTENIBHO HyJsA) obiacTk onpezesneHud, npudém y (0) paBHO umHc-
ny, oraugHOMy oT O (uTo MBI MMeeM H B ciaydae ¢yHRmuM (*)), TO
TOBOPDHUTE O BO3MOKHOH HeYETHOCTH (YHKIHHM HeJb3fA; Takagd (QyHK-
nusa 6yger aubo uérHOM, aubO0 HM 4YéTHOI, HU HedéTHOU. A Heuér-
HOH (QyHKIHHU Y (x), B 4bl0 00JACTH ONpeJesIeHUA BXOAMUT YHUCJIO HYJb,
umeeMm y (0)=0.

Kak nokasaTh 3TO yTBep:KAeHHe?

LA

P [Ina meuérTHOM (yHKODHM y (x) mo ompeneneruio y(—x)=-y(x),
) sHAuHuT, ¥ Opu x=0 (ectu 0 BxoauT B 0bjacTh OmpejeseHHT)

= Y (-0)=-y(0), orxyza 2-y(0)=0 u y(0)=0.
r Ia, ecoin 661 mogyMaJ, u caM cMmor 6bl I0Ka3aTh... BO3BpaIawnch
;;;? K HccaegoBaHMIo GyHKDEHH (*). IIpomsBoKy saMeHy X Ha —X:
(—x)?+5(-x)+6, ecom —4<-x<-1,
y(x) =12, ecin -1<-x<1,
(-x)?—5(-x)+6, ecin 1<—-x<4,
Ilocne ymHOxeHuMsa Ha —1 ABONHLIX HepaBeHCTB BO BCeX CTDOKAax,
TOJIY4Aa0
x%2-bx+6, ecim 1< x<4,
y(-x) =12, ecim -1<x<1,
x%+5x+6, ectn —4< x<-1.

IHonyuunu y (—x)=y (x). 3Hauur, fanHaA QYHKOIUA 4éTHaA.

Fnaea Il. CreneHHan dyHkums




BeDKH HX HA 4Y6THOCTh WJIM HedyéTHOCTh. Temepsh moaymaiiTe:

@ Xopomo. Bl paccMoTpesnn yike HeMasaio GYHKIHI ¢ HEeabiO IPO-
MOXKHO JIM Cpasy ONpeNes]HTh, YETHOH HJIHM HeUEéTHOH ABIfAeTcCH

byHRIAA y(x}=xs-§/;+x3, ecJIH MBI y)Ke AOKAasajdy, 4To (PYHKIUH
y=x* u y = Yx meubrume, a dbysaxnus y=x? yéraana?

Passe cymecTByioT Apyrue cmnocobel NpoBepky (GYHKOUH Ha
458 uérHOCTH, KPOME KaK ¢ IOMOIIBIO CpaBHeHHMA eé 3HAYEHHI NpH
T xu-x?
CymiecTByioT cBOMCTBA JNIOGLIX UYETHHIX M HEYSTHEIX (DyHKIMI,
G¥9 1 3HAYUTENBHO YNPOMAIOIIHE B PAJE CJAYIAeB HCCHEHOBAHUE
= dysxnun (3ajaHHON HempocToil dopmysoit) Ha uérHOCcTs. He-
TPYAHO AOKas3aThk (M BBl MOKeTe 3TO ClAeJaTh CAMOCTOHATEJIbHO)
Clenyiollue YTBEePXKAeHU A, CIpaBenBble 11 QYHKOHHA ¢ OAMHAKOBEI-
MH 00JacCTAMH OIpejejeHus:
1) cymma uéTHBIX (HeuéTHBIX) DYHKUUN sBAsieTca 4éTHOH (HeuETHOI)
byHKI M
2) npousBefieHHe [ABYX YETHBIX WJIM ABYX HEUSTHBHIX (DYHKIHUN ABISET-
cA 4éTHOH GYHKIUeI;
3) mpousBesieHue 4YETHOH M HeubTHOH (YHKIHI ABIAETCS HEYSTHOM
(hyHKOUEIH.

M\, SHaunT, 3ajaHHAT BaMM GyHKmUA y(x)=x%-¥Yx +x? uérHas,
L/ # TaKk KaK NPOM3BEJeHHe /[BYX HEUYETHBIX OQyHknui y=x° n

3 s ds n
y = Vx paér uérmyo QyHKOMIO, a B CyMMe ¢ YETHOH (byHK-
nueit y=x? obpasyerca uértHas GyHKIHS.

k
x

. C o6paTHO NpOnoOpUMOHAaNbHON 3aBUCUMOCTBIO BENUYMH Bbl yXe
. BCTpevanucb B Kypce anrebpbl 7 knacca. MHorve dwusuyeckue se-
NW4MHBI HaxoaaTcs B OOpaTHOW NPOMOPLMOHANBLHOW 3aBUCUMMOCTM
OT Apyroi BenuyuHbl. Hanpumep, Bpems t, 3aTpayvMBaemMoe Ha npo-
XOXAEHWE TENOM y4yacTka nytv S (NpY paBHOMEPHOM NPSAMOJIUHEN-
HOM [ABMXEeHUK), o6paTHO MNPOMNOPLMOHANBLHO CKOPOCTU V, C KOTO-

PO TENno ABWXETCA Ha 3TOM Yy4yacTKe: t{v)=%. Cuna Toka | Ha

| y4aCTKe ANeKTPUYECKON uenu o6paTHO NPONOPLMOHANBHA COMPOTUE- |
|

| JIEHUI0 R 3TOro y4actka npu NOCTOSAHHOM Hanpsxenun U: | (R) = %

|

§ 9. dyHkumA y=-§- 29
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Takum o6pa3zom, dyHkuusa y (x) = ~ ABNAETCA MaremMaruyeckon Mo-

Oenbi0 MHOTUX SIBJIEHWA M NPOLECCOB, NMPOMCXOAALLMX B MNpUpoae.
B atom naparpade Bbl MO3HAaKOMUTECL CO CBOWCTBaMM U rpadukamu

- k
dyHKUMA BUOA y = ~ MPY PA3NIN4HBIX 3HAYEHUSX k#0.

\ AH(

" moHATHe objlacTH onpenesieHUA QYHKIHAH;

Il MOHATHE CTEeNeHHON (QYHKIIUHU;

Il ompejeleHUs BO3pacTaHUA U yObIBaHWA (QYHKIUH;

 BeIABJIeHHMe 10 TrpaduKy NPOMEXYTKOB Bo3pacTaHus (yObIiBaHWMA)
GYHKIUN; TPOMEIKYTKOB 3HAKOIOCTOAHCTBA (DYHKIWH;

I ompejieNieHHs YETHON M HEYETHOH (DYHKIIWWM;

! CBOMCTBAa CHMMeTpPMH rpad@uKoB 46THOM DYHKIUH (OTHOCHUTEIHHO OCH
OpAMHAT) U HEYETHOW (PyHKIHM (OTHOCHTEJILHO Hauaja KOOPAMHAT);
nocrpoerne rpaduKa GYHKIUA C IOMOINBIO CABUIOB M PACTSMKEHMIA.

ITocTpouTts rpahur GQyEKDUM Yy = %

1) O6aacTs onpejesieHUs — BCe JeHCTBUTEJbHBIE UHCJIA, KPDOME HYJIA.
2) IlpuauMaeT Bce AeMCTBHUTeJbHBIE 3HAYEHHHA, KPpOMe HYJIA.

2 i 1 1
3) dysxnusa ABIsSeTCH HEYETHOM, Tak Kak — = —— npu x #0.
—X x
4) ®yaknus yb6wiBaer Ha mnpomeskyTke (0;+o0). JledcTBHTENBHO,
1 1 X=X 1 1
ecia x,>x,>0, 70 —— —="2"2<0, T.e. —<—.
X, X XoXy x, x

5) IIpn x>0 dyHKIUS TPpUHAMAaET HOJOXKHUTe/JbHEIE 3HAYEHHU.
6) Haiinsi HECKOJNBKO TO4YeK, IIpH-
HajJieKamux rpaduky, HaIpuMep y’

3 -
TOYKH (é, 3], [-12-, 2). (@ 1). [2; “;-J, _

HOCTPOMM 4YacTh rpadHKa AJd 3Ha-
yeauit x>0 u 3areM ¢ IIOMOIILIO 1 _
CHMMETPHH — ero 4acTh JJiA 3Hade- 4 i T~

B x <0 (puc. 13). 3=
(pmc. 18). < T
T'padhur pyHKOUU y = — HaA3LIBAIOT 1
% o
runep6onoii. OHAa cocTOUT M3 ABYX Ya- )
creil, Ha3LIBAeMBLIX BETBAMH Truiep6o- \ 12
aei. OfHA BETBH pacHojiodKeHa B IIep-
BOM KBajJpaHTe, a Apyrad — B TPeTbeM. -3 Puc.

Fnasa Il. CreneHHas GyHKUMA
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2 -1 0 1 2 *
g T
."/ 9
_2;;/ y=_z
_3
Puc. 14

,- ; k
Sapava 2. ITocrpouts rpaduk GyHKIUM y = — npu k=2 u k=-2.
x
» 3aMeTHM, YTO IIPHA OZHUX U TeX Ke 3HAUCHWUAX apryMeHTa 3HAYeHHUS

GyHKIHHN | = % HoJyyarTCHd YMHOMKEHUEM Ha 2 3HAYeHHH PYHKIUHN
1 2

y= e 9TO BHAYHT, 9TO rpadux (PYHKIUH Yy = — 1moJjy4daeTcsa pac-
x

TAXKeHueM rpadpura GyHKIUAU Y =% oT ocu abcuucc BAOJL OCH Op-
AuHAT B 2 pasa (puc. 14, a).

3HaYeHUs QPYHKIHUHA Y =—-—J2; OTJIMYAIOTCA OT 3HAYEHUH (PYHKIIHH y=%
IpH OJHHUX M TeX Ke 3HAUCHHSAX apryMeHTa TOJbKO 3HAKOM, T.e.,

Hanpumep, y (1)=2 ana pysxnun y=§- opu x=1u y(1)=-2 gnaa
GyHKIHUU Y = —%. CrnenosarenbHo, rpadux GyHKIUM Yy = -% cHUMMe-

2
TpUYeH Trpa@uKy @QYHKIOHUH Y = — OTHOCHUTEILHO ocHu abemuce
x

(puc. 14, 6). -

I'pabuk pyEKDUE Yy = % npu g06oM k#0 Takike HA3HIBAIOT IHIEp-

Gouoii. I'unepGosia MMeeT JBe BeTBM, KOTOPHIE PACIOJOMKEHEI B IIEPBOM
¥ TpeTbeM KBaJpaHTaX, eciau k>0, 1 Bo BTODOM U 4eTBEPTOM KBaJpaH-
Tax, ecau k<0.

§ 9. dOyHkums y=% 61
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dyHKIUA Y = P rae k>0, obragaer TaKMMH K€ CBOMCTBAMHM, UTO

1
U QYHKOHA Y = -’ & UMeHHO ara QYHKIIHAA:

® 1) onpemenena npu x #0;

© 2) npuHHMaeT Bce JAeHCTBHTEJbHbIE 3HAYEHHUA, KpOMe HYJIA;

@ 3) HeuéTHAHA;

® 4) npuHEUMaeT MOJIOKHUTEJbHBbIE 3HaYeHUA npu x>0 u orpunaress-
Hble npu x < 0;

® 5) y6eIBaeT Ha nmpoMexyTkax (—oo; 0) u (0; +o0).

Ecnu k<0, To byEKIUA Y = L obnanaer cpoiicrBamu 1—3, a crBoiicT-
X

Ba 4—95 dopmMynupyloTCAa TakK:

® 4) npuHMMAaeT IOJIOKHUTEIbHbIe 3HaYeHUs Nnpu x <0 m oTpuUmarensb-
Hble nipu x> 0;

© 5) Bospacraer Ha nmpome:xyTrax (—oo; 0) u (05 +00).

T'oBopAT, 4TO0 QPYHKOUA Y = L npu k>0 BeIpa)kaer o6paTHYIO Nnpo-
X

MOPIMOHAJBHYIO 3aBHCHMOCTh MeXAy X u y. Takasa 3aBHCHMOCTbL Mer-
Iy BeJIMUYMHAMM YacTO BcTpedaeTcd B (M3UKe, TEXHUKe H T. 1.
Hanpumep, Npu paBHOMEDHOM ABMIKEHHH IIO OKPYKHOCTH C IIOCTO-

AHHOM CKODPOCTBIO U TE€JO MMeeT IeHTPOCTPEMUTEJIbHOe yCKOpeHue a,
2

v
paBHOE -‘;‘*, rae r — paguyc OKPYKHOCTH, T. €. B 9TOM ClIy4ae yCKOpeHHue

ofpaTHO IIPONOPIMOHAJBHO pa- vh
AAYCY OKPY3KHOCTH. ly=
Japava 3. BpIYHCIWTL IIEHT- 3
POCTPEMHUTEJIbHOE YCKODeHue
JIyHBI, KOTOpPas ABUIKETCA BO- 9!

Kpyr 3eMJIH Ha paCCTOAHUH
3,84 - 108 M, cosepmiasi OJMH 1
oBopor 3a 27,3 cyT.

> BpluMCJIMM YCKOpDEHHEe a II0

v? C -3 -2 -1 0
dopmyne a =—, € V=—, T
r t ~ _1
C=2nr, t=27,3-24-3600c, \\
r=23,84-10% Hcnonbsys Mu- s \_2
KPOKAJIBKYJIATOP, MOJYYUM B
4.n%.3,84-10° \‘{
= =~ 27210, ;
@ = 27,3-24-3600)° 0 1\\
. v i
OTtseT. 2,72-103m/c%. - Puc. 15
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apava 4. IMocrpouts rpadur QyHKDHHU Yy =

4 —2x

o
IIpeo6pasyem dopmyiry, 3agaromyo GyHKIIHIO:
4-2x _ 2x+2+2  2(x-D+2 _-2@x-1) 2 _ 2 _,
x-1 x-1 x-1 T x-1 x-1 x-1 ’

T'padpux bysruuEH y = - 2 MOYXHO IIOCTPOMTH, CABUras rpaduk
y x—1

bysKDHN Y = 2 BIoJb ocu Ox BIpaBo HA €NUHHUILY W BAOJL ocu Oy
x

BHHU3 Ha 2 exwHUIEI (puc. 15). -

~ YcTHele BOnpoChl M 3apaHus |

1.

IIpusecTn nmpuMepsl CTeNeHHBIX (GYHKIUN, 00JACTHIO OIpeAeNIeHAsS
KOTOPBIX ABJAAITCA: 1) Bce JelicTBUTeNbHEBIE YMCaa; 2) BCe AeHCTBH-
TeJIbHBIE YHCJA, OTIUYHBIE OT HYJIA.

HaseaTe npomexyTKH yOBIBaHUS (DYHKIUH Y = l.
X

Kakx maseiBaioT rpadux QyHKDUM y = %?
B Kakux KBaJpaHTaX PACIOJOMKEHHI BETBHM TI'MIIEpPGOJIBI:
3 2 2 1
1 =—: 2 =——3 =——; 4 =—17
)y = )y % 3) y . )y 7

Kakyro 3aBUCHMOCTbL MeKAy X M y HA3LIBAIOT 0GPATHOIX I POIOPIIHO-
HAJIbHOM 3aBUCHUMOCTBLIO?

G k
Ilepeuncaurs cpoiictBa GyHKknuu y = — npu k>0; k<O.
X
HassaTe cABUIH, C IIOMOIIBIO KOTOPBIX MOXKHO IMOJYYUTH rpadux

pyHKOUU Y = —;2—1 — 2 u3 rpadpura QyHKIUH Yy = %

BeogHbie ynpaxHenus |

1.

2.

3.

4.

Haittu obsacTs onpepesneHus GyHKIIHM:
1

2 2
1 :x_; 2 =—; 3 =3v’x+1; 4 = —p=,
)y 2 )y Ex )y )y 77
2
HokazaTh, 4To QyHKIUA Y = % Bo3pacraer npu x=0.
Hoxasark, 4T0 QyHKUIHA Yy = % ABJISAETCH HEYETHOM.
X

I'padbur dysxmum y =-z- poxoAuT 4depe3d Touky (—2; 3). Haitu k.

§ 9. dyHkuma y:% 63



YnpaxHeHus

124. TloctpouTh rpaduKk QYHKIUH Y = % BuIACHUTH, IPHA KaKHUX 3Ha-

125.

126.

127.

128.

129.

YeHUAX X!

Dy@=4 2)y@=-5 Hy@®>1L 4 y@=L

Ha ofHO# KOOPAMHATHOHM IUJIOCKOCTH IOCTPOUTH IpapuKm (PyHK-
ouu Yy =% U y=x. BBIACHUTH, NPUA KaKHUX 3HAUYEHHAX X:

1) rpadpukn oTMx byHKNUHA mepecekaioTcs; 2) rpaduK NepBoi
dYHKIMY JeKUT Bblie (Huike) rpadura BTOPOIL.

He crpoa rpadburkn GyHKOUHN, HAUTH KOOPAUHATEI TOYEK UX mepe-
Ce4eHUd:

1) y=—~12, y=3x; 2) y =—§, y=-2x;

x x

2 1 e
3)!)’—';,9‘—35 1’ 4)y"x+19y x+2'

IToctpouB rpaduku (GyHKIMI, HalTH OpUOIMIKEHHBIE 3HAYEHUS
KOOPAHMHAT TOUEK HUX IepecedyeHHdd:

1)y=§,y:x+1; 2)y=—§,y=1—x;
x x

3 y=2, y=x2+2; ) y=1, y=x2+4x.
x x

B nmuiMHApe TOJ MOPLIHEM IPY IOCTOAHHOW TeMIepaTrype Haxo-
nurcs ras. O6bém V (B JuTpax) rasa npu JAaBieHHu p (B aTMO-

cthepax) Berumcaserca 1mo gopmyine V = lj—

1) Haiitn o6bém, saHumaemsbiit rasom mpu 4 atm; 5 arm; 10 arm.
2) BolumcanTh, TPUM KaKOM JaBleHAN ra3 umeer 00bém 3,

5x, 15 1.
3) ITocTpouTs rpaduK 3aBUCUMOCTH 00bE€MA rasa OT ero JAaBJIeHHs.

Cuna Toxa B peocrare I (B ammepax) BhIYHCISeTCs O (QopmyJe
U
I = R’ roe U — manpssxesue (B BoJbTax), R — COIPOTHBIEHHE

(B omax).

1) ITocrpouts rpadux sasucumoctu I (R) npu U =6 B.

2) ITo rpadury npubIMKEHHO HAWTH: &) CHJIy TOKa NPHU COIPO-
tuBieHun, pasEoM 6 Om; 12 Om; 20 Om; 6) compoTuBIeHHE peo-
crara mpu cuie Toka, pasHoi 10 A; 5A; 1,2 A.

Inaea Il. CteneHHasa ¢yHKUMA



130. ITocTtpouTs rpaduk PpyHKIHHU:

131.

3 2 2 3
——__2; 2 = = : 3 =—-1; 4 i 1.
Dy )y +1 ) y 1 )y 1 +

x+2

ABTOMOOMIIb JIBMKETCS 110 3aKPYTJEHHUIO Joporu pagmycom 100 m
co ckopocthio 20 M/c. IleHTpPOCTpeMHTENIBLHOE YCKODEHHE a MpH
2

v
JABH)KEHHH [0 OKDYKHOCTH HaXOAHUTCS IO (GopMyse a = & TAe

U — CKOPOCTh JABHIKeHHA, R — paguyc OKPYIKHOCTH. ¥ BeJHYUATCH
UM YMEHBIIUTCH I€HTPOCTPEMUTENbHOE YCKOPEeHHe aBTOMOOMIIA,
€CJIH ero CKOPOCTh OCTAHETCA IIPeXkHeil, a pajuyc 3aKpyrJIeHHs
JOPOTH yBeJIu4uTca?

=
=
Q
(o)
I
Q
=
['~]
o
L
o]
g
o
s
g

WcTopus pyHkuMOHanbHbIX NOHATUIA U runepbonousn
MHXeHepa MNapuHa

B aT0it riaBe 0606muM ucToprUYeCKHe CBEIEHUA O (DYHKIIHOHATE-
GO § HBIX NOHATHAX, ¢ KOTOPLIMH BbI IO3HAKOMMIUCH, UTaK, moHaTHe
© @YHKYuu, KaK U cam 3TOT TepMmuH (oT JaT. function — wWemon-
HeHHWe, OCYIIecTBJIeHHe), MATEMATHKH CTAJH HCIOoJL30BaTh ¢ XVII B.
nocne nybaukanuit pabor P. [lexapra, II. ®epma, TI'. B. Jleii6auna u
U. Heiorona. OfHAKO MHOrMe KOHKDeTHBbIe (DYHKIIMM M CIOCOOBI MX 3a-
JAaHuA OBIJIM MBBECTHEHI C APEBHHX BPEMEH.
Hanpumep, BaBunoHCKHe MyApelsl 4—5 ThICAY JeT HA3ajx IS VA0O-
CTBA B NPAKTHYECKHX PACYETAX COCTABJISANM TAOJHMILI 3HAYEHHH BBI-

? 1 3
paxeruit 10x, —, x%, Vx, Yx m zgp., T.e. hakTUuecku HMCCJIeIOBAH
x

HEKOTOphble cTemeHHble (QyHKuuu. B VB. 10 H.d. erunerckue mapmu
Gpasu ¢ Hapoja HAJOr, NPOMOPIUOHANBLHBEIN IIOMAAM HMEIOIerocs
Y KaJIOTro 4YejoBeKa yJacTKa 3eMJH (T.e. HAXOAWIH 3HAYEeHHS (DYHK-
ouu BUga y = kx).

O rpadpmueckoii (B Te rognl reoMeTpHYECKOi) WJLTIOCTPALIUY CBA3eit
MEXIy BeJHYMHAMH 3aJYyMBIBAJIMCH €INEé yJEéHble AJIeKCaHAPHHCKOM
mKoasl. Tak ApesHerpeueckuit yuéuniit Menexm 8 IV B. 10 H. 5. mayuan
JIMHUH, MOAYYAOIIHecs NPH Pas/JMYHBIX CEUYEHUAX KOHYCA IJIOCKOCTHIO
(koHuueckne cevenus). A B Il B. no H.o. BBIZIAIOINUICA TI'pedecKHui
Va€nelit Anoanronuir ITepecruii (262—190 zz2. do . 3.) 3anucan ypaBHe-
HHUA BTHX JIMHUHA M Jaj MM HA3BaHHUA: SILIAIC, napabona u rumep6oa.
B neasHoM BuZe B ero paGorax yke IPMCYTCTBOBAJ METOX KOODAMHAT,
KOTODBIH OKOHUaTeNsHO odopmuica B Tpyaax P. Jlexapra. PaspaGoran-
HBI ANOJIJIOHHEM «MEeTOJ NPHUJIOKEHHUA IJIOMAKei» (mo-rpeueckn Ha-
abIBaeTCA MOPUPOAT] — yuTaerca Kak «mapaboiias) MOSBOJMI eMy CTpo-
HUTH mapabosbl ¥ runep6osbl, OTpaKaloNiie 3HAKOMBIE BAM CTEIeHHBIE
3aBHCHUMOCTH.

oW, Ilpodeccop, pacckaskure Ham uTO-HUGYAL MHTEPECHOE O CTEHEH- |

- -
L, # HBIX QYHKOHUAX.

§ 9. dyHkuna y= —E 65




HMeercs MHOrO 3ajad MEXaHWKHM, apTUJJIEPHH, GATIMCTHKH U

% ApDYrMX oTpaciell 3HaAHWH, CBASAHHBIX C NOJETOM TeJ B BO3AYII-
HOM ¥ 6Ge3BO3AYIIHOM IPOCTPAHCTBE M BBIBOJAIIMX HA HMCIOJb-
30BaHME CBOMCTB KBAApPATHYHOM mapabossl (C HEKOTODBIMHM IOAOCHBIMM
sajzauaMy # Bac y)Ke 3HAKOMHI). A BOT KyOmueckas napabona y=x?
HCIONB3yeTCs B MPSAMOM CMbIcTe Ha semie. Popmy Kybuueckoit mapa-
G0oJIEI IMeeT BCTABKA B PeJbCax KeJIeBHBIX JOpPOr, CriIaKMBAaOIias Imo-
BODOT OT NIPAMOTO K KDPYroBOMY ydacTKy myTH. PexoMeHAyi0 BaM JoO-
MOMHUTENBHO MOYMATATH 06 ONTHYECKUX CBOMCTBAX KOHHYECKHX cede-

kHuUrE A. H. Toncroro «I'mnepbosonn uHkeHepa 'apuHar.

DaBeHCTBa U YPaBHEHUS,
lepXxawue crerneHb

B aTom naparpade nokasaHo NpUMeHeHWe CBOWCTB U rpadukoB cTe-
NEeHHOW YHKUMU A1 PelleHus YpaBHEHWA M HepaseHCTB, COAepXa-
wmx creneHn. B 4acTHOCTU, pacCMOTPEHbI MppauuoHaibHbie ypaBHe-
HUS, CBOASLLMECS K kBaapaTHbiM. K pelwseHunio 6onee CnoXHbiX Mppa-
LMOHaNbHbLIX ypaBHEeHUn Bbl eweé pa3 sepHéTech B 10 knacce. [

|
|
|
|

Hy>XHO BCNOMHWUTL:

@ cBOHMCTBA CTENeHHOH (DYHKIHMM C YETHBIM, HEUETHBIM HATYPAJIbHBIM
moxasaTejieM;

¥ AJITOPDHTM IOCTPOEHM#A rpaduxa 4ETHOU PYHKIHMH, HEe4YETHOH (DYyHK-
IUH;

® mocTpoeHHe rpadguKa KBaApaTUUHON (QYyHKIWUH.

IloBefeHMe CTeleHHON MYHKIOMM Y =Xx" 3aBUCHT OT 3HaKa IOKasaTe-
JIA CTEIeHHU 7.

Ecau r>0, To crenenHasa GyHKIuA y=Xx" BO3pacraerT Ha IIpoOMe-
KyTre x =0,

® IIycre x,>x;,>0. Bo3Boas HepaBeHCTBO X,;>X; B IOJOXHUTENHLHYIO
cTemeHs r, mojydaem Xxj > xi, T.e. Y (x,)>y (x,).
1 3
Hanpumep, bysknuu y = x2 0 y = x? BO3pacTalT HA IPOMEKYTKe
x20.
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Ecim r<0, To cremensas GyHK-
nua y=x" yObIBaeT Ha NPOMEXKYT-
Ke x>0,

® IIycre x,>x,>0. Bossoas =Hepa-
BEHCTBO X,>X, B OTPHIATEJbHYIO CTe-
IIeHb 7, TI0 CBOMCTBY HEPABEHCTB, ¥ KO-
TOPBIX JieBasg M IpaBasg dYacTH MOJIO-
KUTEeNbHBI, DOJy4aeM X; < X/, T.e€.

Y(xy)<y(xy). ©

Hanpumep, pyHxnus y = %, T. €.
x

1

y= x_z, y6rIBaeT Ha nmpomMexyTre x > 0.

CBoiicTBa CTemeHHOM (GYHKIHM WC-
TOJIB3YIOTCA IIPU DELIeHWH PAa3IUYHBIX
YDPaBHEHHI ¥ HEpPABEHCTB.

Sapava 1. PemuTts HepaBeHCTBO

x°>32.

b DyHKUMA y=x% onpemeneHa W BO3-
pacTaeT IpH BCeX AeHCTBHUTEJBHBIX
sHaveHuax x. Tak kak y (2)=32, ro
y(x)>32 npu x> 2.

OTtBeT. x>2. <

Japnaua 2. PemuTh HepaBeHCTBO ¥ < 81,

» @Dyrrnua y=x* y6usaer npu x<0
u Boapactaer npu x=0. Vpasne-
Hre x*=81 umeer ABa geiiCTBUTEND-
HBIX KOpHA X,=-3, x,=3. Iloaro-
My HepaBeHCTBO x*<81 mpm x<0
umeer pemeHua -3<x<0 u npm
x 20 — pemennsa 0<x<3 (puc. 16).
OTtBeT. -3<x<3. <

Zapava 3. C momompio rpadukKos pe-

LIATH ypaBHEHHE L x*+ 1.
X
p Ha oxgHO# KOOPAMHATHON ILIOCKOCTHU
nocTpouM rpaduxn GyHKIMA y = 2
-

u y=x%+1 (puc. 17).

Puc. 16

Puc. 17
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3 a 3
IIpn x <0 ypaBHeHHEe = = x?+ 1 KopHe#t He mMeeT, Tak Kak — < 0,
X

a x2+1>0. IIpu x>0 3T0 ypaBHeHHe MMeeT OfAWH KODEHb, PaBHBIH
abcrucce TOUKM TepecedeHus rpaduxos aTux GyHxknwuii. W3 pucys-
ka 17 BupHO, uTO X, =1,2. JIpyrUiX MOJOXKHUTENbHBIX KOpHel ypas-

3
HeHHMe He MMeeT, TaK Kak npu x>x, QyHKnmusa y = — yObiBaer,
X

a dyakmusa y = x?+ 1 Bospacraer, H, cleJ0BaTeILHO, rpaduky QyHK-
OU#A NPHA X > X, He IepeceKalnTcH. Ilo Toi ke mMpUYMHE OHHU HE IIepe-
cexaporesa npu 0<x<x,.

OTtBeT. x=1,2. <

3apaua 4. Pemurs ypaBHeHHE

V2 -x% = x. (1)

» IlycTh X — KOpeHb JAHHOTO yDABHEHHUs, T. €. X — TaKoe YHCJO, Ipu
xoTopoM ypaBHeHme (1) obpamaercs B BepHOE PaBeHCTEO. BoasBeném
obe 4yacTH ypaBHEHHs B KBajparT:

2—-x2=x2, (2)
Orcioma x*=1, x; ,=*1.
IIpoBepuM, ABJAIOTCH JU yuciaa 1 1 —1 KOPHAMHU ypaBHEHUSA (1). Ilpu
x =1 ypaBuenue (1) obpamjaercss B BepHOe PaBEHCTBO v2-1% =1, mo-
aTromy x =1 — xopens ypaBHeHus (1).
IIpu x=-1 snesaa wactb ypaBHeHus (1) pasHa J2-(-1)?* = J1=1,
a npasas paBHa —1, T.e. x=—1 He ABIAETCA KOPHEM ypaBHEHHUHA (1):
OTtseT. x=1. <

B paccMoTpeHHO# 3azaue ypaBHeHHe (1) ObLIO perneHO C IOMOIIBIO
BO3BefieHUs obemx uacreil aTOoro ypaBHeHuMs B KBajpar. llpu aTom moxy-
yusioch ypasHenue (2). YpasHenue (1) uMeer TOTBKO OAMH KOPEHb X = 1
a ypaBHeHHe (2) — aBa KODH:A x1’2=i1, T. €. IIPU IIepexojie OT ypaBHEe-
mus (1) K ypaBHeHuMIO (2) HMOABIAETCA TaK Ha3blBaeMbIH IIOCTOPOHHUMH
KOpeHb. DTO MPOU3OLLIO IIOTOMY, YTO IpPH X =-1 ypaBHeHUE (1) obpa-
naeTca B HeBepHOe paBeHCTBO 1=-1, a mpu BO3BEJEHUU obenx uacrel
STOT0 HEBEPDHOIO pPaBEHCTBA B KBaJpaT II0Jiy4aeTcs BepPHOE DaBEeHCTBO
12=(-1)2.

TakuMm 00pasoM, IpH BO3BeAeHWH 00euxX dacTell ypaBHEHHS B KBa-

ApaT MOrYT IOSABHUTHCA MOCTOPOHHHWE KOPHH.

IIpu pemieHMM ypaBHEHHA BO3BEJEeHHEM B KBaJparT obeux ero uvacrei

HeoOX0oaAMMO aejiaTh NPOBEPKY.

VpasHenue (1) — npumMep MPPAaNHOHAJIBHOIO YpaBHEHHS. IIpuseném
elé IpUMephbl MPPALMOHANBHBIX YPABHEHMIA:

J3-2x =1-x; Jx+1=2-+Jx-38.
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PaccmoTpum pemnenwe HeCKOTBKHMX UPPAIMOHAJIBLHBIX YPABHEHHMI.

3apnaya 5%. Pemuts ypaBHeHHe Vb —2x =1 — x.

| 2

Bossens ofe wacTu ypaBHeHMs B KBAjparT, IIOJYYUM
5-2x=x2-2x+1, nau x2=4,

OoTKyaa x, =2, x,=-2. IlpoBepum, ABAAIOTCA JHM HAWAEHHBIE YHCIA

KOPHAMHM HMCXOJHOI'O YpABHEHUHA.

ITpn x=2 nesas yacTh MCXOAHOTO ypaBHeHHMA paBHA 5 — 2.2 = 1

IpaBas 4acTb paBHa 1-2=-1. Tak kak 1#-1, To x=2 He sBAgET-

Csl KOPDHEM HCXOZHOT'O0 ypaBHEHHH.

Ilpu x=-2 nmeBas yacTh ypaBHeHHMs paBHA J5—2(-2) = 3, mpasasn

dJacTbk paBHa 1—(-2)=3. CregoBarenbHo, X =—2 — KOPEHb MCXOLHO-

Iro YpaBHEHUH.

OtBeT. x=-2. K

3apava 6%. Pemnts ypaBHeHHMe VX -2 +3 =0,

»

3anuieM 3TO ypaBHeHHe B Buie v x — 2 = —3. Tak Kak apudpmMeTH-
9YeCKHIl KODeHb He MOJKeT ObITh YHMCIOM OTDPHUIATEJILHEIM, TO BTO
YpaBHeHHe KOpPHeH He HMeer.

OrtBerT. Kopneit mer. <

3apava 7%. Pemnts ypaBHenme Vx -1 +11-—x = 4.

>

Bossens obe wacTm ypaBHeHUs B KBaApar, MOJYYAM
x-1+2Jx-1-J11-x +11- x = 16.
ITpuBeném mozo6HBIE YJIeHBI U BAMUIITEM VPaBHeHHEe B BHIe
2Jx-1-V11-x =6, wm Vx-1-/11-x = 3.
BosBeas obe wacTm mociesHero ypaBHeHMS B KBajpaT, HONYIHUM
(x-1)(11-x)=9, wma x2-12x+20=0,
oTkyza x, =2, x,=10. IIpoBepka IIOKa3BIBAET, YTO KAKAOE M3 UHCEN

2 u 10 ABAsETCA KOPHEM MCXOHOTO VYPaBHEHHUS.
OTteert. x,=2, x,=10. <

YcTHble BONPOCH M 3apaHus |

1.
2.
3.

Ha ocroBammm kakoro cpoiicrBa pyHKIUH y=x° B 3amaue 1 VTBEPK-
Aaercs, 4To y(x)>32 mpu x>2 u y(x)<32 npu x<2?

Kakwue cpoiicTBa pyHKIMM NpUMEHAIOTCA IIDH pellleHHMH HepaBeHCTBAa
x1<81?

B uém cocrouT cmoco6 pemenus ypaBHEHHA ¢ HOMOIIBIO rpacukoB?
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3 "
4. Tlouemy mpu x <0 ypaBHeHme — = x’+ 1 He uMeer KopHei?
x
5. Kaxkumu cBoiictBaM¥ (pyHKIAM 0OOCHOBHIBAETCHA HAJIHYHE OAHOTO IO-
3
JIO’KUTETLHOTO KODHA ypaBHeHMs — = x°+ 1 B sagaue 37
x

BeoaHbie ynpaxHeHus

1. CpaBHHTH CTENeHH:
1 1

1) 25 u 3°5; 2) 0,152 u 0,172

3) (-13)* u (-17)% 4) (-715) u (-717)7.
2. PemmuThs ypaBHeHHE:

1) x2=0,001; 2) x*=82;

3) x¥=-216; 4) x*=625.

3. Ha pucysxe 18 msobpaxeHbl rpadukru byEROMi y=y(x) u y=a.
HaiiTy 3HaYeHUs X, IPH KOTOPBHIX TOYKH rpaduxa QyHKIUH Y=Y (x)
pacmoyoXKeHbl:

1) Beime OpAMOH Y =a;
2) HUKe OpAMOM y=a.

a) | 7 _ 6) 77
ly=y(x) \y=y(x)
-. f ;
- ‘ = 0§
\ | X K‘_
\ ‘,f —_— 0 x
xl : - )(: Xy = y=ﬂ
-\ 1 x \
B) y1i r) y1x
A
y__*i%’ff) = ‘!A’g‘ﬁ“ y=a
. Pl ..) N
__/'J /ffx 3 \\ - -
§ 1 ] 3
ol =x, x / \h,/
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YnpaxHeHus |

132. PemuTh HepaBeHCTBO:
1) x">1; 2) x3<27; 3) x3>64;
4) x®<125; 5) x1<16; 6) x*>625.
133. 1) Kaxoii MoxeT GbITh CTODOHA KBaApaTa, eClOM ero ILJIOLIAAb
Goabme 361 cm2?
2) Kakum wMoskerT ObiTh pebpo Kkyba, eciam ero o0méM Gosbime
343 om3?
134. (YVerHo.) IlokasaTe, 94To ymucao 7 ABASETCA KOPHEM ypaBHEHHA:
1) Vx-8 = 2; 2) Jx2-13 —-J2x -5 = 3.
135. (YcrHo.) Pemnts ypaBHeHHe:
DJVx=3 2)Jx=7 3)V2x-1=0; 4)V3x+2 =0.
Pemure ypaBHenme (136—139).
136. 1) Vx+1=2; 2)Jx-1=3; 3)J1-2x =4; 4) V2x -1 = 3.
137. 1) Vx+1 = J/2x - 3; 2) Jx-2 =/3x-6;
3) Jx?+ 24 = J11x; 4) Jx?+4x = V14— x.
138. 1) Vvx+2 = x; 2) V3x+4 = x;
3) V20 - x? = 2x; 4) 0,4 — x? = 3x.
189) 1) Jx?2-x-8 = x -2 2) Jxl+x-6 =x-1.
PemmnTe HepaBeHCTBO:
1) (x—-1)3>1; 2) (x+5)3>8; 3) 2x-3)">1;
4) (8x-5)"<1; 5) (3—x)*>256; 6) (4-x)*>81,

O0bAcHUTE, IOYEeMy He MMeeT KODHeH ypaBHeHMe:

1) Vx = -8; 2) JVx +Jx - = -3;
3) V-2 -x% =12; 4) 7x — x*— 63 = 5.
Pemute ypaBHenue (142—144).

[142] 1) Jx?-4x+9 = 2x - 5; 2) Jx?+3x+6 =3x+8;

3) 2x =1+ /x2+ 5; 4) x+J13-4x = 4.
[143] 1) Vx+12 =2+ Vx; 2) Va+x +Vx = 4.
[144) 1) V2x +1 +/3x +4 = 3; 2) Vax -3 +Vbx +4 =4;

) Vx—-T-Jx+17 = —4; ) Jx+4-Jx-1=1.
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IIpy KAaKUX SHAYEHMAX X NPUHAMAKT OJMHAKOBBIC 3HAYCHUA
GbyHKOHA:

1) y=va+vx, y=\19-2Jx; 2) y =7 +Jx, y=Vi1-Jx?
PemnuTs HEepaBeHCTBO:

1) Vx -2 > 8; 2) Jx-2<1; 3)V2—-x 2 x;

4) V2 - x < x; 5) vbx +11 > x + 3; 6) Vx+3 <x+1.

Crpenbba M3 CHOPTUBHOTO IHMCTOJIETA IO KPYIJIOW MUIIEHH Aua-
MeTpoM 1M BeAércs W3 TOYKM IPAMOI, nepneHuKyJIAPHON ILI0-
CKOCTM MHINEHH ¥ mIpoxoasiieir uepes eé mentp. Ha kaxom pac-
CTOSHWM OT MUINEeHH [O0JOPKHA OBITH TOYKA BHICTPesNa, YTOOBI
pasHOCTb PACCTOAHMM OT Heé /10 Kpad MUIIEeHH H IO IeHTpa OnLna
He Goubme 2 cm?

B YNPAXHEHMWUA K FNABE |11 SN

148. HaiiTu obnacTs onpejesieHAd QYHKIUM:

) y=—L—; 2) y=(3-2x)% 3) y=V-5-3x; 4) y=Y7-3=.

2x+1°

o “ 3
149. (Yereo.) Mcmonbays CBOMCTBO BO3pacTaHud QYHKOUH Y = Jx u
y=x%, cpaBHHTH YHUCJ]A:

1) 32,7 u 32,9; 2) :;E u 2{/%;

3 3
3) (-2)* u (-3)% 4) [2 %] u [2 %] .
150. BLIAACHWTH CBOiCcTBA (DYHKIMHM ¥ HOCTPOMTH ICKU3 e€ rpadpuxa:
1) y=-2x% 2 y=52% Hy=2Vx; y= 3¥x.
151. (YerHo.) B Kakmx KBaJpaHTaX PpAacCHOJIOKeHbl BeTBH runepboIbI
y= %, ecam k=—4; k=37

152. IlocTpOUTH B OJHOM cUCTEMEe KOODAMHAT IpaduKy GYHKOUR y=2x
u y=x°. HailTu KOOpAMHATHI TOYEK HMX IepecedeHus .

153. HaiiTi KOOpAMHATHI TOYEK IepecedeHus: rpad@uKoB GyHRI7ii:
1) y=x%, y=x% 2)y:%»y=2x;
3) y=x, y=|x|; 4)9=W,y=%-

154.] Permuts HEpaBeHCTBO:
[154]
1) x*<81; 2) x5>32; 3) x5>64; 4) x5<-32.
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@I Pemnrs ypaBHeHHUE:
1) V8 —-x = 2; 2) Vbx — 1+ 3x? = 3x; 8) V8 -11x = 2x;
4) V3x+1="T; 5) V2x -1 = x - 2; 6) V2 -2x = x + 3.
156. Haiitu obnacTh ompeneeHus @ynuunn

1) y=3x*+2x-15 2)y= J13x — 22 — x? x4

x2+ x“+6x+5 5 4) y= _ x*-9
T x+T Y=\e+ 8x ¥ 7"
157. BeiacHUTh, BO3pacTaeT uiau yObIBaeT (GyHKIIUAA:

1) y=

7= . 3)? Ha npoMexyTke (3;+co);

1 .9
w_2F HA NIPOMEKYTKe (—oo; 2).
158. BuisiCHUTH, ABJAETCH JU (QYHKIUSA YETHON MM HEYETHOM:
1) y=x%-3x*+x2-2; 2) y=x—-x3+x.

BoisicHHUTH CcBOMCTBA (DYHKIMU M IIOCTPOUTHL €€ rpaduk:
Dy=—5 Dy=75 Dy=8-15 D= 5-
Pemurs HepaBencTBo (160—161).

1) Bx + 1)*> 625; 2) (3x2+ bx)*< 32.

I)M<2; Z)W'&x—

Pemutrs ypaBHeHHe:

1) J2x2+5x -3 =x+1; 2) y8x?-4x+2 =x+4;

3) Vx+3 +2x -3 = 6; 4)JT-x +J3x -5 =4.

2)y=

Bl NPAKTUYECKME W NMPUKINAOHDBIE 3A0AHYU N
1. B Boay morpykaimoT KOHYC M TeJIO, COCTOSAIIee M3 ABYX ILMIHUHADPOB,

TaK, KAaK I[IOKAa3aHO Ha pucyHke 19.
D d
= L‘—:_’I -

Puc. 19

MpakTu4eckue U nNpuknagHLie 3agadn /3



B

4TO Taxoe:

74

)
=Y
)
4 |
>
=Y
<)
vy

N

Puc.

Ha pucynkax 20, a — 2z un3obpaskeHbl rpa@uKu 3aBUCHUMOCTH BeJIH-
YHHBI Y — MacChl BBITECHEHHON BOALI OT BEJHUYHHBI X — IJIYOMHEI
TIOrPY’KeHHs Tesja. ¥ CTAHOBHTb, KAKOMY H3 CIOCO00B IOrPYKEeHHA
Ka)XJ0r'0 M3 TeJ KaKoi M3 rpapuKOB COOTBETCTBYET.

CKOJIBKO HY’KHO B3AITh MOJIOKA (Y KT) KUPHOCTH X% , UTOOBI IOAYUHUTE
u3 Hero 1 kr maciua sxupaocty 80% ? IMocTpouTts rpadmy 3aBHCHMO-
cTH Yy oT x, ecnmn 0,5 <x<3,2.

3ybuaToe koseco mmeer 20 3y6beB m coBepmaer 2 obopoTa 3a Mu-
HyTYy. CKOIBKO 060POTOB ¥ B MHHYTY JeJIaeT CIHEIJIeHHOe ¢ HUM JApY-
roe 3ybuaToe KoJieco, umewiee n 3yones?
Hzo6pasute rpaguyecKkd 3aBHCHMOCTH
Y OT n, eCI¥M n NPpUHHMAaeT 3HaYeHus 6,
8, 10, 12, 16, 20, 24.

JBa IIKMBA CBA3AHEI PEeMEHHON Iepexa-
geit. IlepBriit mkuB umeer guamerp 0,2 M
u genaer 4 obopora B cexkyHay. Iloctpo-
HUTh rpad@UK 3aBUCUMOCTH umcja 060poTOB
B CEKYHJY BTOPOro IIKHBA Y OT €ro Aua-
metpa d, ecau 0,05 M<d<0,4 m.
Cpennee reomerpudeckoe (CpeHee Iporop-
IIMOHAJBbHOE) ABYX MOJIOKUTEIBHBIX YHCEeJ

a u b paBHO Va-b. IlocTpours rpadux

3aBHCHMOCTH CpeaHero reoMeTpMYecKoro
ynucen 6 u X, eCJId X MOMeT INPHHHUMATH

aob0e 3HAYEHHE K3 IIPOMEXYTKa [%, 6].

3TOW rnase Bbl y3HanNm,

— obnacTe onpeseneHus QYHKIIUU;

— cTreneHHas (yHKIHUA;

— (yHKOHUA, Bo3pacTaplmasd Ha IIPOMEKYTKe; yOmIBamoIias Ha
IPOMEKYTKE;
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— oyakmua y =Jx; y=Yx; y=x%y =—E, eé cBoiicTBa M rpa- l

| buk;

|  — runepbouna; 1

| — uérTHA® QYHKOUS; HeueTHAs (DYHKIUSA;

! — ofpaTHas OpPONOPLMOHANbHAA 38BHCHMOCTD;
Kag.

| — HaXoAuTH obyacTh ompeseneHus (QYyHKIMHU, 3aJaHHON DopMy-
JIO¥;
| — cTpouTh rpaduk 4YETHON (DYHKIMHM; HEYETHOU (DYHKLIHY;
| — HaXOJMTh NPOMEKYTKM BO3PACTAHUA dbysrIUKH; yOBIBAaHUA
ysRIIAN;
— IOPUMEHATH CBOMCTBA CTENeHHON (PYHKIUHU IIPKU PellleHHuH IpPo-
| cTeHAIIMX HEPaBEeHCTB. !

NPOBEPb CEBH!

1. Hamitu obnacth onpepesieHUA (DYHKIUHA:
a)y=%; 6) y=v9- 2.

2. Ilocrpours rpadukr (QyHKIHH:
a) y = Vx; 6)y=%; By=-2; ny=2.
Hna wkampon ¢pyskuum mo rpadury Haiitu: a) y(2); 6) 3Ha-
yeHue X, ecau y (x) = 3; B) IpOMeKYTKH, HA KOTOPHIX ¥ (x) >0,
y(x)<0; r) npoMeXyTKH BO3pACTAHUA, YOLIBAHUA.

] ypoaeﬁh

3. VYcraHOBUTH, YETHOM MJIM HEYETHON ABJAETCA DYyHKUIMSA:
a) y=3x5+x% 6) y=8x°-x.

4. HaiiTu ob6nacth onpejeseHus (PYHKIIHH:

i
a) y=V3-x; 5)y=f4_;‘2.

4
x—

ITocTpouTs rpadhuk GyHKOHH Y = — 3 Haiitu:

a) obiacTe ompejeNeHHsA 3TOM (PYHKIIHH;

6) mpoMesXyTKH, Ha KOTOPBIX (DYHKIMA BO3PACTAaEeT;

! B) 3HAYEHHA X, IPU KOTOPBIX (PYHKI WS NPHHHMAET MOJIOMKH-
g TeJbHbIEe 3HAYEHHA; OTPUIlATebHbIE 3HAYEHHA;

"H-yhbaeub
S

»
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I) KOPHH ypaBHEHUSA . S 2 - x c TOMOIBI0 T'PadHUKOB

x—-2
byHKIME Yy = . uny=2-x
y 3 Yy .

6. BrisicHuTbH, siBAsieTCA JU QYHKIUAA:
a) y=—2x*+x|x|-1; 6) y=38x"-x|x|; B) y=x5+x|x|+2
YETHOUW; HEeUYETHOM; HU UYETHOM, HM HEUETHOM.

5Jx

7. HaiiTu obsacTs onpegeseHusi QYHKIUUA I = ————.
x—3Jx

8. Pemuts ypaBHeHue:

a) Vx -3 =5; 6) v3—-x—-x% =2x.
9. Pemuth HepaBeHCTBO:
a) (x—T7)°<32; 6) V1-x <2
10. dokasars, uro GyHKuusa y = 2v5x+1 —2 Bospacraer mnpu
x=2-0,2.
11. ITocTpours rpaduk GyHKIHH:
x+1.

a)yr=2 : 6) y=|x+1|+|x-3].
-

TEMbl UCCNEOOBATENIBCKMX PABOT IS

fBnenusi npuUpobl, MPOTEKAIOIINE 10 3aKOHAM CTENIeHHON (QDYHKIIUM.
CrenenHas (pyHKIMS B 9KOHOMHKE.

CreneHHble QYHKIHM B F'YMAHUTAPHBIX HayKax.

HcTopua nosiBIeHHA (DYHKIHUOHAJBHBIX IIOHATHH, CBA3aHHBIX CO
cTeleHHOH (DyHKIIHUEH.

PdpakTanbHble CTeNeHHbIe 3aBHCUMOCTH.

KomMnosunusa QyHKIIHMA.

CemeiicTBa rpad@uKOB CTEIEeHHBIX 3aBUCHMoOcTel. 3amanue (Gopmy-
Jo# mapabosel 6€e30MacHOCTH.

Crioco0Obl HAXOK/AEeHUS NPUOIMIKEHHBIX 3HAUEHNI CTeNeHHBIX QYHK-
A, B YACTHOCTU C HMCIOJb30BAHHMEM KOMIBIOTEPHBIX IIPOIDaMM.
IlpuMeHeHHEe KOMIIBIOTEPHBIX IIPOTPAMM [JIA IIOCTPOEHUSA I'padHUKoB
(GyHKIIUNA ¢ NOMOIIBIO CABUIOB.

PemmeHnne ypaBHeHHH H HEpPAaBEeHCTB C MIOMOIIbI0O KOMIBIOTEDHBIX
IIporpaMM.

Fnaea ll. CreneHHas ¢yHKUMSA



NMporpeccun

3Ta rnaea nOCBALLEHA W3YYEeHWIO YUCNOBLIX nocnegosa-
TeNbHOCTEN, B TOM 4Yucne AByM 0cobbiM nocnenoBaTensHo-
CTAM — apudMETUHECKOA WU FEeOMETPUHECKON NPOrpeccusm.

C pasHoobpasHbiMi NOCNeaoBaTeNbHOCTAMA YUCEen Bbl
HEOOHOKPATHO BCTPEYaNUCb MNPU  M3YYeHUM MaTemaTuku
1 B NOBCEAHEBHOM XNU3HW. Bam XOpoLIO 3HaKOMbI, HanpumMep,
¥ cnegywowe nocnenoBaTtenbHOCTUH:

1) HatypaneHbiX yucen (1, 2, 3, 4, 5, ...);

2) 4€THBLIX HaTypanbHbIX Yncen (2, 4, 6, 8, 10, ...);

3) TpeyroneHbix uucen (1, 3, 6, 10, 15, ...);

4) kBagpartHbix yucen (1, 4, 9, 16, 25, ...);

5) npocteix uucen (2, 3, 5, 7, 11, 13, ...);

6) uicen nepsbiX NeT, OTKPbIBAIOLMX HOBbIE CTONETUA MO Ka-
nenpapio Hoeow 3psl (1, 101, 201, 301, ...);

{ 7) yicen UHDY30puiA, NPOMCXOAALIMX OT AENeHus nornonam
oAaHon ocobwm (1, 2, 4, 8, 16, ...) vu ap.

HekoTopble w3 3aTux nocneposarensHocTel obnapaoT
cnegylowmmMm CBOMCTBOM: Pas3HOCTb ABYX COCEAHWX YMcen no-
cnenoBaTenbHOCTU OCTAETCH NOCTOSHHOM (M3 NepeYnCcneHHbIX
370 nepeas, BTOpas W LecTas nocnenosBaTenbHOCTH). Takue
nocnenoBaTensHOCTU Ha3bIBAKT apudmMeTnieckumm nporpec-
cuamm. CylecTByIOT NocnenoBaTenbHOCTH, Y KOTOPLIX Coxpa-

¥ HAETCA OTHOLUEeHWe MOCNeaylwWwero Y1cna K npeasiaywemy

(Hanpumep, cegbmas NnocnepoBaTenbHOCTh). Takue nocneno-
BaTeNbHOCTU Ha3bIBAIOT reOMEeTPUHECKUMM NPOrPeccusimum.
Bo BCex aTUX NocneaoBaTenbHOCTAX KaXO0My HaTypanb-
.| HOMY 4ucny n (HauuHaa ¢ n=1) cTaBuTCA B COOTBETCTBME NO
\ onpenenéHHOMY npaswiy HEKOTOpOe Yncno. Hanpumep, B no-
CNnepoBaTeNbHOCTU YETHBIX HATypanbHbIX YUCEN 3Ha4YeHuIo
n=1 COOTBETCTBYET NepBOe YETHOE HaTypaNbHOEe 4uCcno 2,
3Ha4YeHWIo N =2 COOTBETCTBYET BTOPOE YETHOE 4ucno 4, ...,
3Ha4YE€HWIO N COOTBETCTBYET N-€ MO NopPsAKy YETHOEe HaTypasb-
HOe 4yu1cno, pasHoe 2n. Yucnosble NocnenoBaTensLHOCTU B Ma-
Tematuvke 4acTO pPaccMaTpuBaloT Kak QYHKUMM HaTypasibHOro

@ aprymeHTa. Tak, Hanpumep, apupMEeTUYECKYio Nporpeccuio

paccmarpusaloT Kak NUHERHYI0 QYHKUMIO HAaTypanbHOro apry-

¢ MEeHTa.

_ Camo cnoBo nporpeccus (0T nart. progressio — ABUXEHne

BNepé[) Bnepeble BCTPETUNOCH B paboTax UTanbsHCKOro y4é-
HOro AHuums Marnus CesepuHa Boauws (ok. 480 — ok. 524).
B Te speMeHa nop nporpeccueil NoHUManu nobylo 4YUCNoBYIO
nocnenosaTesibHOCTb, MOCTPOEHHYIO TakuMm o6pasom, 4ToObI



MMenacb BO3MOXHOCTb NPoAoXKaTe eé HeorpaHmdeHHo. lNocneaosarensHOCTH, KO-
TOpblE Mbl CErOAHS Ha3blBaeM MporpeccusiMu, paccMmarpusany ewe yyéHole lpes-
Hero Ermnta, BasunoHa, peuun.

B 9701 rnase Bbl NO3HAKOMWUTECH CO CBOWCTBaAMW apudMeTUHeckon n reome-
TPUHECKOW NPOrpeccuin, Hay4MTecb HaxX0aMTb CyMMbl UX YNEHOB, Y3HaeTe UCTOPMUIO
N3y4eHWUa YUCNOBLIX NOCNEAOBaTENbHOCTEN MaTemMaTikaMu pasHbiX CTpaH v Bpe-
MEH. Pelias 3apayu 3TOW rnaebl, Bbl NMOMMETE, 4TO B PEasibHOW XW3HW Hemano
ABMEHNIA NPOUCXOOUT MO 3aKoHaMm MPOrpeccuu.

OoBan nocnepoBarTrenbHOCTb

B noBCeaHEBHOW NpakTUKe 4acTo MCNONb3yeTcs Hymepaums pasnuy-
HbIX NpeameToB, 4ToObl ykas3aTb NOPSAAOK WX pacnonoxenus. Hanpwm-
Mep, AoOMa Ha Kaxaon ynuue Hymepylotcs. B 6ubnuoteke HymepyloT-
| ca yuTatenbckve abOHEMEHTbl W 3aTem pacnonaralTcs B nopsake
NPUCBOEHHLIX HOMEPOB B CreumanbHbiX KapTodkax. MHbiMu cnosamu,
yutarenbckue aboHEeMeHTbl pacnonaraloT B ONpeaenéHHon nocneno-
BaTeNbLHOCTW.

B atom naparpade 6yayT pacCMOTPEHbl NMPUMEPbI YUCNIOBbIX MOCNe-
[0BaTeNbHOCTEN, BO3HUKAIOWMX M3 MPaKTUHECKON OEeATeNbHOCTU Nio-
nein. Bynyt BBeneHbl NOHATMA, CBA3aHHbLIE C YMCNOBLIMW MOCNEnoBa-
TENbHOCTAMM U UX YneHamu. ByayT nokasaHbl cnocobbl, C NOMOLLBIO
| KOTOPbIX MOXHO 3aaBaThb NOCNEA0BATEeNbHOCTb, @ TaKKe Cnocobbl U30-
| GpaxeHus e€ YNeHOB Ha YMCNOBOM OCK U Ha KOOPAUHATHON NJIOCKOCTHU.

HyXHO BCNOMHMUTH:

¥ HAXOXKOeHMe 3HAYEHHsA BhIpAKEHHA IIpPH 3aJaHHBIX 3HAUYEHUAX BXO-

OAIIUX B Hero OVKB;

noHATHE (DOPMYJIBI;

HaXOKJeHHWe HaTypaJbHOr0 4YHcja, CAeAyIOIero 3a JaHHBIM; IIpex-

IIECTBYIOIEr0 JaHHOMY;

¥ BO3BeJeHHE B HATYPAJBHYIO CTEIIeHb MOJOKHUTEJbHBIX U OTPHIATE b-
HBIX 4YHCeJI;

= usobpaskeHue YHUCEJ HA YUCJIOBOM OCH;

® usobpakeHHe TOUEK C 3aJaHHBIMHA KOODAUHATAMM HA KOODAWHATHOM
IJIOCKOCTH;

§ pelleHHe YPaBHEHHU IIEPBOM CTeIleHH C OJHUM HEHM3BECTHBIM.

B cGeperarenrsHOM 6GaHKe HO HOMEpPY JHIEBOr0 CYETa BKJANYMKA
MOXKHO JIErKO HAWTH 3TOT CUYET M IOCMOTPEeTh, KAaKOH BKJAA Ha HEM
nexur. Ilycte Ha cuére Ne 1l jesxuT BKJIaA a, pyOiaeit, Ha cuére Ne 2
NeXUT BKJIAA a, pybsaeit u 1. x. Ilonydyaerca uucioBasi mocienoBaTesb-
HOCTH G, Ay, Qg ..., Gy, THe N — UHCIO BCeX CUYETOB. 3[eCh KaKA0My
HATYPAJIbHOMY 4YHCay n oT 1 no N mocraBjieHO B COOTBETCTBHE YHCJIO Q.
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B maremaTHKe M3ydalOTCs B OCHOBHOM 0eCKOHeYHBIe UMCJIOBBIE IIO-
CJI€IOBATENIBHOCTH: @y, Gy, Ggy evy @y oen

Hucsno a, HA3HIBAIOT MEePBLIM YIEHOM IIOCJEJOBATEIBLHOCTH, YHCJIO
@, — BTOPBIM YWIEHOM IIOCJIeIOBATEJBHOCTH, YMCIO Gz — TPETHHM
YJNeHOM IIOCJIeOBATeNbHOCTH M T.A. ducio a, Ha3eIBAlOT n-M (9H-
HBIM) YJE€HOM IIOCJIeOBATEeJNbLHOCTH, & HaTypaJibHOe YHCJIO N — ero
HOMEpPOM.

Hanpumep, B mocjiefoBaTeJBLHOCTH KBaJPaTOB HATYPAJIbHBIX YHCEN
1, 4, 9, 16, 25, ..., n? (n+1)? ... a,=1 — nepsHil WieH nocieaoBa-
TeJIBHOCTH; @a,=n’ HABIAETCA Nn-M YIEHOM IIOCJIeJ0BATeIbHOCTH;
a,,,=(n+1)? apngerca (n+1)-M (9H IUIIOC NMEPBBIM) YJIEHOM IIOCIEHO-
BATEJILHOCTH.

YacTo mocienoBaTeIbHOCTE MOKHO 3a4aTh GOpMYJIOi e€ n-ro 4ieHa.

Hanpumep, dopmynoit a, = £ (n=1, 2, 3, ...) 3ajana nocjaexoBaTeb-
n

111 1
2 3’ 4
3apava 1. Yucnosas MMOCJIeJOBATEJILHOCTE 3agaHa dhopmynoit

a,=n(n—2). BelYMCIUTL COTBHIH UYJIEH 3TOH IIOCTIEZOBATENHLHOCTH.
P a,,,=100 (100 - 2)=9800. <]

3apava 2. YucsoBas mocsenoBaTebHOCTD 3afana Gopmysoi x, =2n + 3.
1) Haiitm HOMep uUNeHA MOCJeNOBATENBHOCTH, paBHOro 43. 2) Bel-
ACHHUTH, ABJAeTCA JU yHucyao 50 4jIeHOM JaHHOHM ITOCIeN0BaTeJbLHOCTH.

p 1) Ilo ycaosuio 2n+ 3 =43, orkyaa n =20,

2) HomyctumM, 4910 50 — ujieH IOCJIEJOBATEIHLHOCTA C HOMEPOM 1,

Torga 2n + 3 =50, orkyna n=23,5. Tak kak nmojydyeHHOe 3HAYEHHE N

He ABJAeTCHA HATYypPaJbHBIM, TO OHO HE MOYKeT OBITh HOMEPOM 4YJIeHa

IocJIeJ0BaTeIbHOCTH, T. €. 4ucyo 50 He ABJIAETCA UJEHOM IOCJEI0-

BATEJBHOCTH., <

YyeHBl NOCJIEIOBATENBHOCTH MOMKHO HAIVIAAHO M300pakaTb ABYMS
cnocobaMu: ¢ IMOMOINLIO TOYEK HA YHCJIOBOM OCH M C IOMOINLIO TOYEK
Ha KOOPAMHATHOM ILJIOCKOCTH.

B mepBoM ciydae 4iIeHBI MOCJEAOBATENBLHOCTH wu300pa)kaiorcs Ha
ocu Ox TOYKAMH C KOODAUHATAMH 4,, Qy, g, -... IIPH ITOM OKOJIO KAXK-
N0# TOYKHM yKa3blBaeTcd, KAKOMY UWIeHY IOCJIeJ0BATEJbHOCTH OHA COOT-
BercTByeT. Hanmpumep, Ha pucynke 21 msoOpaskeHs! mepssie 6 uieHOB

HOCTBH 1,

sany 3 sew s

| | |
I N
a; | . aa;asi,'aaa:az

"

X

1 1

L_. Puc. 21
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MOCJeI0BATEIBHOCTH, B3aJaHHON (opMynoHn vA
2 /
a,= (D" =. 8f------ y
n
Bo BTOpPOM ciyuyae KajKIbIii 4JeH mocje- I

JOBATEJBEHOCTH Hsoﬁpamae'rcs Ha KOOpauHAaT-
HOM TJIOCKOCTH TOYKOU, abcrucca KOTOPOH to. ]

paBHA HOMepY 4JIeHa IIOCJIeJOBATEJIbHOCTH, 4 o
a OpAWHATA — 3HAUEHWIO 4YJIeHA IIOCJIefOBa- Lo
TeJBLHOCTH, T.€. TOYKOH C KOOpPAMHATAMM L
! H 21— - —fa;
(n; a,). Hanpumep, Ha pucyske 22 u3obpa- Gy 0
sKeHbI IepBhle 4 WieHa IOCJeN0BaTeJIbHOCTH, & i Al
e o 1 -y L L 1 P
3agaHHOU (hopmyJion a,= 2 n?. 3amerum, 4TO 2] 12 3 5 x

BCe 4YJIeHBbI 9TOH IIOCIEeHOBATENBHOCTH JIeMKAaT
Ha napa6ose y:%xz. o

HWHorpa mociefoBaTelbHOCTh 3a4ai0T (hOpMYJIOH, IMO3BOJAIOINEH BBI-
YUCJIUThL JI060M YleH IMOCJIeJ0BATENLHOCTH, HAYMHasdA € HEKOTOpOro,
ecJIM W3BECTHBI OJWH HJH HECKOJbKO NpeABIAYyIIUX e€ uineHOB. Takoil
crocob 3afaHUsA MOCJIef0BaATeIbHOCTH HASHIBAIOT PeKyPPeHTHbIM (OT Jia-
THHCKOT'O CJIOBA recurro — BO3BpAIIaTLCH).

HanpuMep, 3HakKoMas BaM IOCIENOBATEJLHOCTE yucea PuboHaUYdIH
,1, 2, 3, 5, 8, 13, 21, ...) 3axaércad peKypPpPeHTHBIM crnocobom: a, =1,
a:a:l’ an+2=an+l+an‘

YCTHbIE BONPOCHI U 3apaHus t

1. IlpuBecT nmpumMep OECKOHEYHOM YHCJIOBOH MOC/IEN0BATELHOCTH, 3a-
naHHOM (opmyJioi eé n-ro uieHa. HassaTe e€ nepBbIf; BTOPOii; -
TBIN; n-i; (n+ 1)-# 4aeHsl.

2. Kakumu cnocobaMu MOMKHO 3aJaTh YHCJIOBYIO IOCJIELOBATEJHHOCTH?
IIpuBecTn mpuMephl MOCJIEAOBATENIBHOCTEH, 3aJaHHBIX PA3HBIMH CIIO-
cobamu.

3. Kax HarasgHO MOYKHO IPEJCTABMUTEL UWIEHBI IIOCJIEA0BAaTEIbHOCTH?

4. Ha rpaduke Kaxkoil JUHEeWHON (MYHKIIUH JIeKAT BCe UIEHBI IOCJIEN0-
BaTeJbHOCTH, 3afaHHOM (opmysoi a,=2n—3?

BeopgHble ynpaxHeHus |

1. PacnosiouTs B NOpPAJKE BO3pACTaHUA dYHC]A: 3%; -7; 0,08; 0;

-0,3; 1,03; -3,78; -1.

2. IIna kamgoro ma umcen 11; —17; 99; —100 maseiBaTh: NpEAINIECTBY-
I0Iee eMy IleJioe YHCJIO; CHAeAyIollee 3a HHAM IieJioe YHCJIO.
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6.
7.

8.
9.

s HaATYpanbHOrO 4YHCJIA 1+ 2 3alMcaTh: NOPEAIIeCTBYIONIEe €My
HaTypaJbHOE YHCJIO; CHAeAyIolee 3a HAM HATYPAJBHOE YHCJO.
IIpu n=1; n=4 HaiTH 3HAYeHHEe BLIPAIKEHUA:

1) Tn-3; 2) %; 3) (-1)*-n;  4) (-1)**1n2,

i 1
. Ha gmcnoBoit ocu ormeruTts umcna 3; —3,5; 2 —.

4
Ha xoopauBATHOM IUIOCKOCTH OTMeTHTH Toukm A (2;-3); B(6;1).
Hana ¢ysxknua: 1) y=2x-1; 2) y=x*+1. Haitrru y(1); y(4);
y(n+1); y(n+2).
Fpadur pysxnum y=y (x) usobpaxén Ha pucynke 23. Haiithm 06-
JIaCTh OIpeJieJIeHUA 3TOU (PYHKIIHH.
Pemurs ypaBHenme: 1) 27=5x+3; 2) 13=22- 3x.

YnpaxHeHus |

163. Jlama nociefoOBaTEJbHOCTh KBAJPATOB HATYDPAJbHBIX WHCEJ

1,49, 18; 25, . 7% B+ 1R s
1) HasBaTe TpeTHii, mIECTOM, n-i WIEHLI MOCJEXOBATEIHLHOCTH.

2) VxasaTh HOMEp WieHa IOCJeA0BaTeJbHOCTH, paBHOrO 4, 25, n?,
(n+1)>2

164. BorumcauThk NepBbie OATH WIEHOB IOCJIEN0BATEIHHOCTH, KOoTOopasa

3azaHa GpopMyJsIoOd n-ro 4YiaeHa:
1) a,=2n+3; 2) a,=6—3n; 3) a,=15-n?;

_ 21-n?% _n*. g
4) a, = 5) a”__zn : 6) a,=(-1) T

2 »
H306pasuTh 9TH 49iaeHb HAa YMCIOBOH OCH; HA KOODAWHATHOM IUIO-
CKOCTH.

§ 11. Yucnosas nocnenoBaTeNbHOCTb 81



165.

166.
167.

168.

169.

170.

(Yerro.) IlocnenoBarensHOCTh 3ajaHa (opmysoi x,=n% Ka-
KOl HOMep MMeeT WJeH 3Toil mociexoBaTesbHOCTH, paBHbIX 100;
144; 225? fIBnsercA M YJIEHOM IIOCJIENOBATEJbHOCTH YHCIO: 48;
49; 169?

IocnenoBaTesbHOCTH 3afaHa dopmyioit a, =n’?—2n - 6. fsnaerca
JIM 4JIEHOM 3TOM MOCJIEJOBATEJIBbHOCTH YHCJIO:

1) -8; 2) 2; 3) 3; 4) 9?

HaliT mepBble UeThIpe YJieHa OCJIeN0BaTeJbHOCTH, 3aJlaHHOM yC-
JIOBUEM @, =2 ¥ PeKypPPeHTHOW (opMyJIOi:

1) a,,  =3a,+1; 2)a,,,=5-2a,.

YucsioBasg IIOCAEAOBATENLHOCTH 3ajaHa (OPMYJIOH n-ro 4YieHa
a,=(n-1)(n+4). Haiitu n, eciu: 1) a,=150; 2) a,=104.
BBIUMC/IUTH IepBhIe YeThIpe ujeHa [OCJeJ0BaTeTbHOCTH, 3a/aHHOM
peKyppeHTHO# dopwmyJoit a,,,= .a, ¥ yciosuem a,=256.

n+1l

3anucaTh IepBEIE IIECTh YJIEHOB IIOCJIEeJ0BATEIbHOCTH, 3aaHHOM
yCIOBUEM @, =1 M peKyppeHTHOH (PopMyJIOWH:
2

1) a,,,=a2+3; 2)a,,,= %

YucnoBas MOCIEAOBATE]BHOCTh 3a/laHa PEKYPPEHTHOH (opMyJIoi
a,,,=a’-a,,, W yCIOBUAMH a,=2, a,=3. Brramcauts OATHIA
YJIeH II0CJeNI0BATEJIbHOCTH.

IMocnenoBaTebHOCTE 3ajaHa (GOPMYJIOH n-ro 4YleHa. 3amucaThk
(n+1)-it, (n+2)-#t u (n+5)-# uneHEsl 3TON MOCIELOBATETHHOCTH:

1) a,=-5n+4; 2) a,=2(n-10);
n+2
3) a,=2-3""Y 1) a,;?—(%} .

=
=
Q
Q
b=~
Q
=
(o]
o
[ =
(=]
[
©
=
g
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Neonapao ®uboHayym v ero 3HaMeHWUTas NocnefoBaTeslbHOCTbL |

il ITpodeccop, paccka)kuTe HaMm, NOMKANyHcTa, HonoapodHen o Pu-
*+> 4 GomHayuyM M €ro IMOCJEOBATENLHOCTH.

SBIBAJIM TIO TPO3BHINY OTIa, popuicsa B [Tuse B mauvane XIIIB.

¥ OYeHb DAHO HAyuyWJCs CYMTATh Ha abake. Byayduu B3pocibIM, |
OH MHOTO MYTelIeCTBOBAJ II0 TOProBhLIM jenaM. IIpOM3BOAA pacdéTsl,
COBEPLIEHCTBOBAJ CBOM YMEHHUs B BBIYMCJIEHHUAX. ITomuMo pemeHHA
KOMMepuYecKux sajgady, PuboHAUYM H3ydas JOCTHIKEHHS MATEMATHKOB
Tex cTpaH, B Koropeix GeiBan (Ermnra, I'penun, Cupun, Cunniuu
¥ Ap.). O cam pemun MHONO MHTEPECHBIX 3a/a4 C IOMONIBIO ypaBHEe-
HUil, UBBIEYeHUs KBAJPATHBIX U KyOWYECKMX KOpHed H Ap.

E Jleonapao Pubonauun (T.e. chiH BoHAYYM), KAK YacTO €ro Ha-

Tnaea lil. MNMporpeccuu



JI. ®Pubonayun onybaukosan Tpu Gosbiine HaydHEIe paboThI, caMas
usBecTHaA U3 KoTOpeix «Kuura o0 aGake». Bnarogaps aToit paGore
Espona ysmasa mHI0-apaGCKyl0 CHCTeMy 4YMCeN, KOTODAH MOCTEINeHHO
BEITECHHJIA PHMCKYI0 Hymepanuio. B aroit sxe pabore ®ubonauuu npu-
BEJI BHAMEHUTYIO IOC/IeJ0BATEIBHOCTE YHCce T (BIOCAEACTBHH HAaBBAHHYIO
ero HMBH&M), KakK pe3yJIbTAT PellleHHA 3aJaduy 0 PASMHOMMEHHH KpoJH-
KoB. Bor a7a 3ajaua: «Yepes kakJblil MeCsAI Mapa B3POCHBIX KPOJIHKOB
NPOU3BOJAMT HA CBeT JApyryio napy. ComocoGHOCTE K pasMHOMKEHHUIO
Y KPOJIMKOB HOABJIAETCA dYepead 2 Mecsuna mocjie poxaeHus. CKONBKO
nap KpOJHMKOB DOAMTCA B TedeHHe Iofa, eClI¥ OJHY HOBODPOMKASHHYIO
mapy OOMECTHTb B 3aMKHYTOE IIPOCTPAHCTBO?»

B mrore momyuaercs mociepoBaTenbHOCTh umcen 1, 1, 2, 8, 5, 8,

13, 21, 34, 55, 89, 144, rpe uepes 3amATYI0 IPHUBEJEHO KOJHYECTBO

nap KPOJMKOB B Kaxzaom u3 12 mecanes roga (cM. puc.).

I:_?‘ IIpogeccop, B 8 Kracce, KOrja rOBOPUIM O «30JOTOM CEUeHHU»,
"7 MBI y0eAWJIHCH B TOM, YTO HAUJYVYIIHMH OPUGIMIKEHHAMH KO-

J5 +1

2
HOIIEHUA NOCJEAYIONEro K IpeAbIAYLIEMY YHCeJ M3 IOCIeJ0BATEILHO-
cru @ubonayunu. Hanpumep: % =.1.6 % =1,625; %=1,615 | T. 1.

A emé rpe-aubyap ucnosbsyiores uuciaa Oubomauun?

ahpunuenTa somorToro ceueHus (Yucia =1,618) sBaaoTCA OT-
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3yIOTCSA»... YAHBATeNbHEIE (DAKTHI nposeseHus uducen Dubo-

HAYYH MOXKHO HabmiogaTh B OHOJOrHH, ACTPOHOMHH, 3KOHOMH-
Ke W T.JA. Hampumep, POCTOK TPaBbI-YAXYH (THICAYENHCTHHKA OTap-
MHKAa), KOrZia NOABIAETCA M3 3eMJIH, yyKe HMeeT OJ[HH JHCTOK. 3arem
OH BBITATHBAETCHA W JaéT ellé OJMH JIHCT, 3aTeM 4Yepe3 KaxKoe-TO BpeMs
BEIPACTAIOT CPa3y 2 HOBHIX JICTA, 3aTeM 3 JucTa, 3aTeM 5, moroM 8,
a mocie oToro oH BhIOpacekiBaer 13 comsermit m T.A. Kpacusei-
mue COHpadd B KOH(Hrypanusax IJIOAOB H pac-
TeHHH, B JOpMaxX KOCMHYECKHX raJaKTHK HMe-
IOT B OCHOBE CBOEro IOCTPOeHHMsA Te e JYHCIa
@dubonayun. 3aKOHOMEPHOCTH, CBA3AHHYIO C
gucaamMu PuboHayym, MOAMETHI aMepHKaH-
ckmit gumancuct Paavp Heavcon Snuom
(1871—1948) B pearensHOCTH (HHAHCO-
BEIX pPHIEKOB. Cerojns co3JlaHHON MM Teo-
pueii BonH (HA3BAHHOH HMeHeM OJIHOTA)
NOJbL3YIOTCHA, HANPHMED, OPH IPOrHO3MPO-
BaHMM «ORUBEro» pPHIHKA HA (PMHAHCOBBIX
OupIxax.

@ B faHHOM cJydae, NOKajJyi, He 09eHb IOJXOJHUT CJIOBO «UCHOJb-

HaumHaa ¢ atoro naparpada, Bbl Oyaere uayqatb 0CoOblie BMAbI 4MC-
NOBLIX MOCNEA0BATENLHOCTEN, Ha3biBaemble nporpeccusamu. B aTom
naparpade Oyaer BBefieHO onpepeneHune apudMeTU4eCcKon nporpec-
cum 1 HaingeHa dopmyna eé obuero uneHa. C nomowwio 310 Gop-
My/ibl Bbl HAYYMTECh HAXOAMUTL NGO YneH apudMeTUIeckon nporpec- '
CUM W BLISICHSITb, SBASIETCS NI KOHKPETHOE YUCNO YNEHOM AAHHON |
nporpeccun. |

Hy>XHO BCNMOMHMTb:

NOHATHE YHCJIOBOH NOCJIe0BATEJIbHOCTH;

cmoco0Bl 3a/laHuA YHCJIOBOH IIOCJIENOBATEILHOCTH;

n30obpakeHue YICHOB IOCJEOBATEJLHOCTH TOYKAMM HA KOOPAWHAT-
HOM ILJIOCKOCTH;

pelleHWe JIMHEHHBIX YDABHEHHWI W CHCTEM JIMHEHHBIX ypaBHEHHA
C AByMs HEHW3BEeCTHBLIMH;

olpeJie/leHHe TpPaNeluy ¥ CBOMCTBO CPeJHEH JMHUU Tpanenun.
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IIpoponxuTenbHOCTh roja nNpubausuTesbHO paBHa 365 cyrkam. Bo-

1
Jiee TOYHOE 3HAUYEeHHE pPaBHO 365 Y CYTOK, IIO9TOMY KaiKJbkle YeThIpe roja

HaKallJINBaeTCA MOTPEeIIHOCTb, PpaBHa#A ONHUM cyTkam. Ina yuéra sToi
IIOrPeNIHOCTH K KajKJOMy 4YeTBEDPTOMY IOAy AOOABIAIOTCH CYTKH, U Y-
JAHEHHBIA IO/ HA3BIBAIOT BHCOKOCHBIM.

Hanpumep, B TpeThbeM ThICAYEIETHHM BHCOKOCHBIMHU T'OJAMH SBJISIOT-
ca roaer 2004, 2008, 2012, 2016, .... B 2T0ii mociaeZOBATEIHHOCTH
KaX/Jbl{i €€ YieH, HauWHas CO BTOPOro, PaBeH NPEeABLIAVIIEMY, CIOMKEH-
HOMY C OlHUM H TeM Xe umcyoM 4. Takmue mociiefoBaTe/ILHOCTH HA3BI-
BalOT apH(METHIECKHMH IPOrpecCHIMH.

Onpenenenune. Ynucaosasa mociefoBaTeIbHOCTH @y Gy By eoes
a,, ... HasbplBaeTcs apH(p)MeTHUYECKOH NpOorpeccHeM, ecjiu IJIA BCexX
HaTypPaJbHBIX N BBINOJHAETCA PABEHCTBO a,, ,=a,+d, rge d — He-
KOTOpOEe YHCIIO.

W3 srToit dopmynsl caemyer, 4To a,,,—a,=d. Yucio d Ha3BIBAIOT
Pa3HOCThI0 apH(MeTHYECKOH IPOrpeccH .

IIpumepn
1) Harypansuetii pag aucen 1, 2, 3, 4, ..., n, ... apnderca apudmMern-
4JecKo#l mporpeccueii. PasHocrs aT0ii mporpeccun d=1.
2) IlocnemoBaTebHOCT IEJLIX OTPHIATENbHHIX udmcesa —1, —2, -3, ...,
—n, ... — apupMeTHYecKas HPOrpecCHs ¢ PasHOCTbIO d=-—1.
3) IlocnenoBarensuocts 3, 3, 3, ..., 3, ... — apudMeTHIECKAS nporpec-
cua ¢ pasHocThiO d=0.

3apava 1. JlokasaTh, UTO NOCJIEZOBATENLHOCTE, 3amaHHasas (GopMyJIOH
a,=1,5+3n, asngerca apudMeTHIECKOH IpOrpeccHeii.

» Tpebyerca mokasaTh, YTO DasHOCTb @, 1—@, ONHA M Ta XKe A
Bcex n (He 3aBucHT oT n). 3anumem (n + 1)-i 4ieH JaHHOH MmOCJIERO-
BaTeJLHOCTH:

a, . .=15+3(n+1).
IToaTomy
a,. ,—a,=1,5+3(n+1)-(1,5+3n)=3.

CrnenoBaTensHO, PasHOCTH a,,,—a, He 3aBHCHT OT n. <
ITo onpenenennio apudMeTHYECKOH IPOrpecCHH

a,.,=a,+d, a,_,=a,-d,
OTKYJa
ﬂ,.__l‘l'ﬂ- +1
an=—2"—, rae n> 1.
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TakuMm o6pasoM, KakAblli ujeH apudMeTHUeCKO# mporpeccuu, Ha-
YyUHAA CO BTOPOro, PaBeH cpejHeMy apudMeTH4ecKoMy ABYX cOCen-
HHUX C HHUM YJI€HOB,

OTMeTHM, 4TO eclu @, ¥ d 3aJaHbl, TO OCTAJbHbIE YIeHbl apudpme-
THYECKOH IMPOTPECCHMM MOKHO BHIYMCIUTEH II0 PeKypPPeHTHOU Qopmyie
a,,,=a,+d. Takum cnoco6oM HETPYAHO BBEIYUCIUTH HECKOIBKO IEPBRIX
4JIGHOB NPOI'PECCUM, OAHAKO, HANIPUMED, JJIA Gy, YKe noTpedyercsa MHO-
ro BeIUMCHIeHHH. O6BIYHO AJIA STOT0 MCIOJb3yeTcs (opmyJia n-ro 4jeHa.
Ilo onpeaeneHuIo apudMeTHUECKON HPOrpPecCHuH

a,=a,+ d,

a;=a,+d=a, +2d,

a,=az+d=a,+3d
u T. O

Boobe

a,=a,+(n-1)d, (1)
TAK KAK n-i WwieH apudMeTHUYeCKON IPOrPeccCHM IOJy4aeTcd U3 IepBo-
ro uwieHa npubasieruem (n—1) pas uucia d.

®opmyny (1) HaseBalOT (POPMYJIOH N-ro UWieHA apH(METHYECKOH
IPOrpeccHH.

3apnava 2. Haiitm corTelii useH apudMeTHUECKOW IPOrPECcCHH, eCJH
a,=—6 u d=4.

» Ilo dopmyne (1) umeeMm a,,,=-6+(100-1)-4=390. - '

3apada 3. Yucao 99 sABIfeTCA YIEHOM apu(MEeTHUYECKOH NIpPOrpeccuy
3,5, 7,9, .... HaiitTu HOMEp 3TOro 4jeHa.

» Ilyers n — uckomsrit Homep. Tak kak a, =3 u d=2, 7o o Qpopmye
a,=a,;+(n—-1)d umeem 99=3+(n-1)-2. Iosromy 99=3+2n-2;
98=2n, n=49. <

3anava 4. B apudmernueckoit mporpeccuu ag= 130 u a,,=166. Haiitn
dopmyny n-ro 4jeHa.

po Ucnoawssysa dopmyny (1), Haxoaum:

ag=a,+7d, a,,=a,+11d.
IloacTaBUB B 3TH BBIDAKEHHUA JAaHHBIE 3HAYEHHA Qg U G, NOJYIHM
cUCcTEMY YpaBHEHMil OTHOCHTENIBHO a, u d:

a,+7d =130,
a,+11d = 166.

BeluuTas u3 BTOPOrO YPABHEHHA IIepBOe, IMOJydaeM
4d=36, d=9.
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3apava 5. Ha cTOpoHe yriia OTKJIAZbI-

CnenoBarennHo,

a,=130 - 7d =130 - 63 = 67. e
Haitném dopmysny n-ro unenma mpo-
rpeccuu: P
a,=67+9(n-1)=58+9n. < / a

BAIOTCA OT €ero BEepPIIWHBLI pABHEIE Puc. 24

oTpe3ku. Yepes MX KOHIBI IIPOBO-

AATCA NapajienbHble NpaMble. [[0KasaTh, 4TO AJIMHBL Q,, @, Gy oo

OTPE3KOB 3THX INPAMBIX, 3aKJIOYEHHBIX MEXAY CTOPOHAMHU yria

(puc. 24), obpasyior apudMeTHUECKYIO IPOIPECCHUIO.

B o6pasoBaBureiics Tpamemuu ¢ OCHOBAHUAMHU a, v a,, B CcpegHas
a, (+a

nuauMsa paBHA @, (n>1). Ilostomy @, = ————"*L ‘2 LA

Orcropa 2a,=a, ,+a,, ,, wm a,.,—-a,=a,—a, ,. Tak kak pas-

HOCTh MEXXAY Ka)XJbIM 4YJIEHOM II0CJIeJOBATEJIBHOCTHA M IpeALIeCcTBY-

IOIUM eMy 4YJIEHOM OJHa M Ta JKe, TO 3Ta II0CJeI0BATEeILHOCTh —

apudmMeTHYeCcKas IPOrpeccusd. -

YcTHbIE BOMPOCHLI U 3apaHus

1.
2.
3.

4.
5.

Yro HaswiBaeTca apudMeTHuecKoil mporpeccuen?

YTo Takoe pasHOCTH apupMeTHUeCKOi mporpeccuu?

IIpusecTu nmpumep apudMerwyeckoil mporpeccuu, sagasHOM: 1) me-
peuyucjeHueM e€ MepBhIX TPEX uiaeHoB; 2) GopMyno# n-ro 4jeHa;
3) mepBBEIM YJI€EHOM M PasHOCTHIO. HaftiTi maATHIH wien aToi nporpec-
CHH.

ChopmynupoBaTh CBOMCTBO Ka)KZOro ujeHa apubMeTHYeCKoi npo-
rpeccuM, HaYMHAA CO BTOPOTO.

ITpouurars dopmyny n-ro umeHa apu(pMeTUYeCcKO! IpPOrpeccuu.

BeogHble ynpaxHeHus |

1.
2.

3.

Haiitu snauenue Beipakenus 0,5x—7 npu x=1; x=2; x=5; x=10.
ITocrenoBaTensHOCTS 3asaHa (GOPMYJION N-rO YJieHa: a,=-6n+11.
Banucars opMmyasl (n+ 1)-ro u (n+ 2)-To 4IEHOB 3TOi rnocJjenoBa-
TeabHOCTH. HaliTu mmepBble Tpu wjieHa aTOi MOCI€ZOBATEIHHOCTH.
Ilara mnocaexoBaTeIbHOCTDH ~§-; —l; l; —3—; é; .... Haijitu pas-
4 4 4 4 4

HOCTB MeXKJy €€ TPETbUM U BTOPHIM YJIEHAMMU; YeTBEPTHIM M TPETHUM
9IeHaMH; MATEIM M YeTBEPTHIM YJeHAMH. 3aMeTHB 3aKOHOMep-
HOCTb B IIOCTPOEHHMHM 3TOH IOCJENOBATEJLHOCTH, HAWTH eé mIecToi
4JIeH.
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YnpaxHeHus |

173.

174.

175.

176.

177.

178.

179.

180.

181.

182.

183.

184.

185.

186.

88

(Verro.) HasBaTh mepBhIif 4ieH M Pa3HOCTH apudMeTHYeCcKON Ipo-
IPDEeCCHH:

1) 6, 8; 10; .. 2)7T.095: 10y

3) 25, 21, 17, ...; 4) -12, -9, -6, ....

BanmcaTh nepBble NATH YWIEHOB apu(dMeTHYecKOl Iporpeccun, eciu:
1) a,=2, d=5; 2) a,=-3, d=2.

JlokasaTh, 4TO MOCJIEAOBATENLHOCTh, 3a/laHHasi (OPMYJIOH n-ro
yjieHa, ABJIAETCA apu(MeTHYecKO# IpOorpeccuei:

1) a,=3—4n; 2) a,=-5+2n;

3) a,=3(n+1), 4) a,=2(3—n).

B apudMeTHYECKOH NpPOrpeccHd HaWTH:

1) a,, ecm a,=2, d=3;

2) a,y, ecnu a,=3, d=4;

3) ay, ecnu a,=-3, d=-2;

4) a,,, ecim a,=-2, d=-4.

Banucarh GopMysIy n-ro WwieHa apudMeTHIECKOH MPOTPeCcCHH:

1) 1, 6, 11, 16, ...; 2) 25, 21, 17, 13, ...;

3) -4, -6, -8, -10, ...; 4) 1, -4, 9, 14, ....

Yucno —22 sBAsieTcs UIEHOM apudMeTHYecKOM mporpeccuu 44,
38, 32, .... HaiiTu HOMEp 3TOr0 4JeHA.

sisnserca au umciao 12 wienom apudmerudeckoi mporpeccuu —18,
-15, -12, ...?

Yucno —-59 sBisercs dieHOM apudMeTHuecKoi mnporpeccu: 1,

-5, .... Haiitu ero Homep. fABasiercs nu umcao —46 uneHoM 3TOR
porpeccun?

HaiiTi pasHOCTh apH(pMeTHYECKON NPOrpecCHH, eciu:

1) a,=7, a,;=6T; 2) a,=-4, a,=0.

PasHocTh apudMeTnuecKoil nporpeccuu passa 1,5. Hautu a,, ecim:
1) a,=12; 2) a,=—4.

HajiTi nepBeiii WieH apu(pMeTHYeCKOW IPOrpeccHH, ecJu:

1) d=-3, a,;=20; 2) a,, =-10, a,, =—5,5.

Haiitu (hopMyay n-ro dieHa apudMeTHIeCKOH IPOrDecCHH, eclIu:
1) a;=13, a;=22; 2) a,=-7, a,=18.

IIpu Kakux n wieHs apudmerwdeckoil nmporpeccun 15, 13, 11, ...
OTpHIATEILHBI?

B apudmernueckoit mporpeccun a,=-10, d=0,5. Ilpu Kakux n
BEINIOJIHAETCA HepaBeHCTBO a, < 27?7
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187. HaiiTu [AeBATHIA 4JieH W PasHOCTh apH()METHYECKOM NpPOTPecCHH,

eCcJIn:
1) a;=126, a,,=146; 2) ag=-64, a,,=-50;
3) a8=—7, 01023; 4) a8:0’5’ a10=_2’5'

188. CBofozHO mazjalmee TeJi0o IPOXOJAUT B IepByio cekyHay 4,9 m,

a B KaXKAYIO caeayromyl cekyHay Ha 9,8 M Goiblme, yeM B Ipe-
aeigynyio. Kaxoe pacerosnue 6yfer npouaeHO MAJAIONIUM TEJIOM
3a MATYI0 CeKyHAY?

Kypc BO3AyIIHBIX BAHH HAYMHAKOT ¢ 15 MUH B NepBEIH JeHL U yBe-

JAYMABAIOT BPEeMA BTOM MpOLEeNypPhl B KaMKABIN CIEAYIOMHAN [eHb
Ha 10 mue. CKONBKO AHEH cjielyeT IPUHHAMATL BO3AYIIHLIE BAHHEI
B YKa3aHHOM peXXuMe, uyToGhl JOCTHYL MX MaKCHMalbHOH IpPOAOJI-
KuTenbHOCTH 19 45 Muua?

IoxkasaTh, 4To 4Jis apudMeTHIeCKON IIPOrpecCHH CIpaBelJIMBO pa-

BEHCTBO a,+a,=a, ,;+a,,, upH n>l.
Haiitu a,,+a,, ecnu a,+ag=30.

1) loxasaTs, uYTO eciW [JI BCEX UYJIEHOB HEKOTOPOM IOCJefo-

=
=
S
-
Q
=
©
=]
o
o
3
o
=
S

BaTeJbHOCTH, HaYMHasA CO BTOpPOIro, ClHIpaBegJIMBO pPAaBEHCTBO

a, +a,.,
a= %, TO 3Ta IOCJIEN0BATENbHOCTh ABJIAETCA apupMeTH-
YecKO#H mporpeccueii.
2) Nokasark, 4TO AJsA apudMeTHUYeCcKOH IPOrpecCHU CIpPaBEAIMBO

an+k+an—k

PaBeHCTBO @, = 5

, n>k. Haiitu a,,, ecau a,,+ay,=120.

ApudmeTuyeckas nporpeccus B TPyAax APEBHUX YYEHBIX

W, IIpodeccop, HaBepHsAKa eIé APEeBHUM YUEHBIM OBIIM M3BECTHBI
OTAeNbHEIEe apudMeTHUecKHe mporpeccuu. Paccraykure, Kaxkue
3aja4Yd Ha 3TH OporpeccHH OHH yMeJH pellaThb.

r JleicTBUTENIEHO, B KJIAMHOIMCHBIX TabJIMYKax BABHJIOHCKHX ydeé-
GO

-

! HBIX M B EMHIETCKHX NTanupycax BCTPeYalTcdA 3ajadd Ha apud-
MEeTHYEeCKYI0 Iporpeccuio. Bor oaHa uM3 3ajad, HalileHHas Ha
BaBUIOHCKHX Tabiuukax: «¥Y 10 6paTeeB 100 mexesneii cepeGpa. Bpar
Haj OpaToM NOAHUMAETCH, a HA CKOJBKO IIOJHHMAETCH — HEH3BECTHO.
Hons Bocemoro 6 mexeseit. Ha ckoubko Beime OpaT Han Gparom?»

B ycnoBuu 3ajadu (PakTHYECKH JaHA CyMMa JeCATH IepBBIX
4JleHOB apudMeTHUYeCKOM MporpecCMd ¥ €€ BOCBMOH 4YJeH.
Ho meusBecTHa gake pasHOCTh nporpeccun. M ary sagauyy mor-
au pemuTh B JIpesHem BaBuione?

Mornu. Ho Torga yuénble He 3HAIH (OpMyJ, & KaMXABIA pas
GEG | pemmand 3aJadd apu(MeTHYeCKMMH MeToAaMH. BaBHJIOHCKHH

VYEHBIN paccy»KJaj ciefyioImuM obpasoM.

§ 12. ApudmeTtnyeckaa nporpeccus 89



» Haiigém cpegrion ans scex gosio: 100 : 10=10 (mexeneit). YaABoeH-
Hasa cpepHaA gonsa (r.e. 20 1mekeneit) — aTo cymMma JoJiel TpeThEro
¥ BocbMOro OpaTrheB (MMeA B BHAY, UTO NIEPBOTO OT TPETLEro, Kak H
BOCBMOI'O OT AECATOr'0 OTAENA0T 2 CTYIeHH, JABe pasHocTH). Eciam
y Bockmoro Gpara 6 mexesneit, To y Tpersero 20 -6=14 (mexeiueit).
PasHocTs MexAy HX moaaMu cocrasiaser 14 —6=8 (mexeneit). Tperne-
ro Gpara OT BOCBMOrO OTAEJNHAIOT 5 CTylNeHeill, 3HAYMT, OLHA CTYIEHB

paBHAa % meKead. <

3aMeuy TOJBKO, YTO B 3ajadye peub mia o6 apudmMeTHUecKOil mpo-
rDecCHH, dYjieHbl KOTOPOHl yMeHBIIAIOTCH, T.€. Y 9TOH HpOrpeccHu

S8
d= 5

C TEeIIPRe g S/

Ma nepebixX N 4nNeHoB
bmeTnyeckoi nporpeccum

M3BeCTHO, 4TO Benukmini Hemeuxkuit matematuk MoranH Kapn ®@puagpux |
Maycc (1777—1855) ewé B AeTcTBEe OTAMYANCHA MaTemMaTUYeCKUMMU
cnocobHocTamMKn. Korpa ero y4yutenb B Ha4YasbHOW LWKONE Nnonpocun
HaTn cymmy nepebix 100 HaTypasbHbIX 4YUCEn, KOHbLIA [aycc noyTn
cpasy pan oteeT: 5050. MNaycc 3ameTun, 4TO CyMMbl nap 4ucen, ogu-
HaKOBO YA@NEHHbIX OT Ha4Yana M KoHua BCEW CyMMbl 1+2+3+...
...+98+99+ 100, ognHakoebl 1 paBHbl 101. Takmx nap 50, 3HauwuT,
BCcA cymma pasHa 101 - 50 =5050. ®daktuyeckum, Maycc ewe B percree
cMor Hautu cymmy nepsbix 100 4neHoB apudmMeTU4eckoin nporpec-
cun, y kotopon a,=1 n d=1.

B atom naparpade sam npeacTouT BbiBECTU HOPMYNY CYMMbl NEpBbIX
n 4neHoB noboi apuPMETUHECKO NPOrpeccun, a TakkKe Hay4yuTbCs
NPUMEHATb 3Ty GOopMyny Ha NpakTuke.

Hy}i{HO BCNMNOMHWTDL.

onpezeieHHEe apu(pMeTHUYeCKOH IIPOrpeccuu;

dopmyny n-ro uneHa apupMeTHYECKOH IIPOTPECCHH;

cBOMCTBO J1060r0 4YjleHa apudMeTHYeCKOH IpPOrpecCHH, HAaYMHAA CO
BTOPOTIO;

crocobrl 3aJaHUsA MOCJEJ0BATEIHLHOCTH;

pellieHUe JUHEWHBIX W KBaJAPATHBIX ypaBHEHWIL.

90 Fnasa lll. Mporpeccum



3apava 1. Halitu cymMmy Bcex HaTypasusHBIX umces or 1 po 100.

p BanuiueMm aTy CyMMy AByMsaA crmocobaMmu:
S=1+2+3+...+99+100, S=100+99+98+...+2+1.
CJI0KYM IIOYJIEHHO 3TH PABEHCTBA:
2S =101+101+101+...+101+101.

100 cn;rneuux
Cnenosarensso, 28 =101-.100, oTkyza
S=101:50=5050. <
PaccMmoTpuM Temephs IIPOMSBOJIBHYIO apU(MeTHYeCKYIO IIPOrpeccuio
Gy Gyy ooy @

gy sxves
ITycre S, — cymma HepBBIX 1 4JIEHOB 3TOM NPOrpeccum:

S,=a,+a, +...+a,_,;+a,.

i PEM, ;‘ CyMMa mepBBIX 7 WIEHOB apuMeTHYeCKOi Ipo-
rpeccuy paBHA

S,= 4t n, 1)

@ Banumem S, aBymMaA cmocobamu:
S,=a,+a,+...+a,_,+a,
S,=a,+a, ,+...+a,+a,.
ITo onpegeneruio apuMeTHUEeCKONH IIPOTDECCUH 3TH PaBeHCTBa MOXK-
HO 3ammcaTh TaK:
S,=a,+(a,+d)+(a,+2d)+...+(a, +(n—-1)d), (2)
S,=a,+(a,—d)+(a,-2d)+...+(a,—(n—-1)d). (3)
Crnosxum 1mouseHHO paBeHcrsa (2) u (3):
2S8.= (a,+a,)+(@a,+a,)+...+(+a,).

—

n cAaraeMblx

a+a s
Cnenmosarensso, 2S,=(a, +a,) n, orkyaa S, = % n
Janaua 2. Hajitu cyMMy HepBBIX IIECTHAECATH YETHBIX HATYPAJBHBIX

qHCeJl.
b TlocmenoBaTebHOCTh YETHBIX HATYPAJbHBIX UHCEJI
2,4, 6, 8, ..., 2n, ...
siBNsieTcA apA(pMeTHUECKO nmporpeccueii ¢ pasHocTeio d = 2. Tak Kak
a,=2n, T0 a;=2, az=120. ITo popmyne (1) Haxogum:

Spe= 2“‘2120 .60 = 3660. <

§ 13. Cymma nepBbiXx N 4neHoB apndMeTUHeckon nporpeccun 91



3apava 3. Haiitu cymmy 38+35+32+...+(-7), ecju HU3BECTHO, UTO
eé ciaraeMble SABJAKITCA MOCJEAOBATEJbHLBIMH 4YjJeHAMH apudmMerH-
YeCKOM IPOrpecCHm.

» Ilo ycaoBuio a, =38, d=-3, a,=-T.
IIpumenss popmyny a,=a, +(n—1) d, noxygaem -7=38 +(n - 1) (-3),
oTKkyza n=16.

aGt+a, 38-17

n HaxoauMm: S ;= -16 = 248. <]

ITo popmyne S, =

3apaya 4. CKOABKO HYYKHO B3SITHh IIOCJEA0BATENbHBIX HATYPAIbHBIX YH-
ces, HauuMHaA ¢ 1, 9To0OBI MX cymMa ObLia paBHa 153?

b HarypaneHbI#i psAj 4ucen — apudMeTHdecKas IPOTPECCHS C PasHO-
crei0 d=1. Ilo ycnosuio a, =1, S,=153. @opMyay CyMMBI NePBBIX
n 4jJeHOB npeobpasyeM Tak:

a+a g+ ay+(n-1)d 2a,+(n-1)d
S =—"—".p=-"21A n=—"1———.n.
e 2 2 2
Hcnonp3ysa AaHHBIE, IOJy4YaeM ypaBHeHHE C HEeHM3BeCTHBIM I
153 = M;;n_l n,

OTKYa
306=2n+(n—-1)n, n2+n-306=0.

Pemasa saTo ypaBHeHHe, HAUJIEM:
_ -1%+1+1224 -1+35 , n,=-18, n,=17.

n =
1,2 2 9
Yucsio caaraeMbIX He MOYKET ObITh OTPHIATEIBHBIM, modToMy n=17. <

YCcTHbIe BONMPOCHI U 3aAaHus \

1. ChopmMynupoBaThs TEOpPeMYy O CYMMe ITepBBLIX 71 YJIEHOB apu@MeTHde-
CKOM IIPOTDECCHH.

2. IlepeumcanTh BTambl [JOKA3aTEJbCTBA TEOPEMBl O CYMMe IIepPBBIX
n 4IeHOB apu(pMeTHYeCKOH IPOrpecCHMH.

3. IIpouurath (opMyay CYMMBI HEPBBIX 77 YJI€HOB apHpMeTHYeCKOH
IIPOrpeccuy, MOJYUYEeHHYIO B XOJe pelleHHs 3ajadyd 4.

BBOAHbIE yNpaxXHeHus |

1. Hajitu panmuoHajJbHBIM crocofoM cymMmy:
1) 1+2+3+4+5+6+7+8+9;
2) 3+5+7+9+11+13+1656+17.
2. Haiitu n-ii unen apudmeruueckKoud mporpeccum —7; —4; —1; ...
3. HaiiTH nepBBIe NATH YJIE€HOB apu(MeTHYECKOil mporpeccu#, y KOTO-
- 1 1
poit a, > d 3
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4. Haiitu HOMep 4jeHa apu(pMeTHUYECKOH IIPOrpeccHH, 3aJaHHOrO (op-

4 2
MyJIo# ofmmiero 4djieHa a,= 3 n+5, ecnu a,=11.

5. JloxasaTh, 94TO B apu(dMeTHUYeCKOil IpPOrpeccHu a,+a,=a,+a,_ ;.

YnpaxHeHus |

192,

193.
194.
195.

196.

197.

198.

l%‘

201.

202.

HaijiTu cyMMy NepBBIX 7 4YJI€HOB apu(pPMeTHYeCKOH HpOrpeccH,
eCcJIn:
1) a,=1, a,=20, n=>50; 2) a,=1, a,=200, n=100;
3) a,=-1, a,=-40, n=20; 4) a,=2, a,=100, n=50.
HaiiTn cyMMy BCeX HATYpaJbHBIX ducesl oT 2 10 98 BKIIOYHATENBLHO.
Haiitn cymMMy Bcex HeuéTHBIX umces oT 1 mo 133 BKIOUHTENBHO.
Haiity cyMMy JBeHaAIATH NePBLIX YJEHOB apudpMeTHUeCKOH IIpo-
r'DEeCCHHU, eCclH:

1

1) a,=-5, d=0,5; 2) a,= 5, d=-3.

HaiiTm cyMMy HepBBIX 71 4JI€HOB apu(MeTHUYeCKOM MpOorpeccHuu:
1) 9: 13; 1T; .oy ecmm n=11;

2) -16; —10; —4; ..., eciu n=12.

HajiTiu cyMmy, ecau eé ciaraeMble — IOCJIe[AOBaTeJIbHBIE YJIEHBI

apudMeTHIECKOH IIPOIPEecCHH:

1) 3+6+9+... +273; 2) 90+ 80+ 70+ ... + (-60).

HaijiTu cyMMy BceX JBY3HAUHBIX YHCEJ; CYMMY BCeX TPEX3HAUYHBIX
qHCcel.

Apudmerunueckas nporpeccus 3ajgasa popmysoi n-ro uiena. Haii-
T™ S;,, ecyu:

1) a,=3n+5; 2) a,=7+2n.

TlocegoBaTeNbHOCTE 3a/laHa PEKYPPEHTHOM dopmyoit a,, ,=a,—3
u yciaoueM a,="7. HaliTu cyMMy JeBATH NEPBLIX YJIEHOB ITON
II0CJIeJOBATEIbHOCTH.

CKOJIBKO HY3KHO B3fATH IIOCJEJOBATEJLHBEIX HATypaJbHBIX YHCe,
HauymHada ¢ 3, 4yToObl UX cyMMa Oblia paBHa 757

Haiitn @, u d apudMeTHYeCKOil NIPOTPECCHH, Y KOTOPOIi:

1) 4,=10, n=14, §,,=1050;  2) a,;=2, n=10, S,,=90 2.
Haiite a, u d apudMeTHIeCKOH IPOrPECCHH, €CJIH:
1) a,=21, S,=205; 2) a,,=92, S,,=22.

Ilpu xpaHeHuMH OpPEBEeH CTPOEBOIO Jieca MX YKJIAALIBAIOT TaK, Kak
noxasaHo Ha pucyHKe 25. Crosbko OpEéBeH HAXOAHUTCA B OJHOM
KJaJKe, ecJid B eé OCHOBAHMM NOJIOKeHO 12 Opésen?

§ 13. Cymma nepebix N 4NeHOB apudMeTM4eckoin nporpeccun 93



N
4

Puc.

B apudmerudeckoit nporpeccum a,+a,=8. Haiitu S,,.
HaiiTu nepBBIfi 4jleH M pa3HOCTh apudMeTHUeCKOil IIPOrpeccHH,

ectm S;=65 u S,,=230.

JlokasaTs, 4TO A apu(]MeTHUEeCcKOil IPOTrPeCcCHMH BEINOJHAETCHA

paBeHCTBO S,,=3(Sg—S,).

s
=
Q
=]
=
Q
s
©
(=]
e
Q
g
©
=
g

94

Cymmbl apudmMeTUHecKux nporpeccuMii B ApeBHUX MaHyCcKpuMnTax |

il IIpodeccop, Bel rosopuin, 94To ApeBHHE MATEMATHKH He 3HAJH |
404 obmux (opMys ANA HAXOMKJEHWS UWIEHOB IIPOrPecCHH, a 3HA-
4uT, He OGBLI0 M GOPMYJ AJNA HAXOMKAEHHA CYMM €€ 4IeHOB?

OTzenbHble CAydYam CYMMMPOBAHHMSA YJIEHOB IPOTPECCHH BCTpe- |

) YyaloTcA B MaTeMaTH4YecKHX nmaMATHHKax Il Teicavenerus 10 H.3.

*" Opmaxo Torza o6mux GopMys AnsA HAXOKAEHUS CYMM Iporpec-
cHii He Opuro. Tem He MeHee HM3BECTHO, YTO OSMIMPHYECKHM IYTEM
B JpepHem Erunte OblI0 BeIBefeHO (JJIf pelleHHs NPUKJIANHBIX 3ajxad
pacnpejiesieHusi IPOAYKTOB, AeJeHUs HacjJeAcTBa M T.I.) IPaBUJIO HAa-
X0 AeHus J06oro uieHa apuMeTHUYECKO TPOTPeCCHH, eClIH H3BECTHBI
cymMa S IepBHIX 7 €€ WIeHOB M pasHocThk nporpeccun d. B coBpemesn-
HBIX 0003HAYEHMAX NPABUJIO HAXOMKAEHHMS NEPBOTO WieHa TAKON Ipo-

S
rpeccMM MOKHO 3amucaTh B BHAe (dopmynsl a,= = (n—-1) %

B VB. 10 H. 3. rpeKH y)Ke 3HAJIM TaKue NPOTrPECCHH, KaK IOCJeno-
BATEJBHOCTh HATYPAJBHEIX YKCEJ, IOCJHeJ0BATENBHOCTH YETHHIX M He-
YETHBIX YHCEJ, a TAKyKe yMelIW HaXOAMTh HX CYMMBI:

n(n+1
1+2+3+...+n=(—2—)—,

2+4+6+...+2n=n(n+1), 1+3+5+...+(2n—1)=ns

HsBecTHO, uTo ApxMMe] HCCJIef0BaJ pasHbIe OCJeA0BATENHLHOCTH
¥ ONA HYXJ MeXaHWKH BbIBeJ (OpMYJYy CYMMBI KBAJApPaTOB HATYpajb- |

HBIX UHCeN: 12+22+32+...+n2=%n(n+1)(2n+ 1).
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i C moMoOmpBI0 KAKOTO JKe NpHéMa OH BBIBeA 3Ty Gopmyny?
274 Sl MOoMHIO, KaK [0JIr0 B NPOILJIOM TOAY MBI HAXOAWJIM CyMMY
g 1 1 1 1
+ + +ot —.
2-3 3-4 4.5 99-100
Toro, Kax Bel mozckasanu, 4TO KaykJoe cjlaraeMoe CyMMBI MOMKHO Ipej-
L 1 1
Th B BHJAE PA3HOCTH: ——— = — — ———.
TN e R nn+l) n n+1l

r Cnoco6, KoTopeIM ApxXHMeZ BhIBes (GOpPMYyJy CYMMEI KBAAPATOB

W Hamam eé TOJABKO Iocje

) HATYpaJbHBIX umMces, A He OyAy BaM paccKashlBaTh B Hajlexne,

UTO MHTEpecyolHecs MATEMATHKON INKOJbHHUKM HaWAYT ero
CcaMOCTOATENBHO B KHHIMaX IO HMCTOPDMHM MaTeMaTHKH. Bmecto aroro
paccKasky 0 MeTOJe, KOTODHIM MOXKHO JOKa3aTh, UYTO NPeJIOMKeHHAs
GopMysa HAXOMKAEHUS CYMMEBI 4YJIEHOB IIOCJEJOBATENbHOCTH AeiCTBH-

' >/

P
A

MeToa mMaremMaTU4eCKOW MHAYKUMU

> [To3HAKOMHMMCSH C 9THM METOJOM IPH AOKA3aTeJIbCTBe (OPMYJIBI
m? Apxunmena. Ilyers maHa mocnemopaTenabHOCTs 12, 22, 32, ..., n?,

JoxaskeM, uro cymMma S, IepBBIX 71 YJeHOB HaxoauTcs 1o (opmyie
S,= s n(n+1)@n+1). *)

@ 1) IlpoBepuM cHpaBeAAMBOCTL 3TOM  GopMyasl npa n=1:
Slz—él(l +1(2-1+ 1)=% -1-2.3=1. Ona n=1 dopmyna (*) BepHa.
2) TlpepmosoxxkumM, uro ¢dopmynaa (*) BepHA AaAs HeKOTOporo n=Ek, T.e.
YTO BEPHO PaBEHCTBO S, = % Ek+1(2k+1).

Ioxasxem, uTo B aToM ciayuae ¢opmyna (¥) BepHa u ana n=k+1,
T.e. 4TO BePHO PaBEeHCTBO S, ;= -é—(k +1)(k + 2)(2k + 3). Umeem

S, = 12422+ 3%+ ... +k* +(k+1)2
S

Ilo mpeamosoxenuio S, = %k (k +1)(2k + 1), moaromy

E(+1)(2k+1)+6(k+1)? _
6

Sk+1=%k(k+1)(2k+1)+(k+1)2=
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_ (B +1)(2k% + k + 6k + 6) % (B+1)(2k*+ Tk + 6) _ (k+1)(k+2)(2k +3)
6 6 6 ’

T.e. Sy, = %(k +1)(k +2) 2k + 3).

TakumM ob6pasomM, eciu dopmyna (*) BepHa Ana n=Fk, To OHA BepHa
Hana n=k+1.

WUrak, npu n=1 ¢opmyna (*) BepHa, 3HAYHAT, IO AOKA3AHHOMY OHAa
BepHA H JUIA cjexyiomero HarypaabHoro n=2. Tak kak gopmyna (¥)
BepHa NpH n=2, TO IO JAOKA3aHHOMY OHA CIDPaBeJJIMBA M NpH n=3
H T.x. CnemoBarenbHO, (opmyna (*) cnpaBeijimBa NIpH JIIOO0M HaTY-
painsHOM 712. ()

' Kaxoit sameuaTelbHBIH MeTOJ NOKa3aTeJILCTBA.

On HaswIBaeTcs Memodom mamemamuyeckoil undyxyuu (cioBo
«HHAYKIHA» OPOMCXOAUT OT JIaATHHCKOTro cioBa inductio — Ha-
BeJleHHe). ITOT MeTOoJ COCTOMT B CJIeAVIOIIeM.

Ons Toro 4robbl AOKa3aTh CIPABEIJIMBOCTE HEKOTOPOTO YyTBepje-
HHAA (popmMyssl) ans J0bOro HaATypaJbHOTO 4YHcaa n, Heobxommmo:
1) DpOBEpPHTHL CHPABEAJHBOCTL YTBED)KAEHHUA NpH n=1;
2) U3 TpeANOJIOKEeHUA O CIPABEJJHBOCTH YTBEDXKAEHHA HuA n=Fk no-
KasaTh CIPaBEeIJHMBOCTH 3TOTO YTBEPIKJAeHHA AndA n=Fk+1.

Xorenock Obl mONpo6OBaTH CAMOCTOATEIBHO JOKA3aTh KaKue-HH-
c+*’ Oyap GOpMYJBI HJIH YTBEPIKAEHHA C NOMOIIBIO MeTOJa MaTeMma-
THYECKOH HHAYKIHH.

@ ITo:xkanyiicra. IlonpobyiiTe ybeauTsca B CIPaBeJIHBOCTH CIeAy-

omux dopmyn:
T U TRy
4

1222432424 ..+ (1)~ In2= (1)1 2OED

2

MeTpu4eckKas nporpeccus

B arom naparpade Bbl NO3HAKOMUTECHL CO BTOPbIM BMOOM Mporpec-
CUM — reOMETPUYECKON nporpeccuen. Hayumtecb HaxoguTb N-W 4YneH
3TO Nporpeccur, NO3HaKOMUTECb CO CBOWCTBOM, MPUCYLLUM YneHam
reoMeTpUHECKO NPOrpeccum C NoNOXuUTENbHbIMU YneHamu. MNoinmére,
YTO HEOOQHOKPATHO BCTPEYauChb B XWU3HWU C ABNEHUAMU, NPOTEKaoWm-
MK MO 3aKOHaM reoMeTpu4ecKOon Nporpeccuu.
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HyXHO BCNOMHMUTL:

HOHATHE YHCJIOBOM IOCJIeA0BATEILHOCTH;

cnocobrl 3afilaHUA MOCIEA0BATEILHOCTH;
olpejieJieHUe CTEleHHW C HATypaJbHBIM IIOKAasaTeleM;
CBOMCTBa CTeNeHH C HATYPAJbHBIM IIOKA3aTeJIeM;
NOHATHE KBaJIPATHOI'0 KOPHSA;

NOHATHE IPOIEHTA;

GopMyny HAXOMXKJEHHUS IPOIEHTOB OT YHCJA;
pellleHMe ypaBHeHW# Buaa x2=a npu a>0;
yciaoBue paBeHCTBA a*=a¥, rae a>0, a=1.

PaccMoTprM paBHOCTOPOHHHMM TpPEYrOJbHHK CO CTOPOHOM 4 cM.
ITocrpoM TpeyroJbHMK, BepIIMHAMH KOTODPOTO SBJISAIOTCA CepeIuHBI
CTOPOH JAaHHOro TpeyroabHuKa (puc. 26). Ilo
CBOMCTBY CpeJAHEll JWHHH TPEyroJbHHKa CTO-
poHa BTOPOrO0 TPEYroJlbHHKA paBHaA 2 CM.

IIpogosxaa aHaJNOTWYHBIE TOCTPOEHHUS, IIOJY-

»
YUM TPEYroJBHUKH CO CTOpPOHaMH 1, %, %cm y
M T.J. 3alUlIeM IOCJIeAOBATENbHOCTh IJIHH
CTOPOH 9THX TpPeyroJbHHAKOB: 4, 2, 1, %,
1. @
i B e Puc. 26

B aToii mocyiegoBaTeNLHOCTH KajK/blil €€ uJieH, HauWHasg CO BTOPOTO,

paBeH IpeaBIAYyINeMYy, YMHOXX€HHOMY Ha OZHO M TO Ke 4YHCJIO é

0 IIpengejyieHHe. YucaoBasa nmocjaenoBaTeJIbHOCTh
Bs By By vy Blaiana
Ha3bIBaeTCH I‘eOMOTplI‘IBCROﬁ HPOPPECCHGIU!, eCJIH [Jisi BCeX HaTy-
PajJdbHBIX N BBINOJHAETCA pPaBeHCTBO
bn +1 = bnq’

rae b, #0, g — HekoTOpOe 4YMCIO, HE PaBHOE HYJIIO.

ba+l

W3 sToit popMyIEl caexyer, 9TO = ¢. Yucno ¢ HaspIBaeTCA 3HA-

MeHaTeJleM I'eOMEeTPHYECKOM IIPOrpecCHH.
IIpumepsr

1) 2, 8, 32, 128, ... — reomerpuueckas NpOrpeccHMsi CO 3HAMeHATeJIeM

g=4;
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2.3, %, %, %, ... — reoMeTpUYeCcKas IpPOrpeccus co 3HaMeHaTe-
JeM q = g;

3
3) —%, 1, —-12, 144, ... — reomeTrpudecKas IPOrpeccus CO 3HaMeHaTe-
neMm q=-12;
4) 7, 7, 7, ... — reoMeTpuuYecKas MNpOrpeccus co 3HaMeHarTejeMm ¢=1.

3apaua 1. Jloxasars, YTO IIOCJIEJOBATEJbLHOCTH, 3aJaHHAaA dopmyoit
b,= 72", gBAAETCA I'€OMETPHYECKOH Iporpeccuei.
» Ormerum, uro b, =T7*"#0 nmpu Bcex n. TpeGyerca AoKasaTh, 4TO

b
YaCTHOE ——~ — OJHO W TO K€ UUCJO AJNs Bcex n (He 3aBUCHT OT ).
n
n+1 72[n+1] n+1
ITonyuaem T — 7 = 49, T. e. yacTHOE 5 He 3aBHCHT OT 7.
n n

Ilo onpezeseHNI0O TeOMeTPUYECKO NMPOrpecCcHu

b,
bu+1=bnq’ bn—1= —q_’
OTKYyZa \
b2=b _b ., n>1

n Eciu Bce YjieHBI IeOMETPHUUYECKOU IMPOrpEecCHH IOJIOKUTENBbHBI, TO

b,= \[b,_1b,.,, T. €. KaXK/Jblil WieH OIPOrpeccuy, Ha4uHas co BTOPOro,
paBeH CpeJHEMYy IreOMeTPUYeCKOMY ABYX COCEAHHMX C HHUM 4JIE€HOB.

Ormerum, 9TO ecau b, M ¢ 3alaHBI, TO OCTAJIbHBIE UJIEHBI IeéOMeTpH-
YeCcKOW IIPOTPECCHH MOMKHO BBIYMCJIMTH II0 PeKypPPeHTHOH (opmyse
b,.,=b,q. OnHako ans GOJNBIINX N BTO TpyaoémMro. OGBIYHO IOJIB3YIOT-
ca (opmyJioil n-ro dieHa.

Ilo ompeneseHUI0 reoMeTPUUYEecKON IIPOrpeccuu

b,=b,q,
= — 2
by=b,9=0,q%
= e |
b,=bsq=b,¢° u T. 1.
Boobme
b, =bia" Y g
TaK KakK 7-¥ 4JeH reoMeTPUUYECKO# IIPOrpeccud IOJIydaeTcA U3 IepBOro
yjeHa yMHO;KeHueM (n— 1) pas Ha 4HCIO §.

®opmyny (1) nHassiBaoT ¢opMyJIOH n-ro YieHa reoMeTpHYeCcKOMH

IPOTrPeCcCHH.
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3apavwa 2. Haiitu ceapMOil 4jleH reOMETPHUYECKOH IIPOTPECCHH, eCJIH

b,=81 m ¢ = 3.
e
b Ilo dopmyse (1) umeem b, = 81-(5] =36 = e
Japavua 3. Yueno 486 ABasercs 4I€HOM reOMETPHYECKOH IIPOrpeccHH
2, 6, 18, .... Haiitu HOMEp aTOrO ujIeHA.

» Ilycrb n — uckomelii Homep. Tak kak b, =2, ¢=3, T0 no Qopmye
b,=b,q""! umeem 486=2.3""1, 243=3""1, 35=8"-1,
orkyaa n—1=5, n=6. <

3apaua 4%. B reomerpuueckoii mporpeccun by =96 n by =384. Haiitn
dopmyny n-ro uiena.

» Ilo dopmyne b,=b,¢" ' umeem by=b,q°, by=b,q". Iloacrasus nan-
Hble B YCJIOBMM 3HaYeHHdA by u by, monyumm 96=b,¢° 384=bq".
Pasnenns BTOpoe M3 9THX DABEHCTB HA NePBOE, IOJIYIHM

384 _ bg"
96  bg®’
oTkyna 4=¢q? wunu ¢?=4. U3 mocrefHero paBeHCTBA HAXOAUM = 2

umm g=-2,
Yro6sl HAWTH TepBEIA YJIeH NPOTPECCHM, BOCIOJIL3YEMCH pABEH-
crBoM 96 =b,¢5.
1) Ilpu ¢ =2 Haxogum:
96=">,-2° 96=0b,-32, b, =3.

Ecnu b, =3 u ¢=2, To popmyna n-ro urena umeer Bug b =327 1,
2) Ilpn g =-2 maxogum:

96 =b, (-2)°, 96 =0, (-32), b, =-3.
Eciu b,=-83 n ¢=-2, 10 ¢dopmyna
n-ro 4jeHa UMeeT BUJ

b,=-8(-2)*-1,
OteeTt. b,=83:-2""! pnu
b,=-8-(-2)*-1, <

dapava 5%. B OKPY’KHOCTL BIHCAH KBa-
ApaT, a B HeEro BIMCAHA BTOpas OK-
pyHOCTE. BO BTOpPYI0 OKpYKHOCTH
BIHCAH BTOPOH KBajpar, a B HEro —
TPeTbs OKPYKHOCTb U T. A. (puc. 27).
HokasaTh, YTO pagMyChl OKPYKHO-
cTeil 06pa3yioT reoOMEeTPHYECKYIO IIPO-
TpeccHIo.

b Ilycre r, — paguyc n-ii OKPY>KHOCTH. Puc. 27
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=r2, orkyma r;,,= 1.2 pak

2
Torpa mo tTeopeme ITudaropa r2 , +r2 2 = 5 s

n+1
KakK > » 0 +1 o

Jz

3HaunT, OCIENOBATEIBHOCTL PAJHYCOB OKPYKHOCTe#l obpasyeTr reo-

1
MEeTPHUYECKYIO IpPOrpecCHi0 CO 3HaMeHaTeJleM 7—2—.

3anava 6. Brkaaguuk moMecTus B 6aHK a pyOseit moj exeroaabie p% .
Kakyio cymMMmy OH OGyZer mMeTh Ha c4eTy dYepe3 3 roja, ecim OH
He OyseT CHUMATH HAYHMCIEHHA?

p UYepes rox Ha BRIaAe bymer a+a- W = a[l + T{E) pybuneii. Yepes

2 roja cyMMa BKJaja YBEJIWYUTCS emeé Ha p%, HO yXKe OT CyM-
MBI, KOTOpasi OKasajach Ha CYeTy 4yepe3 roji, U craHeT (B pyoOnsx)
paBHOH

2
P N2 slre 2 Y [10 B Vealivas
a(1+100]+[“(1+100]) 100 [1+100) [ +100) a(“mo]'

Haiigém cymmy (B py6asx), Koropas OyjgeT Ha cdeTy uepes 3 roja:

2 2
A +[a(1+i] ].L=
100 100) | 100
p ) P p )
_a[l'l'mJ [1+m):a(1+m).

@opmyny obmiero 4jieHa reoMeTPHUYECKOW NPOTPECCHH, 3aNMCAHHYIO

n
B Buge b = b, [1+ %} Has3bpIBAlOT (POPMYJIOH CIIOMKHBIX NPOLEHTOB.

3apava 7. Bagk mHaumciaser mo BrJagaMm 4% ronoBeiX. CKOJBKO JeHer
fyner Ha cueTy y BKJaJ4YMKa 4Yepe3 5 JIeT, €CHH OH IOJOXMJI Ha
cuér 100 000 p. ¥ He CHMMAaJ HAYHMCICHHUA?

p Hckomyio cymmy aeHer b HaijgéM 1o GopmyJsie CI0KHBIX IPONEHTOB
opu b, =100000, p=4, n=35:
b=100 000 (1 + 0,04)° =100 000 - 1,045=121 665,29,
T.e. 121 665 p. 29 k. <!

CnosXHBIE NPOLEHTHI SBJIAIOTCA IPUMEPOM TaK Ha3bIBAeMOTrO 3KCNO-
HeHYUaIbHOZO pocma BenwdwH (pocTa B TeOMETPUYECKOW mporpec-
CHH).

100  rnasa M. Nporpeccun



YcTHbIE BOMNPOCHI U 3apaHus

1. Yro HaswIBaeTCA reOMETPHYECKOH mporpeccueit?

2. Yro HaspIBaeTCs 3HAMEHATEJeM reOMeTPUYECKOH IporpeccHu?

3. IlpusecT: mpumep reoMeTpMYECKON IPOrpeccuy, 3aJjaHHON: 1) mepe-
YUCJIeHHWEM €€ IMepBBIX Tpeéx wieHoB; 2) (GOpMyJIoH n-ro dJeHA;
3) mepBBIM UJIEHOM ¥ 3HamMeHaTeseM. HailTu eé 4eTBEDTHIH UJeH.

4. ChopmyaupoBaTh CBOMCTBO KajXK[Or0 4YJI€HA TE€OMETPHYECKOH Ipo-
TPecCHH, HAYMHAs CO BTOPOIO, €CJIH BCE YJIEHBI IIPOTPECCHH — IOo-
JIO3KHTEbHBIE YHUCIA.

5. Kakas dopmyna HasbiBaeTcsa (GOPMYJIOH CIO0MKHBIX IPOLEHTOB?

6. Yro rakoe 9KCIOHEHUMANbHBIM pocT?

BBOAHbIE ynpaXHeHus |

1. Haiitu yacTHOe:
1 1 2 4 4
—i1=; 2) —:—; T =3 A 3
1) 15°8 )15 5 3) 8 5 4) 0 100
2. Berumcaute:

2 4 3 5
2. . . 9)2: . 35, 1).(1
1) (15], 2)[ 2), 3) (6-2)% 4) 3°:3% 5) [3}{3)

3. Haiitu n, ecnm:
1) 3"=27; 2) 5"+1=125; 3) 6"~ 1=216; 4) 2"~2=32,

. 1) .
4. TlocnemoBaTenbHOCTHL 3afiaHa (POPMYJIOH 7-TO WIeHA: x = [E . Haii-

TH IepBble YEThIPDE UJIeHA 9TOH I0CJeI0BATEeJHLHOCTH.

YnpaxHenus |

208. (Ycruo.) HasBaTh mepBBIf ujleH M 3HAMEHATENb I'eOMEeTPUUYECKOM
IIPOI'PECCHU:
1) 4, 2, 1, ...; 2) -10, 20, -40, ...; 3) =50, 10, -2, ....

209. 3anucaTh nepBble HATH YWIEHOB IeOMEeTPHYECKOI POTPECCHH, eCIIH:
1) b,=12, ¢=2; 2) b,=-3, g=-4.

210. loxasaTb, UYTO IOCIELOBATENLHOCTb, 3alaHHAA (DOPMYJOH n-TO
YiIeHa, SABJIAETCHA I'eOMeTPHUEeCKO# Hporpeccuer:

1

n-2
1) b,=3-27 2) b,=5"% 3) bn=(-3—] ; 4) b= —1

59—1 .
211. Ina reoMeTPUYECKOM NPOTPECCHH BBIYUCIIUTE:
1) b,, ecin b, =3 u ¢=10; 2) b,, ecan b1=4nq=%;
3) by, ectu b, =1 u g=-2; 4) b, ecmu b;=-3 u ¢ = —%.

§ 14. l'eomeTpuyeckas nporpeccus 101



212.

213.

214.

215.

216.

217.

218.

219.

220.

221.

102

Banucars GopMyJy n-ro 4ieHa reOMeTPHYECKOM IPOrpeccHH:

1) 4, 12, 36, ...; 2) 3, 1, %
1 16
4, -1, —, ...; , =4, —, i
3) 4, -1, 4 3, -4,

Haifitht HOMep NOAYEPKHYTOrO 4jeHA TIeOMeTPHUYECKOil IIporpec-
CHUM:

1)'6, 12, 24, 48, ..., 192, ...;

2) 4, 12, 36, 108, ..., 3

24, ...
3) 625, 125, 25, 5, ..., zl .

;.

o

4) =1, 3, =4, 8, ..., 128, ....

HaiiTu 3HaMeHaTeJb NeOMeTPUYECKOM HPOrpeccuu, ecim:
1) b,=2, b;=162; 2) b,=-128, b,=-2;
3) b,=3, b,=81; 4) b, =250, b,=-2.

JIlana reomerpuueckas nporpeccus 2, 6, 18, ....
1) BeIuMCAUTL BOCHMOW YjeH 9TOH IPOrpeccHH.
2) HaiiTi HOMep UJIeHA IOCJIeAOBATEJbHOCTH, paBHOro 162.

HaiiTy cefbMOii 4IeH ¥ 3HAMEHATe/b 'eOMEeTPUYeCKOH IpOorpeccuu
C HOJIOMKHUTEJLHBIMH YJIeHAMM, €eCJIH:

1) b=, by=81;  2) by=9, by=3.

HaiiTi nATHIA ¥ NepBhIH YIeHbl FeOMeTPHYeCKON IPOrpecCHy, eCJIM:
1) b,=5, bg=20; 2) b,=9, bg=4.

Braaguuk 3 sasaps 2012 r. Buéc B coeperarenbuelii 6ank 300 000 p.
Kaxoii 6b11a cymMMa ero Bkjaajga Ha 3 sHBapa 2014 r., ecau cbep-
6aHK HAYMCIAJI exxerofHo 6% OT cyMMBI BKJajga?

Ilar xBazpaT co cropoHoi 4 cM. CepeJlMHBI €r0 CTOPOH SABJIAIOTCH
BepIIMHAMHM BTOpOro KBajpara. CepeiMHBl CTOPOH BTOPOTO KBajpa-
Ta ABJAAIOTCA BepIIMHAMH TPETLEro KBazpara M T. A. JlokasaTs, 4TO
[IOCJIeJOBATEIbHOCTE ILJIOINAZeil 3TUX KBaJpaTOB fABJSAETCA reoMeT-
puyeckoil mporpeccueil. HadiTu miomajb celbMOro KBajpara.

Kasxkmoe mnpocreiiniee OJHOKJIETOYHOE XHMBOTHOE HH(Y30PHA-TY-
(denbpka pasMHOMKaercs Aesenuem Ha 2 yacTu. CKOIBKO naby30pUn
6BLIO TIePBOHAYAJBHO, €CJIH IOCJie IIeCTUKPATHOrO [eJIeHHA HX
craso 3207

IlokasaTb, uro ecau x#0, To umcma v3x, xV3, x+3x saBagTCA
TpPeM# IIOCJIeN0BATENbHLIMH YJIEHAMH IeOMeTPUYECKOM IIPOrPEeCCHH.

Fnaea lil. MNMporpeccuun
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. Bappoy (1630—1677) npu 0603HaYeHHN IeOMETPHIECKOMN IPOrPeCcCHH.

MpoucxoxaeHne Ha3BaHUs reoMeTPUYECKOl nporpeccum ,

ITpodeccop, moaBieHne Ha3BaHUA apudMeTUUeCKON mporpeccuu
478 OYeBMAHO: KaXKABIA eé uieH, HAUMHAS CO BTODOTO, SABJSAETCH |

CPelHUM apu(PMeTHYeCKUM COCeAHUX C HUM UJIeHOB. A Kak mo-

AABUJIOCH HA3BaHMeE reoMeTPUYECKOU mporpeccuu? |

Ter omubaembes (keTaTH, KAK ¥ MHOTHe yuyamiuecs) B obbsc- |
J HEHMM NPOMCXOXKJAEHHS HA3BAHWA apupMeTHYecKOd mporpec-
cun. Ceiiuac noiiMéms nodemy. Y ADEBHUX IDEKOB TEODHSA T'eO-
MeTPUYeCKUX Iporpeccuii 6buia cBA3aHa ¢ TaK HaskIBaeMoil zeomempu-
Yeckol nponopyueil: a:b=b:c, B KOTOPOH MOJOMKHUTENbHEIE YHCIA d,
b u ¢ neficTBHTENBHO 06pPA3YIOT IeOMETPUHUECKYIO NPOrDECCHI0 CO 3HA-

Lo

MeHAaTeJleM, pPaBHBIM - ¥ I'PEKOB CYLIEeCTBOBAJIO TaKKe IIOHATHe
a

apupmemuvecroit nponopyuu: a—b=>b-e¢, B Koropoit uncna a, b u ¢

c—-a
o6pasyior apudMeTHIecKyio NPOrPecCUio ¢ PABHOCTHIO, DPABHON 7

IIporpeccuu y rpexoB paccMaTpUBAIMCh KaK JIOTHYECKOE MDPOLOJIKEHHE
IPONOPIHMA, HOITOMY HA3BAHHMSA 2€0MEMPUYECKAA U apudmemuveckas
GBLIM epeHeceHs! ¢ MPOIOPNUil HAa COOTBETCTBYIOMMe mporpeceun. Tax
H9TO, CKOpee BCEro, B HCTOPHMH MATEMATHKM HOJIYCYMMY IBYX 4YHCEN |
CTANH HA3BIBATH CPEOHUM aApupMemuveckuM, 3HAA, YTO B apudMeTH-
a+c

4Yeckoit npomopuum a—b=>b—-¢ unecno b = . A KOpeHB KBaJpaTHBIH

U3 NPOM3BEAEHMA ABYX NOJOMKUTENbHBIX YHCEJ CTAJ¥ HASHIBATH cped-
HUM zeomempuieckum (a MHOTIA CPeOHUM NPONOPUUOHANLbHbLM), BHASM,

49TO B NeOMEeTPHYeCKON mpomopuuu a:b==5b:¢ uuciao b = vac.

O6Go3HayeHus nporpeccwuii |

7ew, ITpodeccop, mexaBHO Ha fnave s Hamuaa yueGHHK aare6phi, IO
A KOoTOpoMy y4mujack mos GaGymka. Tam a yBugena obosHauenue |
: apu(pMeTHYecKoii NporpeccHH 3HAYKOM + W I'€OMETPHYECKOH |

nporpeccuy sHauxkoMm . Krto mpumyman stu obosmaveHma? I’

B npomuiom mHamem amasnore o6 ucTOpuMM HasBaHWI mporpeccuit

d BaM pacckasai, 4to B J[Ipesneit I'penuu nporpeccun cumTagmncs

~~  IOpOXJeHHEeM COOTBETCTBYIOMUX mIpomopunuil. [eomerpuueckyio
nponopuuioo a:b=>b:c rpeku umHOrga o603HAUANM 3HAKOM ++. DTOT
3HAK MOMKHO BCTpeTHTh B paborax aHriamiickoro yuénoro Hceaakxa

B XVIII 8. aTor 3HaK nepexkouyeBaJ B IIKOJbHbIE Y4eOHUKH AHTIUM
u @pannuu, a noasxe — u Poccun. ITo amasorum co sEakom ++ apud-
MEeTHYeCKYI0 NpOrpeccHI0 cTanu o003HavaTh +.

~ e - —————— /

§ 14. leomeTpuyeckas nporpeccus 103
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3KcnoHeHUMWanbHbiii POCT BENYUH

IIpodeccop, A BCOIOMHHI JiereHAy, KOTOPYIO Bel HaM paccKasbl-
247 Bamm emé B 7 Kaacce. Myzpen, KOTOPHINA W300pEén maxmarsl, mO-
*  mpocmn y magumiaxa 3a cBoé maobpeTeHue 3épHA MIIEHMILBI B Cle-
AVIONIMX KOJMYECTBAX: 3a HEPBYIO KJIETKY IIaXMaTHO’ JOCKH — 1 sepHo,
3a BTODYIO — 2 3epHa, 3a TpeThio — 27, 3a YeTBEPTYIO — 23, ..., 3a mo-
crennion 64-10 kiaerky — 2% gépen. M magumax Bejel CIyram BhIAATbH
rpefyeMyio mmeHuny. Msl Torga HOHAJNH, YTO HA CAMOM el usobpe-
TaTeN b MONPOCHJ HEeBePOATHO OOJIBIIOe KOJHYeCTBO 3E€PeH.

F JlelicTBUTENIBHO, TOJBKO 34 MOCIEJHIOKN KJIETKY MYJpel Iompo-
| C@ cun 203 3épen, uro obpasyer 20-paspsjHOe YHCIO 3EpeH. ITO
@ KOJHMUYEeCTBO BoJbIIe, YeM 00'hbéM 3epHa, BhIpAIuBaeMbIi Ha BCei
Bemuie 3a roa. TaxuM HHTepecHBIM 00paszoM majumiax MNO3HAKOMHJICHA
¢ SKCIIOHEHIMAJNHHBIM POCTOM BeJMuyuH. PaKTHYECKH B BTOM JiereHne
pedn 112 O IreOMETPUYECKOH MPOrPecCH, y KOTOPOH b,=1mu g=2.

IIpodeccop, NpHUBEAUTE, MOKATYHCTA, €IME MHTePeCHbIe NpHuMe-

PBI 3KCHOHEHIHAJBHOT'O pocTa BeJIWYHH.

., "y

> C mpuMepaMu TAKOro pOCTa JIOAW CTAJKMBAIOTCA B peajbHOM
| G‘l_?rl JKUBHHU JOBOJBHO YacTO, XOTHA PEAKO 3a8JyMBIBAIOTCA HAA ITHM.
=Y Hanpumep, eclId B CTpaHe KasKAbl# rox MHQIADHUA COCTABJIAET
12%, To (BBl M caMH MOXKeTe C ITOMOILIbI0 MHKPOKAJBKYJIATOPA JIETKO
[IOJCYMTATE) IeHbI'M HaceleHUA 0o0eCHEHHBAIOTCA B /iBA pasa HPUMEPHO
aa 6 ser. Eciu HaceleHHe IUIaHETHI Bo3pacTaeT Bcero Ha 2,5% B roi
(4TO ceiiuac ¥ IPOMCXOAHMT), TO KOJIUYECTBO gofeit Ha 3emie yABOHTCH
npumepHo uepes 28 jer (T.e. 3a OAHO nokoJieHue!).

IIpodeccop, B KAKMX M3 IIKOJBHBIX IPEAMETOB PaCCMaTPHBAIOT-
csl ABJIEHUs, MPOTEKAIONIUe [0 3aKOHAM IPOrPEeCCHiH.

1 mymato, 4TO BRI M CAMHM HX 3Ha-
o¥ay ere. Ho He momemiaeT HEKOTODPbIE
“® §3 HUX HANOMHUTD.

1) B Gmosoruu. MHorue MEKpPOOP-
raHU3MBLI PA3MHOKAIOTCH JeJIeHHeM II0I0-
JlaM, MO3TOMY NpH 6aronpuATHBIX YCJIO-
BHAX Yepe3 paBHble IMPOMEXYTKH BpeMme-
HHM HX 4YHCJO yYABaUBaeTCH.

2) B ¢usure. Heiirpon npu yaape B A1pO
ypaHa pacKalbIBaeT ero Ha /JBe YacTH.
Ilonygatorca 2 HeiiTpoHa. 3aTeM 2 HeliTpoHA, yAapfAsA IO ABYM AApaM
ypaHa, PACKAJBIBAIOT MX HA YeThIpe 4acTH H T. .

3) B xumumu. [Ipu IOBBIIIEHHWHM TeMIEPATYDPHI 0 3aKOHY apudmMeTHIe-
CKOif IPOrPECCHY CKOPOCTh XMMUYECKHMX Peakiuil pacTér B reoMeTpH-
YeCKO# IPOrpeccHH.

4) B reomerpun. CTOPOHBI BIIMCAHHBIX APYI B APyra NPaBUJIBHBIX Tpe-
YTOJBHUKOB 00pas3yioT reOMeTPUYECKYI0 IPOrPecCHIo.

Fnaea lll. MNporpeccun
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MMa NepBbiX N Y4I1eHOB
JMEeTPUYEeCcKoOn nporpeccum

B atom naparpade 6yner BuiBegeHa popmyna ons HaXoXAEHUS Cym-
Mbl MEpPBbIX N YNEHOB reOMeTPUYecKo MpPOrpeccun, ecnu U3BEeCTHbI
€€ nepBbli YNeH, 3HaMeHaTeNb U YACNO cnaraembix. Byaer nokasaHo,
KaKk MOXHO npeobpasoBatb 3Ty Gopmyny, 4TOObI Nerko HauTU CymMmy
YNEHOB reoMeTPUYECKO NPOrpeccun No M3BECTHbIM NEePBOMY M Mo-

| CnegHeMmy 4neHy, a Takke 3HameHarTesnlo NpPorpeccuu.
|

Hy>XHO BCNOMHUTD:

onpejeleHNe reOMETPUYECKOH IMPOrpeccuy H (opMyJy €€ n-ro 4jieHa;
CBOMCTBA CTENEHH C HATYDPAJLHBEIM NOKasaTeleM;

JAeHCcTBUA ¢ ApobaMmE;

JAEUCTBHSL ¢ MHOTOUYUJIEHAMU;

yCJIOBHE paBeHCTBa a*=a¥, rue a>0, a#1.

3apava 1. Haiitu cymmy S=1+3+ 32+ 3%+ 3%+ 35,
P YMHOMXHM 06e yacTu paBeHcTBa Ha 3: 3S=3+32+ 3%+ 34+ 35+ 36,
Ilepenunmem paBeHCTBa Tak:
S=1+(3+32+33+31+3%, 3S=(3+32+3%+3%+3%+36.
Bripa:xeHn#, cTofAmue B CKOOKax, OXMHAKOBBI. IloaTomMy, BeIUMTAsA
M3 BTOPOT'O PaBEHCTBa IIepBOe, MOJydaeM

36-1 _ 729-1

35-85=38%-1, 28=85-1, S= 3 3 =364. <
PaccmoTpuM Teneps NPOM3BOJILHYIO N€OMETPHYECKYIO mporpeccuio b,
b,q, ..., b,q", ..., 3HaMenaTens koTopoi ¢ # 1. ITycte S, — cymma n mep-
BBIX YJICHOB 3TOM IIPOIPECCHH:
S,=b,+b,g+b,g*+...+b,g" . 1)

| I CyMMa nepBeIX n YJIEHOB reOMETPHUYECKOll mporpec-
CHH CO 3HamMeHaTeseM ¢ #* 1 paBHa

_50-4¢9
i‘ Sn_ l—q . (2)

® Vwmuoxum obe yactu pasencrea (1) Ha g:
gS,=b,g+b,g*+b,¢*+ ... +b,q". 3)

§ 15. Cymma nepBbixX N 4NeHOB rEOMETPUYECKOW NPOrpeccum 105



Ilepenumem paBerctTBa (1) u (3), BeIeJMB B HHX OJMHAKOBBIE Clarae-
MBI€
S,=b,+(b,g+b,g*+... +b,g" ),
gS,=(b,g+b,¢*+b,g*+... +bg" 1)+ bq".
Bripaskenusi, crosimue B cko6kax, paBHbl. [ToaTroMy, BEIYMTas U3 BepX-
Hero paBeHCTBA HHXKHee, IIOJydaeM

Groxid S,-q¢S,=b,-b,q".

S,(1-q)=b,(1-g"), Sﬁﬁf_-—fn’-

Bamerum, uto ecnu ¢=1, 0 S,= b+ b +...+ b =bn, 1.e. S, =bn.

n cnaraeMbix

Japaua 2. HaliTu cymMMy nepBbIX HNATH YJI€HOB I'eOMeTPHMYECKOH Ipo-
2

rpeccuu 6, 2, 30

. Ilo dopmyne (2) HaAXOAMM:

QO | =

» B oaroit nporpeccun b, =6, ¢ =

5
5(1—(1] ] 6[1—-L]
3 243) _ 6-242-3 _ 242

S, = - - : 8
5 i1 2 2.243 27
3 3

. 1
Janava 2. B reomeTpuyecKoil IpOrpeccuu CO 3HaAMeHaTeleM ¢ = 2 cCyM-

Ma TepBHIX IIecTH 4dJeHoB pasHa 252. HaiiTu mepBelil uieH 3TOH
IIPOTPECCHH.

> Bocmoabayemcsa (opmystoit (2):

1
51 )
252 = —1“.
j !
2
1 b, - 63
Orcroga 252 = 2b, [1 - a), 252 = ‘32 , b,=128.

Janaua 4. CymMMa IepBBIX N 4JIEHOB I'eOMETPUYECKON IPOrpeccHH paB-
Ha —93. IlepBhIil ujieH 9TOM MPOrpeccHy paBeH —3, a 3HaAMeHaTelb ¢
pasen 2. Haiitu n.

-3(1-2")

Orcronma
1-2 "

» Hcnonwaya dopmyny (2), mnoaydaem -93 =
-81=1-27, 2»=82, 2"=25% a=>_.
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Japava 5. IlocrepoBareasHocTs 5, 15, 45, ..., 1215, ... aBasgeTca reo-

MeTpU4YecKoO# nporpeccueit. Haiitu cymmy 5+ 15+45+... +1215.

» B aroit nporpeccun b, =5, ¢=3, b, =1215. PopMyay CYyMMBI IePBHIX

n 4JeHOB mnpeobpasyeMm Tak:
g =00-9" _b-bg""'qg _b-bg _bg-b
" 1-¢ 1-¢ l-g¢ g-1
Hcnone3ysa ycJOBHS 3ajauyd, HAXOLUM:
g - 1215-3-5 _ 3645-5
R 8-1 2

=1820. <

YCTHbIE BONPOCHI W 3apaHus |

1.
2.

3.

O6ocHOBATh AJTOPUTM pelleHusA 3azadd 1.

ChopmynupoBaTh TeOpeMy O CyMME IEPBHIX 71 YJIEHOB reoMeTpHue-
CKOM mIporpeccuu.

ITouemy samauy 5 Henws3sa 6bLIO pemuTh Mo Qopmyse (2)?

BeoaHbie ynpaxHeHus |

1. Banucare GopMyJsy n-ro 4jeHa reoMeTpPHYECKO# IPOrpeccHu
€L, (_1). L, L.
8'\ 9) 21" 81"
2. HaifTu pasHOCTBH BBIDAKeHHUH
2+22+423+2042°4264+27 m 1+42+22+2%+424425+26,
3. BrlumcauTs:
i(-(5))
5 2 6 il =
1Y, 2 14T 1), 3 3
(g s o -3 -3 02
3
4. Pemuts ypaBHeHUe:
1) 3"=243; 2) §*~+=625.
YnpaxHeHus |
222, HaiiTu CcyMMy NepBBIX 71 YJIEHOB reoMeTpHYeCKOH IIporpeccuu,
eciu:
1 1
1) b‘=E' qg=2, n=6; 2) b1=—2,q=§, n=>5;
3) b=1,¢=—3, n=4; 4) b,=-5, ¢=-2, n=5;
5) b,=6, ¢g=1, n=200; 6) b,=-4, ¢g=1, n=100.
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223. HaiiTu CyMMy IepBBIX CéMH 4JIEHOB IeOMEeTPUYECKOM IPOTPEecCHH:

1) 5, 10, 20, ...; 2) 2, B; 18 oo

224. B reoMeTpHuUeCKOil MPOrpeccHy HaMWTH:
1) b, u b,, ectu ¢=2, S,=635;
2) b, u by, ecim g=-2, S;=85.

225. B reoMeTpHuYeCcKOd MPOrpeCCHH HAWTH UMCJIO 71 YJIEHOB, €CJIH:
1) S,=189, b,=3, ¢=2;
2) §,=635, b;=5, ¢=2;
3) §,=170, b, =256, ¢ = -0,5;
4) S, =-99, b,=-9, ¢g=-2.

226. B reoMeTpUuYeCKO IPOrpecCUM HAWTHU:
1) nub, ecm b,=7, ¢q=3, S,=84T;
2) nu b, eciu b, =8, ¢=2, S, =4088;
3) nuq, ecniu b, =2, b, =1458, S, =2186;
4) n u g, eciu b, =1, b,=2401, S =2801.

227. HaliTu cyMMy 4YuCeJ, eClH €€ cjaraemMble sBJIAIOTCA IIOCJIeNO0Ba-

TeJbHBIMM 4JIEHAMH TFeOMeTPHYECKOH IPOrDecCHM:
1) 1+2+4+...+128; 2) 1+3+9+...+243;
3) -1+2—-4+...+128; 4) 5-15+45—... +405.

228. B reomerpHuecKoil mporpeccuu HaudTH b, W S,, eciu:
1) b,=15, by=25;
2) b,=14, b,=686, ¢>0.

229. I'eomeTpuUuYecKas NpPOrpeccHs 3ajaHa (POPMYJIOH n-ro 4ieHa:
1) b,=3-2""1, paiitn S;;

2) b,= -2 (%] , Haittu S.
JlokasaTh TOMKIECTBO

(x-1D(x"1+x*2+...+1)=2x"-1,
rie n — HaTypaJbHOe 4Hcio, Goibmree 1.

B reomMeTpuuyecKO# IIPOTrpDeCCHU HAWTH:
1) b, u g, ecimm by=135, S;=195;
2) q u by, ecnu b, =12, S,=372.

B reoMeTpMYeCcKO# IIPOrDECCHH HAWTH:
1) g, ecniu b;=1n b, +b;=90;
2) q, ecim b,=3 u b, +by=60;
3) S,y ecmu b, —by;=15 u b,— b, =30;
4) S,, ecim by —b, =24 n b, — b, =624.
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fokasarenscrea METO1OM MATEMATUYECKON UHAYKLUUMN

ITpogeccop, xorenock Gui BMecTe ¢ BaMu paccMOTpeTs KakKyio-
l+*" EHOYAR HeoOBIYHYIO 3afady HA NPHUMEHEHHE METOJa MATEMATH-
YeCKOH HHAVKIMH.

Ilpepnaraio KokazaTs, 9TO HEPABEHCTBO 2" > BEPHO A JIOGO-
ro HATYpajJbHOIO 7.

© ® 1) Ecim n=1, 10 2! >1 — BepHOe HepaBeHCTEBO.

2) IlpeanosioK|EM, 4TO HEPABEeHCTBO 27 >n BEPHO JUJIsi HeKoToporo n=Ek,
T.e. BepHO HepaBeHcTBO 2F> k. JloxaskeMm, uTo OHO Gymer BEPHEIM H
ansa n=~k+1, 1.e. 6yaer BepHbIM HepaBeHCTBO 271>k 4+ 1.
HoxasarenscTBo. Tak kak 2>k, 10 25.2>5Fk-2, T.e. 2k+15 2k,
Ho 2k=k+k=2k+1, Ttak kak k>1. CnegoBarensuo, 281>k +1.
Takum ob6pa3om, HepaBeHCTBO 2" >n HOKa3aHO. ()

Emé oxny MHTepecHy0 3ajady NpeAjiarai pemIHTh CaMOCTO f-
TeJabHO.

O6Gosnauum c,, c,, c;, ..., €., ... YHCJA MOCJeAoBaTeNbHOCTH PubO-
HayuH (¢,=c,=1, ¢, ,,=c,,,+c,). IIposepsTe crupaBeIHBOCTH paBeH-
crea ¢z —c,, ,-¢,=(-1)" ana n=1; n=4; n="7. [onsaysck MeToxOM
MaTeMaTHYeCKOH HHAYKIWH, JOKAKHTE CIPABEIIUBOCTH ITOI0 PABEH-
cTBa AJiA JIOBOro HATYPAJBLHOTO 7.

YNPAXHEHUSA K FJIABE |11 IS

BLIYHCIHTE TPH NEPBBIX Yi€HA TOCJe[OBATEIbHOCTH, 3aAaHHOM
dopmynoi n-ro umena:

1) a,=n(n+3); 2)a,=4" 3)a,=5-2" 4)a,=n?+1.
BoerauciuTs KeCATHIA M TPHALATHIA WIEHBI IOCJIENOBATEILHOCTH,
3a/1agHON (OPMYJIOH n-To YieHAa:

_n-1 _n+9
1) a"_—_n+1’ 2) a,= “rEry
3) a,=|n-15|-5; 4) a,=10-|n-20|.

YucnoBas MOC/IEOBATENBLHOCTh 3a/laHA PEKYPPEHTHOR dhopmynoi
a,, ,=1-0,5a, n ycnosuem a,=2. BEIYHCIUTE CeAbLMOH 4JeH 3TOi
nOCJIeAOBATEJILHOCTH.

HaiiTu pasHOCTh apH@METHYECKOH IPOTPECCHH M 3aIMCATH €6 Yer-
BEPTHIM U OATHIM YIeHBI:

1,2 1 1 .
1) 4,45, 45, 2)35,3,25, .
3)1,1++V3,1+2V3, ...; By V2,2 =% B B

JlokaszaTh, 4TO IOC/IEJOBATENLHOCTH, 3afaHHAS (OPMYJIOH 7n-TO
unesa a,=-2(1-n), apnsercs apudMeTHUECKOil Iporpeccueii.
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B apudmMeTrnyecKoil mMporpeccuy BHIUMCIHUTH!
1
1) a;, ecntu a, =6, d =E;

LS

3 3

HaifiTy cyMMy IIepBBIX ABAANATH YJIEHOB apudMeTHYeCKOH mpo-
TPEeCcCHH, eCJIH:

1) a,=-1, a,=1; 2) a,=3, a,=-3.
HaiiT cyMMy IepBBIX 71 WIEHOB apu(pMeTHIeCKON MPOrpeccHy, ecyIn:

2) a,, ecmu a,= -3

1) a,=-2, a,=-60, n=10; 2) a,= %. a,= 25%. n=11;
3) a1=_%,aﬂ=13%, n=8; 4) a,=48, a,=3, n=11.

HaliTu cyMMy, ecju eé cJiaraeMble — IIOCJIEAOBATENbHBIE YJI€HBI
apudMeTHUYEeCKON NPOrpeccHuu:

1) —38 + (—33) + (-28) + ... + 12; 2) -17+(-14) +(-11)+... +13.
HaiiTu 3HaMeHAaTe/Ib FeOMeTPUUYECKOM IMPOrpecCHr M 3alucaTh JeT-
BEDPTHIM U TATHIN €€ YJIeHBI:

1) 8 L2y o 2) 4 e e

8) 8;+/8; Ty seis 4) 5, -52, 10, ....

Banucats HOPMYJIy N-TO YieHa reOMeTPUYeCKON IpOrpeccuu:
1):-8, 4; ~8; v 2) —-;_, 1, -2, ...

B reomeTrpuueckoil mporpeccuu HaiTtu b, eciu:

1) b,=2, ¢=2, n=6; 2) b,:%,q=5,n=4;

3) b,=5, ¢g=-2, n="5; 4) bl=—%,q=—3, n=6.

HaiiTi cyMMy NepBBIX 71 4JIEHOB reOMeTPUYeCKOM IIPOrPeCcCuH, eciu:
1) bl=-;—,q=—4, n=5; 2) b1=2,q=—%, n=10;

3) b,=10, g=1, n=6; 4) b,=5, ¢g=-1, n=09.

HaiiT# cyMMy TIepBBIX N WIEHOB reOMETPUYEeCKON NpPOrpeccuu:
1) 128, 64, 32, ..., n=6; 2) 162, 54, 18, ..., n=35;
32, 2. 2 e n=8 3 12 =g

5) -%, *%, -2, ..., n=4; 6) -4, 8, 16, ..., n=5.
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258.

qHCJ’IOB&H InHocnenoBaTeJIbHOCTE 3aJgaHa pERyppEHTHOﬁ QJOpMYJmﬁ
an iE an +1

a,,,= 5 U ycroBusMu a,=-1, a,=3. BBIYHCIUTH IATHIHA

YJIeH IIocJieJO0BaTeJbHOCTH.
1

2H

Haiitu passHOCTE apup)MeTHYECKOH IpPOrpeccHH, ecJu a=2

a,=23.

3anucarb nepeble OATH YWIEHOB apU(METHIECKOH IPOIPECCHH, eCIIH:
1) a,=5, a;=15; 2) a;=8, a;=2.

Mexny uucnamu —10 1 5 BCTABATH YUCJIO TAK, YTOGBI NOJTYIHIUCE
TPH IIOCJEJOBATEJbHLIX 4jleHa apu(MeTHYeCKOH MPOrpecCcHu.

Haiitu neBATHaAUATHI ¥ NepBBIi WIEHBI apupMeTHIECKOR IpO-
T'DEeCCHH, €eCJIH:
1) a,;=28, a,,=38; 2) a,3=-6, a,,=6.

IIpy KaKOM 3HAYEHUM X SABJIAIOTCH MOCJHEAOBATEIbLHBIMHM UJICHAMM
apu(pMeTHYECKO# MPOrpeccuy 4ucia:
x+2
1) 3x, T 2x-1; 2) 3x2, 2, 11x?
CKONBKO HYXKHO B3ATH IOCJEJOBATENbHBIX HEUYSTHBIX HATYDPAb-

HBIX 4YHCeJI, HaYMHas ¢ 5, 4ToObl MX cymMma ObLia paBHa 2527
Haiitu @, u d apudmernyeckoit nporpeccum, y KOTOpOii:

1) a,=40, n=20, S,,=-40; 2) a,= %, n=16, S;;= —10%.
[na reoMeTpU4eCKOd NPOrpecCHH BBIYUCIUTH:
1) by, ecam b;=4 u g=-1; 2) b,, ecmn b,=1 u g = /3.

HaiiTu nATBIA 4IeH reoMeTpUYeCKON IIPOTPECCHH, eC/Iu:
1) b,= % b,=16;  2) b,=-3, by=—81;

1
3) b2=4, b4=1, 4) b4=—g, b5=—1—2§.

Mesxnay uncnamu 4 1 9 BCTABUTH MOJOKUTENBHOE YUCIO TAK, UTO-
OBl MOJYYNJIOCH TPU IOCAENOBATENBHBIX UJEHA TIeOMeTPHUYECKOH

IIPOTPECCHUH.

Oravixalommuii, ciexys cosery Bpaua, 3aropail B MepBLIA AeHb
5 MHH, & B KaXX[blil IOCTeAYIOMUA NeHb YBeJIUIUBAI BpPEMs npe-
OblBaHMA Ha COJHIE Ha 5 MUH. B Kakoil ZeHp Hemeau BpeMs#A ero
npebeiBaHuA Ha coiHue Oyaer paBHo 40 MUH, eclu OH HAyaj 3a-
ropaTte B cpeay?

1
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HacTeHHBIE PYCCKHe Yachl ¢ KYKYIIKOH yCTPO-
eHbl TaK, 4TO KYKYIIKa KyKyeT 1 pas, Korzaa
Yachl MOKAa3bIBAIOT MOJIOBHHY OYepeHOro daca,
M KaKJbI dYac CTOJBKO pa3, KaKOBO BpeMd
or 1 go 12. CKonBKO pa3 NPOKYKYeT KYKYIIKa
3a cyTKHu?

0] HaiiTy nepBhulii WieH W pa3HOCTH apudMerHde-
CKOH mporpeccus, ecim a,+a,+a;=15 u
a,-a,-a;=380.

HaiiTi mepBBIii 4JieH ¥ pasHOCTH apudmMeTHde-
CKOH mporpeccHd, eciau a,+a,+a;=0 =u
a?+ai+a%=>50.

JlokasaTs, UTO AN I'eOMETPHYECKOH Iporpec-
cHHM cIpaBeiamBO paBeHcTBo b2=b b ., rae
n> k. Beraucaurs b, ecimu bgb,, = 225.

@ JlokasaTh, 4TO AJsi reOMETPHYecKOM Iporpec-
cuu crnpaBeAanBo pasedctso b b, =b . b, |, rae

k> 1. Beraucauts b,b,, ecin byb,=T2.
[264.)] Poct npos:keBBIX KJIETOK IPOMCXOAHUT JeNeHHeM KaXJOW KJIeTKH

Ha JBe YacCTH. CKONMBKO CTAJI0O KJETOK IOoCe AeCATHKPATHOrO HX
JIejleHHdA, €CJIM IepBOHAYaAJIbHO 6BLJIO @ KJIETOK?

U3 nysxkTta A B nyHEKT B OZHOBpPEMEHHO C NOCTOSTHHBIMH CKOPO-
CTAMH OTHPAaBWJIMCHL Memexoj W Bejocuneawcr. Benocuneaucr,
npubblB B OYHKT B, mOBepHYJI Ha3aj ¥ BCTPETHJ Nellexoja depes
1 4 mocse Hauana ABMKeHHA M3 nyHxktra A. Ilocne Becrpeum c me-
[IeX0/0M BEJIOCHIIEJUCT CHOBa Hoexasl B OyHKT B, a mo mpubsi-

THH TY/a NOBEePHYJ 00PaTHO W BCTPETHJICHA C MEIIeXOAO0M 4Yepe3 % q

mocie mepBoii BeTpeud. Ilocsie BTOPOM BCTPEYH BeJOCHIIEAHCT
ONATHL IOEXaJ B NYyHKT B, a JoexasB, MOBepHYJ 0o0paTHO HU T. A.
Haiiti BpeMs, 3a KOTOpOe Iemexoj mpoiaér nytes AB.

My3bIKaJbHAs OKTaBa AeJATCA Ha 12 paBHBIX HHTEPBAJOB-TIOJY-
ToHOB. YacToTa KajKJOro HOCJHeAyIomero 3ByKa HpHUOJIM3UTENIHHO
B 1,059 pasa Gonpme uyacTOTHl npeasiAymero. Bo ckoabko pas
HOTA COJb BBIIIE HOTHI J0 TOH K€ OKTaBbI (BHIYHCIIEHHSA IMPOBECTH
HAa MHKPOKaJbKyJaTope)?

BN NPAKTUYECKWUE U NMPUKJIAAHBIE 3A0AYN N

1. Ilpm peITbE KOJOAIA AOTOBOPHUIIMCH ILIATHTE 34 KaXKJIbIil IIOCJIeny-
fomuii MeTp riy6meEsl Ha 500 p. Oosbine, YeM 3a TPeABIAYINANA.
BenefcTBHEe 9TOrO TOCHeAHME MeTp oboménca B 2 pasa AODPOXKe,
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yeMm nepBbiii. CpejHsAs CTOMMOCTH
PBITBA OJHOTO MeTpa COCTABUIA
3750 p. Onpeaenurs raybuny Ko-
JoAIa ¥ CTOMMOCTH pPaboTHI.

Hna nonusa 8 caskeHues, pacmo-
JIOMKEeHHBIX II0 NPAMOM JUHUHK HA
paccToAHMM 3 M APYyr OT Apyra,
HPUXOJAUTCA HOCUTH BOJY H3 KO-
JIOALIA, PACILJIOXKEHHOI'O Ha TOMH Ke
NpAMOM Ha PpPacCTOSHHUH H M OT
IepBoro caskeHna (M Ha paccros-
HUM 8 M OT BTOPOro caykeHna). CKOTBKO METPOB IYTH HYMKHO npe-
OJ0IeTh, YTOOBI MOJUTEL BCE CAYKEHI[bI M BO3BPATUTHCA K KOJOALY,
€CIHd BOAY HOCHTH OJHHUM BeJPOM, a IOJ KaXJbIM carkeHel] BBLIH-
BaTh 2 BeApa BOJBI?

B KpynHBIX caZoBOAUECKUX XO3AHUCTBAX SAIMUKY IS S6JIOK peKo-
MEHZYeTCs XPaHUTh B IITA0ENAX TAKOH KOHCTPYKIIUH: B YETHIPEX
HIDKHUX DANAX YKJIAALIBAIOT 35 SANIMKOB IO AauHe imrabens o
23 AmMKa 10 ero IIMpHWHEe; NPH YKJIAafKe KasKIOro CIeAYIONIEro
psAjla OTCTynalT OT KpPaéB NpeAbIAYINEero Ha IO0JOBHUHY IJIAHBI U
IIUPHUHEI ONHOrO AIMMUKA; Bcero B mrabene 22 paga. CKOAbKO Amm-
KOB B TakoMm mmrabesne?

Vkazanwme. [logcuér amuxoB B psgax ¢ 5-ro mo 22-i OPOU3BO-
JUTE CHeAYIOmUM obpasom:

(23-1)(35-1)+(23-2)(835-2) +... +(28-18) (35— 18) =
=23-35-18+(12+2%2+...+18%)-58 (1 +2 +... + 18),

UCTIONB3YA Jajnee (PopMyabl CyMMBI 4JI€HOB apudMeTH4YecKOoi npo-
rpeccud U paHee JOKas3aHHYIO (POpMyJy

12+22+32+...n2=%n(n+1)(2n+1).

HInuenens (Bpamamomuiics Baal € yCTPOHCTBOM JJIA  3aKpeILie-
HHUS 3aroTOBOK) METaUIODEeKYIIMX CTAHKOB MOXKeT BpaIaThCs
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10.

C PasJMYHON CKOPOCTHIO, IPMYEM BCE BO3MOXKHBIE YACTOTHI Bpallle-
HHUA WINHHEAENA 06pasyioT reOMeTPUYECKYIO IIporpeccuio. ¥ TOKap-
HO-BuUHTOpe3Horo cramka 1K62 B mHanmuumu 23 dvacTOThl Bpaimie-
HuA mmuEaensa. Cpeau HUX HauMeHblnas n, = 12,5, a naubonbmasn
nys=2000 oBoporos B Muuyty. Haitu n,,.

IMonynanus KabGaHOB B 3alOBeJHMKE KAaMABIA IoJ| yBeJIHYHBAaeT-
cs Ha 10%. ITo mpomecTBUM CKOJBKHX JIET YMCIO0 KabaHOB yABO-
uTcaA?

OmnpefenuTh JJIUHBI CTOPOH TPEYrOJbHMKA, KOTOPBIE BBIPAMKAIlOTCH
HeJBIMHM YHUCIAMM U SBIAIOTCH [IOCJIEA0BATEIbHEIMY YIeHaMu apud-
MeTHUYEeCKOM TNpOTrPeccuu, eclId IepuMeTp TPEeYroJbHUKa paBeH:
1) 9; 2) 12; 3) 15; 4) 18.

MOKHO JHM BIHCATh OKPYKHOCTb B YETBHIPEXYTOJBHHUK, OTIMYHBLIN
OT KBajpaTa, ecJiyd JAJMHBI ero CTOPOH ABJIAITCHA MOCIEN0BATEIbHEBI-
MM WieHaMu apudMeTHuecKod mporpeccuu?

YucnoBble 3HAYEHUSA BEJIUYMH BHYTPEHHHX YIJIOB (BBIDAXKEHHBIX
B rpafycax) HEKOTOPOI0 MHOIOYIOJBHUKA HABJIAIOTCS IOCJIeNOBa-
TeJLHBIMU YJIeHAMU apU(pMeTHUYeCKOil IIpPOrpeccuHd ¢ pAasHOCTBHIO
d=20°. Haubonpmuit yroax B 3TOM MHOroyrojbHuKe pasen 170°.
CKOJIBKO CTOPOH HMeeT 3TOT MHOIOYTOJBHHK?

(Bajaga u3 yuebHUKa «Apudmeruxa» JI. . Maraunkoro.) Hexro
npoaan nomaxns 3a 156 py6useit. Ho nokynarens, obpers JOmIans,
pasgyMan ¥ BO3BpaTHJ eé, roBopsa mpoaasiny: «Her mHe pacuéra
HOKYyIAaTh 3a 9Ty LEHY JIOMIaAb, KOTOpas JTHUX JeHer He CTOMT».
Torga mpojasen NPeAJIOXKU Apyrue ycaosusa: «Ecawm, mo-tBoemy,
meHa JIONIaA¥ BBICOKA, TO KYIH €€ NOJNKOBHBLIE I'BO3JAH, JIOLIALbL JKe
roraa moay4ums Gecrratao. 'Bo3ziedt B KasmKA0H MOAKOBE 6. 3a mep-

” 1 5 o 1 ”
BRI I'BO3Hb Jaii MHe _‘I KOIIeHKH, 3a BTOPOH — E KOnmenKHu, 3a Tpe-

Tt — 1 KomeiiKy M T.A.». Iloxymarenb, cOGIASHEHHBIA HUBKON
[eHOH M ’Kejasd AAPOM IOJYy4YHTH JIOIIAAb, IPUHAJ YCJOBHUSA IIPO-
AaBIa, PACCYMTHIBAA, UTO 3a I'BO3AM NPUAETCA 3AIIaTUTHL He Oosee
10 py6useit. Bo ckoOIBKO B AeHCTBUTENBLHOCTH OGOILIACE TaKad IIO-
Kynka?»

HsBecTHO, uTO BeeneHHas pacmIApAeTcs, IPUYEM CKOPOCTH U,
¢ KOTOpOM TraJlaKTHUKM YJaJAI0TCA APYyr OT ApPYyra, yBeJWdHUBaeT-
¢l TIO BaKOHY JIUHellH020 pocma B 3aBUCMMOCTH OT paccrosHus R
KM
¢+ Mok
NMOHAJILHOCTH, HasbiBaeMbIfl mnocroaHHo# Xabbna (Mnk — mera-
HapceKk — PAcCTOsIHMe, KOTOpoe CBEeT NPOXoAauT 3a 3,26 MuH Jser).
DTOT 3aKOH YCTAHOBHJ AMEPUKAHCKHMM acTtpoHoM Ideurn Ilayaan

mexay HumMu: v=HR, rne H =65 — KoaddHuIEeHT IPOTOP-
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B aTton rnase Bbl y3Hanw,

Xa66n (1889—1953) B 1929 r. Haittu cKOpOCTh yJaJeHHUS rajak-
THUK, KOTZA PACCTOAHME MeXIy HUMH cocTaBaser: 1 Mnk; 2 Mnx;
5 Mnk; 10 Mnx.

4YTO TakKoe:

UHMCJIOBasA IMOCJIEJOBATENIHLHOCTE;
croco0bl 3aJaHUSA IIOCJIeNOBATEIHLHOCTH;

apu(mMeTHuecKas NPOrpeccus;

¢opmyna n-ro 4ieHa apuGMeTHYECKOH NpPOrpeccum;

CyMMa IepPBBIX N YIeHOB apU()MeTHYEeCKOH NpPOrpeccuu;
CBOMCTBO 4JIEHOB apudMeTHYEeCKOH IpOrpecchuu;
reOMETPHYECKAA NPOTPEecCUsd;

(opmysia n-ro 4yjreHa reOMeTPUYECKOH IPOrpecCHu;
(dopmysia CyMMBI TIEPBBIX 71 YJIEHOB reOMeTPHYECKOi mporpec-
cuu;

CBOHCTBO YJI€HOB IreOMETPHUYECKON HPOTPecCHu;

HaXOAUTh YJIEHbI MOCJe0BATEJIbHOCTH, 3aJaHHOU C MOMOIILIO
(hopmMysBl n-ro 4jleHa; PEKYPPEeHTHLIM crocobom;
nu300pakaTh WIEHBl IOCNAEJOBATENBHOCTH HA YHCJIOBOH OCH;
HA KOODAMHATHOM ILJIOCKOCTH;

HaXOAWTh N-ii 4ileH apuPMeTHUeCKOi IPOrpecCcHy; reoMeTpu- |

YEeCKO# IIpOrpeccuy;
HAXOAUTh CYMMY II€PBBIX NI YJEHOB apHU(pMeTHYecKoi Ipo-
I'DECCHH; NeOMeTPHYeCKOl IPOrpPeccHH.

NPOBEPb CEBSA!

l. yposeﬂb'

Breraucauts epBble TPDH YIeHa II0CJIefOBaTeJIbHOCTH, KOTOpas

n?—n

3ajiaHa (OpPMYJIOH n-ro 4ieHa a,= 3

.

B apudmernueckoit mnporpeccuu a,=2, d=-3. Hai#irtu [ 3N ,

M CYMMY NEPBBIX IHeCATH €€ 4YJeHOB.

3wy

B reomerpuueckoit nporpeccun b, =4, ¢ = % Haiitu by u cym- |

My NHepBBIX HIECTH e€ YJEeHOB.

HaiiTH cyMMy NepBHIX IATH 4JIEHOB reOMEeTPHYECKOH nporpec-
1 4
cun 1, —, —, ...
3879

Mposepb cebs!
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5. UYpmcsoBas IOCJIELOBATEJHHOCTH 3afaHa (opmysoi a,=2" 2
Yucno 128 aBnsercsa eé uneHoMm. HaiiTm ero Homep.

6. B apudmermueckoi nporpeccun ag =19, a,,=31. Haiitn cym-
My MepBBIX JEeCATH YJIEHOB JTOIl IPOTPECcCHH.

7. CyMMma nepBbIX NIIECTH UYJIEHOB IeOMETPHUYECKOH IPOrpeccuH
pasra 10,5, 3aamenarens nporpeccuu pases 2. HaiTu cymmy
MIepPBBIX TPEX YJIEHOB DTOM IPOI'PECCHUH.

8. IIpm xakoM 3HAYEeHHMH X YHC]A X, 3vJx, b sBngoTCA MOCJe-
IOBaTeJbHBIMHA 4JIeHAMH apH(pMeTHYeCKOH IPOrpecCHUu.

9. Yuncaosas MOCJENOBATEJBHOCTh 3a/laHa PEKYPPEHTHBIM CIIOCO-
an + 5an +1
2
BHIACHUTE, ABJAETCA JIM 3Ta MOCJIe0BaTeJIbHOCTh apudmMern-

4YeCcKO# mporpeccuei.

10. B apudmeruueckoii mporpeccuu a,+a,=6, ag-a,=99. Haii-
™ a,.

11. Haiiti b, u ¢ reoMeTpu4ecKOil IPOrPecCHH, eCiu CymMMa mep-
BBIX Tpex eé unenos pasHa 10,5 u b, —b,=31,5.

12. Bropoii, mepBEIi B TPeTHUH UJIEeHbI apm‘pme'rrmecmoﬁ nporpec-
CHY pPa3JWYHBI ¥ SBISIOTCA B YKa3aHHOM IIOPSJKe IOCJIeno-
BaTEJBbHBIMHA UYIEHAMH reoMeTpuueckoil mporpeccuu. Haiitu
3HAMEHATeJIb 3TOH MPOrPecCHH.

6om: dopmyioit a,, ,= u yciaosusamu a,=-1, a,=3.

TEMbl UCCNEQOBATEJIbCKMX PABOT N

Iloc/iefOBaTEILHOCTh IPOCTHIX umces. Perrero 9parocdeHa.
Ilporpeccuu B TpyAax ApeBHHX yuéHbIX (HaumHasi co II Teicsuere-
THA IO H. 3.).

IIposasnenue uucen PuboHaydyu B npHpoOe.

Crnupanun ®PuboHauydm.

Yucysa PubOHAYIN B D9KOHOMHKE.

ApudpmeTuKo-reoMeTpUdeCKHe IIPOTrPECCUM.

HWepapxus nDporpeccHui.

YuciioBble TOCHEOBATELHOCTH, M3ydaBInuecd ApPXUMEAOM.
Teomerpuueckoe obocHOBaHHE (POPMYJIbI CYMMBI IEPBBIX 71 YIE€HOB
apudMeTHUECKOH ITPOI'PECCHU.

Pemenue 3aja4 HA HAXO0XKJAEHUE CYMM UYJIEHOB IOCJIEOBATEIbHOCTEMH
C IIOMOIIbI0 METOJa MaTeMaTHYeCKOH MHIAYKIIWH.

Mnasea lll. MNporpeccun



CnyuyaiiHbie
coObITUNA

! B OKpYXalolemM MUpe HeMano SIBNEeHU, 0 KOTOPbIX JoCTa-
TOYHO TOYHO WM3BECTHO, KaK M KOrga oHW npou3onayt. K Hum
OTHOCATCH, Hanpumep, CMeHa OHS U HO4YM, NMPOSIBNEHUA 3a-
KOHOB HbIOTOHA, XMMUYECKME peakuuu wu T. [.

Ho Hac okpyxaeT MHOXECTBO SIBIEHWMA, O KOTOPbLIX Mbl
HE MOXEeM C YBEpEHHOCTbID CKa3aTb, KaKk WAW KOraa OHW
npousonayt. Hanpumep, Mbl HE 3HAaEeM TOYHO, KOraa npo-
M30MOET wu3BepxkeHue BynkaHa KnioyeBckaa Conka, korpa
Ha4yHETCA anNuAeMus rpunna, Ha Kakyl CTOPOHY ynaaéTt nop-
OpolueHHan MoHeTa U T. A. Takue aBneHus HasbiBaloT Cayyaii-
HbiMU, @ COBLITUA, KOTOPbLIE B HUX NPOUCXOANAT, — C/YYaiHbI-
My cobbiTUAMUN.

Tem He meHee, Habnogaa 3a TeM, Kak 4acTo U B KaKux
YCNOBMAX NMPOUCXOAAT NOBTOPSIOLWLMECH Chy4YaiHble cobbITUA,
3a4acTylo ynaértcsi YCTaHOBMTbL 3aKOHOMEPHOCTW WX Mnosisne-
HWA WU CMPOrHO3MPOBaTh, KOrAa OHW NPOW30MAYT B Cleaylo-
wuin pas. Hanpumep, Habniogan 3a U3BEPXEHUAMU KOHKPET-
HOro ByfiKaHa, BYNKaHOMOMM C ONpPenenéHHoi CTeneHbio ToY-
HOCTW 3HaIOT, Kak 4acTO HacTynaeT ero akTMBHOCTb U Korpa
NPUMEpPHO XAnatb cneaywowero unasepxeHus. MopbpackiBan
MHOIOKParHO MOHETY, Nerko y6eauTbCcsa B TOM, 4TO NPUMEPHO
B NONOBUHE CNy4aes NoABAAETCH OPEN, a B NONOBUHE — pelLl-
ka. 3TM HabnoaeHWeM NoNbL3YIOTCH, K NPUMEPY, Cyabh yT-
60nbHbIX MaTYet, KOraa C NOMOLLBI0 NoaBpackiBaHUA MOHETLI
%2 ONpenensioT, Ha Kakon nonoeuHe nons Byner wrpate Ta wam
MHas KomaHaa.

Eweé B apeeHue BpemMeHa, KOraa Ha OXOTY XOOWAW C KO-
NbAMKW U NIYKaMK, 04N NOHUMaNK, 4TO Y HUX Bonblue LWaHCoB
Ha yaady, ecnv B Aundb OyOeT uenuTbCA He OOWH, a8 HEeCKONb-
KO OXOTHUKOB. Korga nogn B CpegHue Beka YBAEKaNUCh
a3apTHbIMU Urpamu (kapTamu, Urpoil B KOCTU M T. M.), OHW U3
MHOrOKpaTHbIX HabnioaeHW NOHANW, YTO LWAHCbI MOSIBNEHUSA
1, 2, 3, 4, 5 unn 6 o4koB npu GpocaHun OAHOM KOCTU OAM-
HakoBbl. A BOT Npu OAHOBpEeMeHHOM BpocaHum AByx KocTen
= CyMMa Q4KOB, pasHas 7, nosBnsercs vawe, Yem mobas apy-
ras cymma.




Mepsble Hay4Hbie 0600LEHNs Ha-
6niogeHnn 3a cny4alHbIMK COBbLITUA-
Mu 6binu cpenavbl B XVI—XVII BB,
L. Kappaxo, B. Mackanem, IN. ®epma,
X. TOAreHcoMm.

LLlaHcbl HacTynneHwuss Chny4anHbixX
cOObITUIA OHW CTanu OueHwWBaTb [A0-
nsMu oT eauHuubl. B XVl B. weein-
uapckuii Matematuk 5ko6 bepHynim
(1654—1705) nna o6o3Ha4vyeHus cTe-
NEHW YBEPEHHOCTW B HACTYNIEHUU
TOr0 WAW WHOro cobblITUA BBEN Tep-
MWH BEPOSITHOCTbL COOLITUS.

B HacTosiiee BpeMs pasfien mMarematuku, Ha3eaHHblii «Teopuei BEepORTHO-
CTeii», 3aHUMAETCA M3YYEHMEM MaTeMaTUHeCKWX MOAENen Cny4anHbix COBbITUA,
PelieHneM 3aaay Ha HaxoXAeHWe BEeposiTHOCTeN oAHMX COObITWIA NO BEPOATHO-
CTAM OPYr#X COOLITWA, MCCNEeoBaHMEM 3aKOHOMEPHOCTEN B MacCOBbIX cny4ain-
HbIX ABNEHWSX, NPOrHO3MPOBAHMEM WX NPOTEKaHWa u T.N. 3HaHue OOBLEKTUBHBIX
3aKOHOMEPHOCTEN B CNy4aiHbiX SBAEHUAX NO3BOMSET YCNEeWHO MM NOb30BaTLCS
B NPaKTU4ECKOW AEATeNbHOCTU NIOAEi, B PasnnyHbiX Hay4HbIX WCCNEA0BAHWAX,
B 3KOHOMMWKE, COLMONornu v ap.

HoBble NyTU pasBUTUA TEOPWM BEPOSTHOCTEH B XIX 8. Obliu HaMAEHbLI PycCKu-
Mu matematukamu lMagHytvem Jlssosudem Yebbiwésbim (1821—1894) v ero y4e-
Hukamun AHgpeem Axgapeesuyem Mapkosbim (1856—1922) w AnekcaHapom Mn-
xavinosnyem JlsnyHoseim (1857—1918). AkcmnomaTtuyeckoe nocTpoeHue Teopun
BEPOATHOCTER MPUHAONEXWT Hallemy 3HaMeHWTOMY COOTEYEeCTBEHHWKY AHapeio
Huxonaesuyy Konmoropogy (1903—1987).

A.H. Konmo-

. J1. Hebbiwés A.A. Mapkos A. M. JlanyHos
me F y ropos

B 3T0# rnaee Bbl NO3HAKOMWUTECH C PasHbiMK NOAXOAAMM K ONpeaeneHnio no-
HATUS BEPOATHOCTU cOBbiTUA. Hay4nTech pelwarb HECNOXHbIE BEPOATHOCTHLIE 3a-
fauv, y3HaeTe UCTOPUIO NOSBNEHWUS 1 PasBUTUS TEOPUW BEPOSTHOCTEN. MNoiiméTe,
KaK 3HaHWe OCHOB KOMBMHATOPWKM NOMOraeT B pelieHny 3a4a4y Ha NoACHET Bepo-
ATHOCTE HEKOTOPbIX COBbITUIA. Y6eauTecb B TOM, 4TO M3y4aeMblii B 3TON rnase
pa3gen Marematku BaXeH ANA NOHWMaHUA W TONKOBaHWS OKPYXalowwx Hac AB8-
NEeHWRA.
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CobbiTA, KOTOPbIE NPOUCXOAAT MW HE MPOUCXOMAT B ONPEeaen8HHbIX
YCIOBUSAX, MOXHO CrpynnupoBaTtb NO pasHbiM npudHakam. Hanpumep,
MX MOXHO pasfeNnTb B 3aBUCMMOCTM OT CTEMNeHWu BO3MOXHOCTM WX
HaCTynNeHns: HeKoTOpble COBLITUA MPU ONpPeaenéHHbIX YCNOBUAX MO-
ryT HUKOrga He NPOU30NTU, a HEKOTOPbIE NPOUCXOAAT AOBOJILHO YacTo.
MoxHo crpynnuposate cobObiTusi N0 BO3MOXHOCTU WM HEBO3MOXHO-
CTWU MX COBMECTHOrO HacCTynneHws B OOHOM OMbiTe U T. A.

B atom naparpade Bbl pacCMOTpUTE NpPUMEpbl PasfiyHbiX BUOOB CO-
6bITUIA, KOTOPbIE NPOUCXOOAT B PeasnbHOM XWU3HW, a Takke B Cneum-
aNbHO OpPraHW30BaHHbIX UCMbITAHUAX (OnbiTax). ]

HyXXHO BCNOMHUTL:

B noHsaTHA Kyba, TeTpasapa, YMCJIO rpaHeil Kyba, TeTpasapa;

B BHENIHHM BHJI UIrpajbHON KocTH (KyOuKa);

B cocTaB KoJoAbl uMrpanpHbIXx KapT (36 sucroB) um HaGopa KocTAmex
JIOMUHO.

1. HeBOo3MOJMKHBIE, NOCTOBEPDHBLIE U cCiayuaiiHbie COOBITHSA

B xu3au mox cobelTmeM mOHMMAIOT Jai060e SABJIEHHME, KOTOPOE IIpo-
UCXOAUT UK He mpoucxogur. CoOBITHAMEA ABJIAIOTCA U Pe3yJILTATHI HC-
NeITaHUM (ONBITOB), HAGMIONEHUH U HU3MEPEHUH, IIPOU3BOAUMBIX JIIOIb-
Mu. Bee COOBITHA MOMHO NOJAPa3AeJUTh HA HEBO3MOKHBIE, IOCTOBEPHbIe
U caydauHbIe.

HeBo3MOMKHBEIM Ha3bIBAIOT COOLITHE, KOTOPOE B JNAHHBIX YCJIOBHAX

NPOU30MTH HE MOJKET.

IIpuBenémM npuMephbl HEBO3MOMKHBIX COOBITHIA:
1) Bona B pexe Boure samépasna npu remneparype +25 °C;

2) npu GpocaHMM UTPaNbHOH KoCTH (T.e. KyOMKa, Ha IPDaHAX KOTOPOro
oTMedYeHBI OYKU OT 1 g0 6) moaBmiioch 7 OYKOB.

JlocToBepHBIM HA3BIBAIOT COOBITHE, KOTOPOE B MAHHBIX VCJIOBHSIX
obsa3aTesbHO NPOUBOUIET.

Hanpumep, JOCTOBEPHBIMU SABIAAIOTCA COOBITHA:
1) mocyie uerBepra HaCTyNHUJIa MATHUIA;
2) npu GpocaHUMHM UrpaNbHOM KOCTH BBEINAJO YHCJO OYKOB, MEHBIIEE
CeMH.
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CiayuaiiHBIM Ha3LIBAIOT COOBITHE, KOTOPOE B JAHHBIX YCIOBHAX MO-
JKeT NPOM30MTH, 4 MOMKET W He IPOU3OUTH.

CiyuyaflHBIMHM SBJISIOTCH, HANPHMEDP, CIeAyIonue COOBITHS:
1) opu TenedoHHOM 3BOHKe abDOHEHT OKasajiCs 3aHAT;
2) npu 6pOCaAaHMH MIPAJILHOM KOCTH BBINAJO 2 OYKa.

2. CoBMeCTHBIe U HECOBMECTHBIEe COOBITHSA

IIBa CcOOBITHS, KOTOpPhIEe B JAHHBIX YCJIOBHAX MOIYT HNPOMCXOAHTH
O/IHOBDEMEHHO, HAa3hIBAIOT COBMECTHBIMH, & T€, KOTOpPble HE MOIyT
IIPOMCXOAUTH OAHOBPEMEHHO, — HECOBMECTHBIMH.

Hanpumep, COOBITHSA «IIOIIEN JOXKAb» ¥ «HACTYIHJIO YTPO» ABIAIOT-
Cfi COBMECTHBIMH, a COOBITHA «HACTYIIHMIIO YTPO» M «HACTYIMJIA HOYb» —
HECOBMECTHBIMH.

PaccMOTpHM COOBLITHA, KOTODHIE MOIYT NPOM30HTH IpH OfHOM Opo-
CAHWM UIPAJbHOM KocTH: 1) BhImaso 2 04Ka; 2) BHINAJO 5 OYKOB; 3) BbI-
nayso Gosee 2 09KOB; 4) BHINAJO YHCJIO OYKOB, KpaTHoe aAByM. Cpexu
HUX COBMECTHBIMH OyAyT TpH mapel: l-e m 4-e (uuciao 2 4YETHOe);
2-e u 3-e (5 oukoB Gonpme, yem 2); 3-e u 4-e (Hanpumep, 4 ouka).
HecoBMecTHBIMH OyayT cobbitusi: 1l-e u 2-e (OAHOBpEeMEHHO Heé MOIYT
BLIDACTH 2 PasHBIX yucia); 1-e u 3-e (bonee 2 ouxos, T.e. 3, 4, 5 unu 6
OJJHOBPEMEHHO C 2 OUKAMH NOABUTHCH He MOryr); 2-e u 4-e (umcio 5
He KpaTHO 2).

3. PaBHOBO3MOMHBIe COOBITHUSHA

PaccMOTpHUM IPYNIBI COOBITHIA

1) «IOABJIEHME OpJa» U <«IIOABJIEHWE PEIKW» IPU OJHOM OGpocaHuU
MOHETHI;

2) «mosiBjieHHEe 1 OYKa», <«IOABJEHHE 2 OYKOB», ..., <«IOABJIEHHE
6 OYKOB» NPU OAHOM OPOCAHMM HUIPATBHON KOCTH;

3) «magenuwe OyTepGpoja MacioM BBepX» M <«majgeHue Oyrepbpozna
MacJOM BHH3» OpPH OJHOM najgeHuu Oyrepbpoxa;

4) «H3BATHE €3 IIOJHOro Habopa
JIOMHUHO AYOJsi» W «U3BATHE U3 HOJI-
HOro Habopa AOMHUHO KOCTHAIIKH C pas-
HBIMY OUKAMH» B Pe3yJIbTaTe U3bATHUSA
OHON KOCTHAIIKH.

B npumepax 1 u 2 HeT OCHOBAHHUH
mojaraTh, 4TO B HACTYILIEHUH OJHOTO
u3 cOBBITHH eCcTh KAaKoe-TO IpeuMymie-
cTBO (ecnu MOHeTa M KYOMK NpaBUIIb- Opén Pemka
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Hele)., Taxkue coObITHA HA3LIBAIOTCA PABHOBO3MOKHBIMH. JacTo paBHO-
BO3MOJKHOCTH COOBITHI yAAETCH YCTAHOBHUTHL U3 COOOPAYKEeHHN CHMMETDHH.

ITpumeprr 3 1 4 KeMOHCTPHPYIOT OOpa3lbl HEPABHOBO3MOMKHBIX CO-
o6piTHil. [lelicTBuTEeNbHO, OyTepbpox daie majaer MacjoM BHHU3 (U3-3a
TOT0, YTO MOCJe HaMa3bIBAaHUA XJieGa MacjoM IeHTpP TsxKecTH GyTepbpo-
Jia cMeIaeTcda U3 IEHTPAa er0 CHMMEeTDHH B CTOPOHY cJyios macJa). Ilpm
U3BATHM ONHOM KOCTANIKHM M3 MOJIHOTO Habopa AOMHHO, CKOpee BCEro,
MOABHUTCH KOCTAIIKA C PA3HLIMH OYKaMu (Tak Kak AyOseir B Habope Ho-
MHHO Bcero 7, a OCTaJdbHBIX KocTaAmek 21).

YCTHbie BONPOCHI U 3afaHus

1. Yro raxoe cobwitme?

2. Kakoe cobniTHe HA3BLIBAIOT HEBO3MOXXHBLIM; JAOCTOBEPHBIM; CJIydYaii-
HbeiM? IlpuBecTHn nmpumepn! cOOBITHI KasXIOro M3 3THX BHJOB.

3. Kakywo mapy coObITHI HA3LIBAIOT COBMECTHBIMH; HECOBMECTHBIMH?

4. Kaxue coOBITHS Ha3bIBAlOT pPaBHOBO3MOXXHBEIMU? IIpmBecTH nmpumep

HCOBITAHHUS, B KOTOPDOM MOI'YT IIPOM30MTH PABHOBO3MOXKHEIE COOBI-

TuA. IlepeuncanTs 3TH COOBITHA.

IIpuBecT npuMepbl HEPABHOBO3MOXKHBIX COOBITHHA, KOTODbLIE MOTYT

IPOU30HUTH B OJXHOM OIbITE.

o

BBogHble ynpaxHeHus i

1. HasBaTh arperaTHoe COCTOSHHE BOJbI, HAXOASAIMIEHCS B YCJIOBHAX
HOPMAaJIbHOTO aTMoc(epHOro nasjieHUA OpH TeMueparype t °C, ecim:
1) t<0°% 2) 0°<t<100° 3) t>100°,

2. Kakoe 4muCJIO 0OYKOB MOYKET NOABUTHCA HA BePXHE#H I'DaHH HUrpajbHOM

KOCTH, OpOIIIeHHOW HAa CTON?

Kak 06b1YHO HA3BIBAIOT CTOPOHBLI MOHETEHI?

Kaxoii cTopoHOU MOXXeT ynacTh MOHETAa NpPH OPOCAHHMH eé Ha IoJ?

Mooker au yueHHKY 9 Kjacca B CIeAYIOIIEM IOAY MCIOJHHATHCA Ha

ro, MeHbIIIEe JIeT, YeM B 9TOM roay?

Mosker 11 aBTOOyC NPHATH Ha OCTAHOBKY Ha 1 MUH paHbIIe, yeM

IIOJIOXKEHO II0 pacIHUcaHuIo?

Moxer nm KHMra, packpeiTas Hayral, OTKDBITBCA HaA CTPaHHUIAX

4 u 5; Ha crpamnnax 11 u 127

S e mA®

YnpaxHeHus

B ynpaxnaermax 267—271 onmcaHbl yCJIOBHUS W IPOHCXOAAIIHAE
B HUX coObiTHsA. [l Ka)KAOro M3 9THX coObITHM (Y CTHO) ompe-
AeJIATh, KAKHM OHO fABJIAETCA: HEBO3MOXKHEIM, AOCTOBEDHBIM HJIM
CIIy4anuHBIM.

267. Uz 25 ywammxcs Kijacca: 1) JBOe CHpaBIAIOT AeHb POXACHHA
30 anBaps; 2) BCe CIPaBIAIOT AeHb poxkjaenus 30 sHBapd.
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268.

269.

270.

271.

272.

273.

274.

275.

276.

CnyuaiiabiM 06pasoM OTKpbIBaeTcs y4ueOHHK JIMTEepaTypbl ¥ HaXO-
AUTCS BTOPOE CJIOBO HA JIEBOM CTpaHMIlE. ITO CIOBO HAYMHAETCH!
1) ¢ 6ykBel K; 2) ¢ 6ykeer b.

M3 coumcka sxypHama IX kjgacca (B KOTOPOM eCThb H JIeBOYKH,
M MaJbYMKH) cJy4YalHbIM 00pasoM BeIGpaH OZWH yueHHK: 1) aro
MaJbuMK; 2) BeIOpaHHOMY yuyeHMKY 14 ner; 3) BeIGpaHHOMY yue-
HUKY 15 mecsues; 4) aromy ydeHHKY OoJibllle ABYX Je€T.
Cerogaa B Coun GapoMeTp HOKasbIBaeT HOPMaJbHOe aTMocdepHoe
nasyenue. [Ipu stom: 1) y sxkurensHuubl Coun BOjJa B KacTproJe
saxunena npu t=80°C; 2) xorga TemMneparypa BO3JyxXa ylajaa 10
-5 °C, Boma B Jy’Xe 3amMépaia.

Bpocamor aBe wurpanbHbie KocTH: 1) Ha OJHOM KOCTH BEIIAJO
3 ouka, a Ha JApyroi — 5 OYKOB; 2) cyMMa BBIIABIIMX Ha JBYX
KOCTAX OYKOB paBHa 1; 3) cymMMa BHINABIIMX Ha ABYX KOCTAX OY-
KoB paBHa 13; 4) Ha ofeux KOCTAX BHINAJO IO 3 OYKa; ) cymMMa
O4YKOB Ha ABYX KOCTAX MeHbIue 15.

B ynpaxuenusx 272—274 cpegu HaHHBIX Iap coOBITHH yKasaTb,
Kakue fBJISAIOTCA COBMECTHHIMH, a KaKHe — HeCOBMECTHBIMHM.

B cuirpansoit Kareit u Cinasoit mapruu B maxmarsl: 1) Kara BbI-
urpana; Cnasa npourpan; 2) Kara mpourpana; CiaBa mpourpads.
Bpomena urpaibHas KocTh. Ha BepxXHeil rpaHu okasayiock: 1) 6 ou-
KOB; 5 0uKoB; 2) 6 04KOB; UETHOE YHCJIO OYKOB.

W3 mabopa momusO (puc. 28) BeIHYTA OJHA KOCTAIIKA, Ha Heil: 1) ogHO
YHeJa0 OYKOB GoJsibiiie 3, Apyroe uuciao 5; 2) OZHO YMCJIO He MeHb-
me 6, apyroe uucao He 6osabmie 6; 3) ogHO YHMcaO 2, cymMMa oBoux
uyucen paBHa 9; 4) ob6a umcaa Goapme 3, cymMMa uMces paBHa 7.
U3 coburtmit: 1) «upér noxab»; 2) «Ha HeGe HeT HM obsaukar;
3) «HACTYIHJIO JIeTO» — COCTABUTH BCEBO3MOXKHbBIE ITAPbl ¥ BBISIBUTH
cpeAM HMX Iapbl COBMECTHBIX M Iaphl HECOBMECTHBIX COOLITHIL.
W3 cobbiTuii: 1) «HACTYOHMJIO YyTPO»; 2) «CerofHA II0 PACIHCAHHUIO
6 ypokoB»; 3) «cerogHs IepBoe AHBapsA»; 4) «TeMIepaTypa BO3-
ayxa B Canexapze +20°C» — cocTaBUTE BCEBO3MOJKHBIE Mapbl H
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2717.

278.

279.

Terpasap PasBépTka TeTpasapa

Puc. 29

BBIIBUTH CPeAM HHUX IIapbl COBMECTHBIX M Iapbl HECOBMECTHBIX CO-
OBITHI.

Hmeercs npasuibHas TpeyrojbHas OupamMuza — Terpasap (puc. 29).
Onna u3 eé rpaneit cunas, a 3 Apyrue Gensie. Terpasap GpocaioT
Ha cToJ ¥ HaOmMomaoT 3a rpaHbl0, KOTOPOM OH cOIpUKAacaeTcda CO
cToNMOM. SIBIAIOTCA JIA PABHOBO3MOMKHBIMH COOBITHA <«TETPadAp
yoaJ Ha CHHIOK IDaHb» ¥ «TeTPasAp yhnaj Ha 6enyio rpasb»?
Bpocaerca urpaisHBIN KyOuK, y koroporo: 1) 2 rpanu; 2) 3 rpa-
HJM — OKpAallleHbl B KPACHBIM IIBET, 4 OCTaJbHbIE — B JKEJTHIM. FB-
JSAIOTCA JI¥M PABHOBO3MOXKHBIMM COOBITHS <«BBINAJIA JKENTAA I'DAHb»
M «BBINIAJIA KPAcHAs IpaHbs?

W3 nonaoi Kosoasl B 36 xapr (puc. 30) Hayraj BEIHUMAeTCS OZHA
Kapra. ABAAIOTCA JIHM PABHOBO3MOXXHBIMH COOBITHSA:

1) «BeIHyTa KapTa KpacHOM MacTH» H «BBIHyTa KapTa 4Y€pHOH
MaCTH»;

2) «BBIHYT KODOJIb» ¥ «BBIHYTA Aama»;

¢ & 4 € E ¢ L ] 4
6 7 8 9 10 B i | K y i
e L @ L & o o a5
6 7 8 8] 10 B i K T
L] & & & L] & & @ &
6 7 8 9 10 B i g K T
& L] L] & L J L] & & &
6 7 8 9 10 B pi | K T
Puc. 30
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3) «BrIHYTa KapTa GyOHOBOM MACTH» U «BHEIHYTA KapTa YePBOBOU
MAacTH»;
4) «BBHIHYTA KapTa NMHKOBOM MAaCTH» ¥ «BBIHyTa Kapra KpacHOH
MAacTH»;
5) «BbIHYTa IIeCTEPKA Tped» M «BBIHYTA JaMa MMHK»?7

280. Vi3 nosHOM KOJIOALI KapT BBIHMMAETCH OJHA KapTra. BBIACHUTE,
ABJISAIOTCS COBMECTHBIMH HWJIM HECOBMECTHBLIMH COOBITHSA:
1) «BBIHyTA KapTa KPacHOW MAaCTH» W «BBIHYT BaJieT»;
2) «BBIHYT KOPOJb» HU <«BBIHYT TYy3».

O Ycnoeus nNOCTaHOBKM CRy4aHOro onbita
1% fiewy, [Ipodeccop, mouemy B TexcTe mnaparpada OpH ONHCAHHH pas- :

B8l 47 @ nuYHBIX cOOLITHI BCAKHN pas ropopurcs 06 yCJAOBHAX, B KOTO- :
- PHIX 9TH coOBITHA mpoucxonaT? PasBe HeJb3s CKas3aThk IPOCTO:

[ «Iloasnenne 6 oukoB — ciy4aiiHoe cobwiTHE» ?

Craskml, moskajyyiicTa, a eClH CTAaBHUTCH omnelT ¢ GpocaEmemM MoO-
@il'@l HeThI, TO 10 OTHOIIEHHIO K 9TOMY ONBITY <«IOfABIeHHe 6 09YKOB»
= Toxe Oymer ciayuaiiHbIM cobbITHEM?

% =\ Koneuno, mer. IloraTHO e, 4TO KOr/la FOBOPAT O NOABHBIIEMCH
A
~ qHCcJe OYKOB, TO HMEIT B BHAY, 94T0 OpolneHa UrpajbHas KOCThb.

Honyerum, uro GpolIeHA BOBCe He HIpajibHAs KOCThb, a IIPOYH- F
@lﬁ} TaHBI OYKM, HAOpHMep, HA KocTamKe aomuHo. Illects oukos
¥ 57 MOIVIM NOABHUTBHCA ¥ MOCJE PACKDYYHBAHHA PyJeTKH. A OGpocHTh
MOTJIM, K OpHUMepy, He OAHY, a ABe HIpaJibHbIE KOCTH...

"N\ Ilomsana: Hy>KHO Bceria YTOYHATH YCJIOBHSA ONBITa, B KOTODOM |
~# paccMaTpMBaeTCs TO MJIM MHOE COOLITHE.

Xouy, uTo0BI BBl 0 KOHIIA TIOHAJH, O KAKHUX ONBITAX HJAET pedb
G¥9 ) mpH H3yYeHHH TeOpHH BepoaTHocTeii. Paccmarpusaiorcsa cay-
" yailHbie onbimbt (CAYHLAUHbIE IKCNIEPUMEHMbL ), KOTOPbIE MOYKHO
NPOU3BOJHUTL NPH HEH3MEHHBIX YCJOBHAX CKOJBKO YIOAHO pas u pe-
3yJABTAT KajKAOTO M3 KOTODHIX 3apaHee He MaBecTeH. K TakuM onmbITaMm
OTHOCHATCH ONBITHI ¢ OpocaHHeM MOHET M HMIPaJbHBIX KOCTeH; H3'bATHE |
KapT ¥3 KOJIOABI, KOCTAIIEK AOMHAHO 3 Habopa, CXOKHX IPe/JMETOB 3
KOpOoOKH (AIMHKa) | T. I.

IIpodeccop, npu u3ydeHHH mnaparpada MHe OBLIO HENOHATHO:
{::;’? moueMy, Hanpumep, nNpe OpocaHHM MOHETHI He pacCMaTpHBAalCH
'~ HCXOJ «MOHEeTa BcTaja Ha pebpo»?

> JIoTOMy 4TO B TEODHH BEDOATHOCTEH DaccMaTPUBAIOTCS TAK Ha-
.;l 3EIBaeMble MameMamuiecKue MoHemb. — HJealbHbIe MOHETHI,
= JUIIéHHBIE MHOTHX KadecTB pealbHEIX MoHer. Cumraercs, 4TO
MaTeMaTHYecKasd MOHeTa WMeeT TOJNBbKO jBe cropoHbl. Takas momeTa
HMeeT paBHBIe INAHCHI YIACTL OPJOM W peurkoil BBepX, He MOMeT HH
YKaTHTHCH, HA NOTEPATHCA, HU BCTaTh Ha pebpo.
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SATHOCTb COObLITUA

TO4YHO HEM3BECTHO, KOraa noau cranu 3a4yMblBaTbCA O KONIMHECTBEH-
[ HOM M3MepeHUuU BO3MOXHOCTWU (LLAHCOB) MOSB/EHUA TOMO UAKW WHOTO
cnyyariHoro cobbitua. [lonroe BpemMs uUccnenoBaHus OrpaHu4yMBasIuCb
| HabnioaeHusMn 3a MrpamMmmM B KOCTU M pelanuce npobnembl pasgena
CTaBku mexay urpokamu. Ho yuyéHble yxe B XVI B. NOHANK, 4TO B NpO-
uecce 3Tux HabnogeHWin 3aKagbiBaloTCs OCHOBbLI HOBOW Maremarunye-
CKOW Teopuu.
| B artom naparpade Bbl NO3HAKOMUTECb C WUCTOPUE BO3HWUKHOBEHUS
NOHATUA BEPOATHOCTU cobbITuA. MMoNMETE, Kak HaxoauTb BEPOATHOCTb
. cobObITUA B ONbITE C PABHOBO3MOXHbLIMU UCXOAAMU, HAyYMTECh pellartb
| KJlacCcuMYeckue BEepOATHOCTHbIE 3anauu.

Hy>XHO BCNOMHWUTD:

MMOHATHUA OnbITa (MCOBITAHUSA) U COOBITHA;

IOHATHA HEBO3MOIKHOI'0, JOCTOBEPHOTO U CJIy4aWHOTO COOBITHIA;
MOHATHA COBMECTHBIX W HECOBMECTHBIX COOBITHII;

MOHATHE PABHOBO3MOJKHBIX COOBITHIA.

Berpeuasice B JKM3HHM € PasiHYHBIMH COOBITUAMH, MBI UacTO HaéM
OIIEHKY CTeNeHH uX JocTroBepHocTH. [Ipm aTOM npouM3HOCHM, HalpuUMep,
TAKHE CJIOBA:

«9TO HEBEPOATHO!» — rOBOPUM O HEBO3MOXKHOM COOBITHM, HalpHMep
O TOM, 4YTO BOJA B XOJIOAWJIbHUKE 3aKHIIeJa.

«MaJjioBepOATHO, YTO CerofHsA OyJIeT MOMJb», — 'OBODHM, INIAAA Ha
besobauHoe HeOO JIETHHUM yTPOM.

«HaBepHsika ato cayuurcsls», «§1 yBepeH, uTo aT0o npousouaér!» — ro-
BOPHUM, HAIIPpUMED, O HPeAIoJaraeMou NBOMKe 3a KOHTPOJBHYIO pabory,
ecnu uaydaemas Tema He Oblia ycBOeHA.

«IIlancel paBHbI», «OpuH K omHOMYy» unu «lllaHcel mAThHAECAT Ha
NATHAECAT» — TOBOPUM, HAIIPUMMeEDP, O BO3MOXXHOCTH I10GeNBl B COPEBHO-
BaHUAX JABYX OJMHAKOBO MOArOTOBJEHHBEIX CIIOPTCMEHOB MJM KOTja Je-
JlaeM CTaBKy Ha OpJia WM PeIIKy IIpPH IoAOpACBIBAHUMA MOHETHI.

Bonpoc 0 BO3MOKHOCTH M3MePEeHHMS CTeleHH AOCTOBEPHOCTH HACTY-
IJIeHusA Kaxoro-aubo cobwiTus sapaBanu cebe eme B XVII B. dparmys-
cKkue yuénbie Baes ITackanvy (1623—1662) u ITvep Pepma (1601 —
1665 ). HaGmogas 3a urpoi B Koctu, llackans BeICKAsaJl UAEI0 H3Me-
peHHus CTeleHW YBEPEeHHOCTH B BHIUTDPHINIe (IIAHCHI BBIUTDHIIIA)
HeKOTOpBIM uucaoM. eicTBuTensHo, paceyxnan Ilackans, Korga Urpox
fpocaer UrpajJbHYI KOCTb, OH He 3HAET, KAKOe YHCJI0O OYKOB BHIIAJET.
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Ho on 3sHaer, uTo Kaskzgoe us uucesn 1, 2, 3, 4, 5 m 6 mMeeT ofMHAKO-
BYIO JOJII0 ycnexa (paBHBIE IIAHCHI) B CBOEM HOfABJIeHHMH. VIrpOK Takke
3HaeT, YTO IOABJIEHME OJHOTO M3 3THMX YHUCeJI B KaXXIOM HCHBITAHUH
(6pocke) — cobriTHe nocToBepHoe. EciM NPUHATHL BO3MOMKHOCTH HACTY-
IJIEHUA JOCTOBEPHOTO COOBITHSA 3a 1, TO BOSMOYKHOCTH IIOSIBJIEHWHA, HAa-
npuMep, mecTEPKU (PaBHO KakK M Jiro0oro Jpyroro uuciaa ouxkoB) B 6 pas
MeHbIIe, T. €. PaBHA %

IToaro ycmexa TOro WJIM MHOTO cOOBITUS MATEeMaTHUKM CTAJU Ha3bIBaTh

BEPOATHOCTBIO 3TOro cobelTua U 0003HauaTh OykBOil P (mmo mepsoit

OyKBe JIATHHCKOrOo cJyioBa probabilitas — BepOATHOCTE).

Ecnm 6ykBoit A 0003HAauMTh COOBITHE «BBINANO 6 OUKOB» HIpHU OX-
HOM OpocaHMH UIpAJbHON KOCTH, TO BEpPOATHOCTL coObiTHA A 00603HAa-

qaioT P (A) m sanuceiBaior P (A) =% (unraerca: «IIa or A paBHO on-

HOM 1ecTod» uaIM «BeposaTHocTh coOBITHMA A paBHa OLHOM IIECTOH»).

3apnaua 1. IloBepxHocTb pyjeTku (e€ BuJ CBepxy H300pakéH Ha pPH-
cyare 31) paspenena auamerpaMy Ha 4 paBHBIe yacTu., Ha¥Th Be-
POSITHOCTH TOTO, YTO PACKDYYEHHAs CTPeJKa PYJEeTKH OCTAHOBHTCH
Ha cexTope 3.

b Tax Kax MWJIOHIAAHA CEKTOPOB IMOBEPXHOCTH PY-
JeTKM OAMHAKOBBEI, TO B OZHOM MCIBITAHHH
C pacKpydYuBaHMEM CTPeJKH CyllecTByoT 4
PaBHOBO3MOJKHEIX COOBITHA (MCX0Za MCIBITA-
HHA); CTPeJIKa ocTaHOBUTCA: 1) Ha cexTope 1;

2\
2) Ha cexTope 2; 3) Ha cexkTope 3; 4) Ha Cek-
Tope 4. JlocToBepHOoe cOOBITHE — «CTpPeEJIKa 3 4

OCTAHOBHUTCSH HA KAKOM-JINO0 M3 CEeKTODOB».

BepoATHOCTE HACTYILJIEHHMA JOCTOBEPHOTO CO-

OmiTHA paBHa 1, a BepoATHOCTHL cobbiTNA A —

«CTpeJKa OCTAHOBUTCA HA CeEeKTope 3», Puc. 31

B 4 pasa MeHbIe, T.e. P (A) = %.

B uncneiTaHuAX ¢ 6pocaHMeM KOCTH, C PACKDYYMBAHHEM CTPEJIKH Py-
JIETKH MBI MMEJH HeJI0 ¢ TAK Ha3blBAEMbIMH 3JIeMEHTAPHBIMM COOBITH-
AMH (MCXOJaMH) — HDOIMAPHO HECOBMECTHBIMH COOBITHAMM, OZHO H3 KO-
TOPBIX 00f3aTeIbHO IMPOMCXOIUT B Pe3yJIbTaTe HCHBITAHUA.

IToMmuMO paccMOTPEHHBIX BBIIIE JIeMEeHTAPHBIX COOBITHI, MOHO U3y-
yaTek U OoJiee CJIOXKHBIE COOBITHS, KOTOPhIe MOTYT IPOHMCXOAWUTH B 3THX
vcHbpITAHHAX. Hanpumep, TaKme: «BbINIaJleHHEe YETHOI'0O YHCJIA OYKOB
(2, 4 nnu 6) opu ogHOM OpocCaHMY HI'DABHON KOCTH»; «OCTAHOBKA CTpeJI-
KU pPYJIeTKH He Ha ceKTope 2» Hu T. A.
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PaccmoTpumM cobbiTHe A — «BBINAJIO YETHOE YHCJIO OYKOB», B Pe3yJib-
TaTe ofHOro 6POCAHUA UTPAJBLHOM KOCTH. DTO COOBITHE HACTyNaeT B 3 CIy-
gaax (Mcxojax) — Korja Beinajgaer uiu 2, uiau 4, uwian 6 ouxos. I'oBopAar,
9To 3710 GaaronmpusaTcTByOmMe cobbiTHi0O A mcxoxel. Tpu 6Gaaronpusar-
CTBYIOIIMX MCXOJA COCTABJIAIT IIOJIOBUHY OT BCeX BO3MOMKHBIX HMCXOJOB
ueneiTagus (KoTopeix 6), mosTOMYy BEepOSATHOCTH COOBITHMII A paBHA:

3 1
P(A) = =5

PABHOBO3MOJKHBIX 3JIeMEHTAPDHBIX COOBITHH (MCXOHOB) M m M3 HHUX

n Onpenenenue. Ecim B HEKOTOPOM HCIBITAHWH CYIIeCTBYeT N
61aroIpUATCTBYIOT COOBITHIO A, TO BEPOATHOCTHIO HACTYNJIEHHA CO-

m
OpITHH A HA3BIBAIOT OTHOIIEHHEe — ¥ 3alHCHIBAIOT
n

=i
P(A)=". (1)

Japaya 2. Ha¥iTm BepOATHOCTH MOABJIEHUSA IIPH OAHOM OpocaHUM
UrpaJbHOM KOCTH YMCJIa OYKOB, Gosbmero 4.

p CobelTHIO A — «NOSABJIEHHE uYHCiIa OYKOB, Oojbliero 4», Oxaro-
NPUATCTBYIOT 2 Hcxoja (mosBieHWe 5 W mmoABJeHHe 6 OYKOB),
T.e. m=2. Yucao BCcex PaBHOBO3MOXKHBIX HCXOHoB n =06, moaromy
p(A)=ﬂ=£=l_ <

n 6 3

Japava 3. IloBepxHOCThL PyJeTKH pasjieleHa Ha 8 paBHBIX CEKTOPOB.
HaijiTi BepOATHOCTHL TOrO, YTO IIOCJIE PACKPYYMBAHHMA CTpEJKa py-
JeTKH OCTAHOBUTCHA Ha 3aKpallleHHOM uyacTu pyJeTku (puc. 32).

P CymecTByer 8 pABHOBO3MOMKHBIX MCXOJOB HC-
NBITAHWUSA: CTPEJKA OCTAHOBUTCA HA CEKTO-
pe 1, Ha cexTope 2, ..., Ha cekTope 8, T.e.
n=8. B sakpameHHYIO 4acTh PYJeTKH IIoma-
pamooT 3 cexropa (4, 5 u 6-i1), T. e. unucygo Oaa-
ronpuATcTByomux wucxomos m=3. Torga
Pa)="=3

n 8
O BepoOATHOCTAX HACTYILJIEHHWA JIOCTOBEPHBIX,

HEBO3MOJKHBIX M CJydadlHbIX cOOBITHI Ha OCHO-

BaHuM (opmyusl (1) MOXHO paccyKAaTh caeny- Puc. 32

omuM obpasom:

Ecnu cobpiTHe A gocroBepHOe, TO eMy 6JaronpusATCTBYIOT BCe BO3-

m
MOJKHBIE MCXOJblI MCHBITAHUA, T.e. m=n., Torga P(A)=—=1.
n
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Ecnn cobeiTHme A HEBO3MOYKHOE, TO He CVYIIEeCTBYeT HCXOomoB, Ojsaro-

IPUATCTBYIOINUX ero mosapieHuio, T.e. m=0. Torna P (A) = 2= 0.
n

Ecnau cobelTHe A ciayuaiiHoe, TO YHCIO M OJaronpUATCTBYIOLIUX
ero IMOSABJIEHHUIO MCXOJ0B yaoBiersopser yciaosuio 0<m<n. Torma

0<P(A)=%<1.

Taxkum obpasom, mis BepoatrHocTu P (A) nioboro cobeiTusa A cmopa-
BenuBbl HepaBeHcTBa O0<P (A)<1.

YcTHbIEe BONPOCHI M 3afaHusA [

1. Bocmpoussectu paccy:kzaeaus B. Ilackansa o BO3MOIKHOCTH H3Mepe-
1
HUS YUCIOM - IIAHCOB NOABJEHMH, HaNpUMep, 6 OYKOB B pe3yJib-

TaTe OAHOTO OpocaHMA WIpalbHON KOCTH.

. ChopMyaupoBaTE OITpe/iesIeHre BePOATHOCTH HACTYILIEHUS coObITHS A.
. Yemy paBHa BepOATHOCTH JAOCTOBEDHOT'0; HEBO3MOXKHOT'O COOBITHA?
. Kakwue unciioBble 3HAYEHUSA MOYKET IPUHUMATE BEPOATHOCTH COOBITHSA?

2. YTo Ha3BaIM BEPOATHOCTHIO COOBITHUA OCHOBOIIOJIOKHHKM TEOPHUU Be-
posaTHOCTEH?

3. Kak 0003HAYalT BEpPOATHOCTH COOBITHA A?

4. Kakue coObITUSA HA3BIBAIOT JJIEMEHTAPDHBIMU COOBITUAMH (HMCXOJAMM)
HCOBITAHUA?

5. Yro Ha3BIBAIOT OJArONPHATCTBYIOIIUMH COOBITHIO A HCXOJaMH HC-
OBITAHUA?

6

T

8

BBoaHbIe ynpaXHeHus

1. IlepeuncauTh BCe BO3MOIKHBIE MCXOMABI MCIBITaHUA ¢ OofHMM Opoca-
HHEeM MOHETHI; UI'PAJbHOM KOCTH. SIBIAIOTCA JIA 9TH HMCXOJABI PaBHO-
BO3MOXKHBIMH ?

2. U3 moanoro Habopa JOMMHO BBIHMMAaETCs OJHA KOCTAIIKa. SIBisior-
¢S U PAaBHOBO3MOJKHBIMH COOBITHA «BBHIHYTA KOCTHAINIKA C YUCIaMM
1 u 1», «BeIHYTa KOcTAIIKA ¢ yucaamMu 6 u 6»?

3. U3 moanol Kosoabl kKaprt (36 sucToB) BeIHUMaeTcA ojHA Kapra. fIB-
JISAIOTCA JIA PABHOBO3MOJKHBIMK COOBITHS «BBIHYTA Kapra ¢ KapTHH-
KOM» M «BBIHYTA KApTa C YHUCJIOM»?

YnpaxHeHus |

281. IlepeunciauTh Bce 3JIe€MEHTAPHLIE PABHOBO3MOXHBIE COOBITHA, KO-
TOpble MOTYT NPOM30MTH B pesyiabrarte: 1) OGpocaHMs MOHETHI;
2) 6pocanus UrpajibHOM KoctH; 3) 6pocaHUA TeTpasjpa ¢ IPAHAMU,
3aHyMepoBaHHLIMU umciamu 1, 2, 3, 4; 4) pacKpy4uBaHUSA CTPeJI-
KU pYJeTKH, MOBEPXHOCTh KOTOPOM pasfeyieHa Ha 5 OJMHAKOBBIX
CeKTOpoB, o0o3HaueHHBIX OykBamu A, B, C, D u E.
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282. 3anosHuTs TabNHILY.

1 m —_— i
X : <
? 2, g 528 | £
= EXX= gpY| 2E
g ogzsg $02| 28
Q X N3yvaemoe O
© Ucneitanue <0l & gq A ==& 'gS
== = [= s
= o2 QEES gLo I
o co P30 =g o
= gF 9= 75 § e
e o o E
1 BpocaHue urpans- Bbinaswee 4mMcno
HOW KOCTWU OYKOB HEYETHO
2 BpocaHuwe urpans- Buinaswee 4ucno
HOW KOCTU OYKOB KPatHO TPEM
3 MabaTtve n3 nonHo- M3baTa KocTawKa
ro Habopa AOMUHO c ouykamm 2 n 6
O[HOW KOCTSLUKK
4 M3bsiTe n3 nNonHo- NabaT aybnb
ro Habopa OOMWMHO
O[HOW KOCTALLKW
5 Packpy4mBaHne OcTtaHoBka cTpenkun
CTPEsiKu pyneTku, Ha CeKTope C Ho-
pas3genéHHon Ha MEPOM, KpaTHbIM 4
8 paBHbIX CEKTOPOB,
3aHyMepOoBaHHbIX
yucnamum ot 1 go 8
6 | Packpy4uBaHue OcTaHoBKa CTpenku
CTPENKN pyneTku, Ha cekTope, Homep
paspenéHHon Ha KOTOpOro He 6onb-
8 paBHbIX CEKTOPOB, we 6
3aHYMEpPOBaHHbIX
yucnamum ot 1 go 8

283. B amuxe Haxozarca 2 Geawnlx M 3 uépHBIX mapa. Hayraj BbIHH-
MaeTcss oguH map. KakoBa BepoATHOCTH TOr'O, YTO BBIHYTHIM IIap:
1) Genwrit; 2) uépHbiii; 3) 3enéHblit; 4) Oenblii MM YEPHBIHA?

284. B samuke HaxomsaTca 2 Oenbix, 3 4épHBIX, 4 KpacHeix mapa. Ha-
yrajJi BBIHUMaeTcsa oguH map. KaxkoBa BepOATHOCTbL TOr'0, YTO DTOT
map: 1) Genwrit; 2) uépHbii; 3) KpacHblil; 4) He Oenslii; 5) He uép-
HbBIN; 6) He KpacHBbI?
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285.

286.
287.

288.

290.

130

Ha opmHakKoBBIX KapToukKax HanmucaHb! dyucia or 1 go 10 (ma xax-
AOM KapTodyke — OAHO 4ucjo). KapToOuKM IOJIOMKHMIH Ha CTOJ, IIe-
PEBEPHYJIH UYMCAAMUA BHM3 U nepeMmernanu. KakoBa BepOATHOCTH
TOTO, YTO HA BBEIHYTOH KapToukKe oKakercs uuciuo: 1) 7; 2) uéruoe;
3) kparnoe 3; 4) KpartHoe 4; 5) menameeca Ha 5; 6) mpocroe?
Tausa sabeiia mocaegHoo nudpy HOoMepa TenedoHa 3HAKOMOM Ie-
BOYKHK ¥ HaOpana eé Hayrag. KaxkoBa BeposTHOCTH TOro, uto Tausa
momaJsia K CBOeil 3HAKOMOM?

B norepee 1000 6uneros, cpeau koTopbix 20 BeIMTpRIMHEBEIX. IIpu-
obperaercs oxuH Guier. KakoBa BeposSTHOCTH TOTO, 4UTO 3TOT Ou-
Jger: 1) BBIMIDBIIIHBIN; 2) HeBLIUI'PBIIIHBIN?

CTymeHT IIpM MOATOTOBKE K 9K3aMEHY He YCIleJl BBIYUYHTL OAWH M3
Tex 25 OuMieToB, KOoTOphle GYAYyT IpeAJOKeHbl Ha skazameHe. Ka-
KOBa BEPOATHOCTL TOTO, YTO CTYAEHTY MOCTAHETCA Ha JK3aMeHe
BBEIYYEeHHEBIN Ouier?

Honyctum, utro 5 pas moabpachkliBajiack MOHETa M KaKJbIA pas3 BEI-
nagan opén. KakoBa BepOATHOCTH TOro, YTO IPH HOBOM Opocke
BeIAZET OpEn?

W3 xonoper kapr (36 saumcToB) Hayraj BbIHMMaeTcsa OAHA KapTa.
KakoBa BepoATHOCTE TOro, 4YTO 3Ta Kapra: 1) mectépka Tped;
2) cemépka; 3) KopoJb KpacHoil mactH; 4) Kapra 6y6HOBOM MacTH
¢ 4YMCJIOM; 5) KapTa 4epBOBOM MACTH C YETHBIM YHCJIOM?
IlepeBsHHBIN OKpamieHHbIN KyOuK 3 X 3 X 3 pacnuaunu Ha 27 oam-
HaKoBBIX KyOukoB 1x 1 x 1 (puc. 33). Kybuku nepememany u BEI-
Opasiu Hayrajg oAuH u3 HuX. HallTu BepOATHOCTH COOBITHA!

1) A —y kyOuka OKpalleHsl 3 I'paHH;

2) B — y kybuKa OKpallleHbl POBHO 2 TpDaHH;

3) C — y kyOuKa oKpalleHa TOJIBKO OJHa I'pPaHb;

4) D —y kybuka HeT HY OAHOM OKpAaIIeHHOH IpaHH.

Puc. 33
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MpoucxoxpeHue cnosa asapr.
Ownbky y4€HbIX NPU pelweHnn BEepPOATHOCTHLIX 3apay

IIpodeccop, f maBHO xXOTeJ y3HATH, IIOYeMY HIpPhl B KapThHl H
a*" xocrn HaseiBaloT asaprHeIME? IloTomMy UTO OHM BHISBIBAIOT
asapm — Bo30y:KAeHNe, yBIe4eHHe, TOPAYHOCTH?

Bo MHOrHX TOJKOBEIX CJOBapfAX CJIOBO asapm TPaKTyeTCH KaK

G¥3 1 6030yxncdenue. VI neiicTBATENBHO, STH [JBa CJIOBA MBI yXKe BOC- |

v

ODpHHEHMaeM KaK CHHOHHMBLI. Ha camom pejie cJIOBO aszapm npo- |

HMB0IIJI0O OT apabcKoro ciaoBa asap, 4TO O3HAYaeT mpyodHsiii. ITUM Tep- |

MUHOM apabbl HA3BEIBAJIH TPYAHYIO, PEAKO IMOABIAIOIIYIOCH KOMOHHA-
OMI0 OYKOB NpU HUrpe B koctH. Hamnpumep, npu OpocaHMm JABYX

MIPAJbHBIX KOCTe# TPYAHBLIM (83apTHBIM) CYMTAJIOCH NMOABICHHE B CyM- |

Me ABYX HJIH ABeHAAUATH OYKOB.

m IToEATHO, OTKYJAa MPOHM3ONLIO 9TO CJI0OBO: MIPOK, Opocasi KOCTH,
- -

¢ BOBOy»KeHHMeM KIajl — BAPYT eMy IOBEe3éT M BhINAAET a3apT-
Hafg CyMMAa O4YKOB.

3ameuy, 4To cin0BO hazard (4YuTaeTcsa Kak asapm) ecTh BO (ppaH-
@;@' myackomM ciyoBape. M xorsa Tyjsa OHO IpHILIO U3 apaGCcKoro A3bI-
oy

K&, TPaKTyeTCs B CJOBape y:Ke KaK Cayyail UIH puck.

IIpodeccop, pacckaxkure, IOMKaIyicTa, O MepPBBIX 3ajadax, Ko-
l+*" Tophle pemraju cO3ZaTeNM TEOPUH BEPOATHOCTEIR.

> JlepBble BEPOATHOCTHBIE 38484y Hadaau GOPMYJIMPOBATH He y4é-
)3 HBle, & B OCHOBHOM OoraTble Hrpoxku. MCTODHS MAaTeMaTHKH
3HAET HEeCKOJbKO 3azad, Koropble sagan B XVII B. B. ITackamio
BHATHBIN (paHmysckuii KaBagep ne Mepe.

Ilpu peileHVH TEPBBIX 3aja4 BEPOATHOCTH OIIMOAJHCh MHOTHE y4é-
Hble. M3BecTHO, Hampumep, uro B 1494 r. mTanbAHCKHI MaTeMaTHK

@pa Jyxa Bapmonomeo de ITavonu (1445—1517) He cMor BepHO pe- |

AT CAeAVIOUIYIO 3aaady: «J[Ba MIpoKa JOTOBOPHJIHCH MI'DATH B KOCTH

IO TeX MOp, NOKAa ONHOMY M3 HHMX He yJacTcsa BeIMUrpaTh n napruii. Ho

urpa 6nla mpepBaHa mocje TOro, KAK NepBBIM HIDOK BHEIMIPAJ @ map-
Tu# (a <n), a Bropoit — b napruii (b<n). Kax cnpaBefnuBo pasgeJHuTb
cTaBry?

ITavonu (mpexpmoJiarasi, YTO MIPOKM MIPAIOT «PABHOCHJILHO») IIpen-
Jaraj pasiedTh CTABKY B OTHOLIEHHH @ :b, He YYMTHIBASA HAPTHH,
KOTODBI€ HYYXHO €Ilé BBIMIDATH, YTOOBLI IOJYYHTE CTABKY.

Coyera noutu 50 jer II. Kapanauo onposepr paccysxaenus JI. ITavo- |
JU ¥ IPeNJIOKHJ CBOE, HO Tak)Ke omubouHOe, pelleHHe 3TOM 3agadu.

W rTonsko mo mpoinecTsuu emé moutu 100 jer ara sagauya Gblna peimne-
Ha B. Ilackanem Bo Bpemsa mepenucku c¢ II. @epma.

Hcropusa MaTeMaTHKH XPAHUT OMIMOKY, KOTOPYIO JOMYCTUJ NIPH pele-

HUM BepPOATHOCTHOM 3aiauy uaBecTHBIN dpannysckuit maremaTux X VIII B. |
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Mlan Jlepon ’anambep (Hanambep) (1717—1783). PaccmarpuBas
onelT ¢ OpocaHMeM JIByX MOHET, OH IIOCYHTAJ, YTO HMMEIOTCA TpH
PABHOBO3MOXKHBIX MCXOJa: BHEIIAJIH «ODPEJ K OPEl», «OPEN M pelKas,
«pemIKa ¥ pemKa» (moApobDHO K ITOMY ONBITY MBI € BAMM BepHEM-
cA B caeaylomeM maparpade, u Bel camu Haigére omubky M. Mamam-

Gepa). |
S/

3

132

Pewenue 3apaum Mavonu

Ilpodeccop, Bri HaBepHAKa 3HaeTe BepHOE pelIeHHE 3aJa4u
" JI. Ilagyosn, Koropoe Hamén ITackanb. MBI CMOYKeM ero HOHATH?

Haperwocs, 4To B KOHKPETHOM cjy4dae cMoikeTe. PaccMOTpHM 3Ty

sagauy npu n=3, a=2, b=1. To ectb urpa OwbLIa IpepBaHa,

KOTrJla IIepBOMY HIDOKY OCTaBaJIoCh BHIMIpaTh 1 mapTHio, a BTO-
pomy — 2. Ha aToM arame elé HENOHATHO, Kak AeauTh cTaBky. Ho Bcé
craso OBl OYEeBHAHBIM, eciii Obl MIDOKM CHITDAJH €Hi€ OJHY IapTHIO.
Torga 6pinilm 661 BO3MOIKHEI JBA CJAyYAas:

1) ecnim 6B BBIMI'DAJ IEPBHII UIPOK, OoH Obl Habpasn 3 BBIMI'DBIIIHBIX T
naprTum m 3abpas 6B BCIO CTABKY, & BTODOH HIpPOK He MOJYYHJ ObI
HAYEro;
2) ecnu OBl BBIMTDPAJ BTOPOHM MIPOK, TO MOJy4YHJIOCH ObI, 4TO 00a Hrpo-
Ka BBIMTDAJHM [0 2 IapTHUM, U TOrAa CIPABEIJIMBO pPasfielIuTh CTABKY f
HOmoJIaM.

B03MOXHOCTH BBIMTDHINIA OJHON MAPTHUH Yy Ka)XJ0ro Mrpoxa B 06o-
HX caydafax omuHakoBbl. Takum o0pasom, NepBbIH MIPDOK MOYKET BBI-

1
1+= 3
urpars Jud0 BClO CTaBKY, 00 €é IOJOBUHY, T. €. B CpeJilHeM 2 2 - Z

cTaBKH. Bropoil Hrpoxk wmosker Jau60 HHYero He BBIMIpaTh, JubO

0+l

i |
BHIMTDATH E CTaBKH, T.e€e. B CpeJjHEM 2 = Z CTaBKH. H03TDMY

2

B. Ilackanb mOpeajiaraj pasfgeJuTh CTAaBKH B oTHomeHuu 3:1 (Torama
KakK, no MHeHuio JI. [Tavosum, eé caegosasio 6b pasgesuTsL B OTHOIIE-
HEH 2:1).

3aMeduy, 4YTO OpPH peIIeHHW B3TOH 3a/a4l 3ajiodeHa IOAroTOBKA
K BBEJCHHIO NOHATHA Mamemamuieckoe oxcudanue, ¢ KOTODbIM HHTe-
pecyrlnHecsi MaTeMATHKON ydalllHecs CMOI'YT NO3HAKOMHTBLCA B Cleny-
OIIei riase.

naea IV. CnyyaiHble cobbitusa
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He Bceraa 4ucno BCEX 3NeMEHTapHbiX WCXOA0B WCMbITAHUSA Nerko
onpegenuTb cpady. Yacto ons ero HaxoxpeHwsl, a Takxke ana nog-
c4yéta ymucna GnaronpusiTCTBYIOLLMX WMCXOAOB WUCMbITaHUS TpebyloTcs
Npuémsbl, npasmna u Gopmynbl KOMOUMHATOPMKK. PacCMOTPEHUIO BEPO-
ATHOCTHBLIX 3afa4, B KOTOPbLIX YMCNO WCXOLOB WCMbITAHUSA HAXOOUTCS
C nomoulbio rpadoB wnmM KOMOGUMHATOPHOrO npasuna NPou3BeaeHUs,
M NOCBAWEH marepwan 3toro naparpada.

3apava 1. Bpomensl gBe MoHeTHl. KakoBa

P

HyXHO BCNOMHUTBL:

IIOACYET KOMOMHANMK U3 He(OJBINOro YMCJa 9JIeMEHTOB, B KOTOPBIX
NOpAAOK HX PacHoJIOKeHHdA HMeeT 3HaueHHe; He uMeeT 3HaYeHHd;
ROMﬁHHaTopHOQ OpaBuJIO IMIPOMU3BENEeHHSA,;

nepe6op BapHaHTOB C MIOMOINLIO TabauIbl; rpadoB (B YaCTHOCTH, CXe-
MBI-ZlepeBa);

NOHATHUA IEPEeCTAaHOBKH H (pakTOpHAaNa M3 71 3JIEeMEeHTOB;
HaxXoX/JleHHe YHCJa BCeX IepecTaAHOBOK H3 1 3JIEMEeHTOB;
onpezeleHue BEPOATHOCTH COOBITHSA.

BEPOATHOCTHL TOTO, 4TO MoABATCH: 1) ABa 2.9
opiya; 2) opén u perka? 1-9 MOHeTa

CocraBum Tabiuiny BapMaHTOB, MO3BOJISA- MOHeTa
IOIYIO OIIPEeJeIUTh BCe BO3MOXKHBIE MCXO- (0] P
ABl B pesysabTare OpocaHHsA ABYX MOHET.
IToasnenue opsna B Tabaune o0603HAYEHO 0 00 oP
6ykeoit O, a mOsBJIEeHHMEe pemKH — OyK-
Boit P. P PO PP
W3 Tabaunbl BHAHO, YTO YHCJIO BO3MOIK-
HBIX HMCXOJIOB B HCIBITAHHH n=2-2=4.
1) CobriTHIO A — HDOABJIEHHIO ABYX OpPJIOB OJIarONPHATCTBYET ONHMH
ucxox (00), t.e. m=1, nosaromy P (A) = % = %
2) CoObiTuiO B — NOABJIEHUIO OPJia ¥ PELIKH OJIaronpUsATCTBYIOT 2 HC-
m 2 1

xoxa (OP u PO), r.e. m=2. Torma P(B)=: b

L o
OTtBerT. 1) = 2) = 4

HanomeuM nmpasuyio npoussenenns, copMyIupoBaHHOE IIPHA H3y4de-

HUM 5JeMeHTOB KoMmMOuHaTOpuKH B 7 Kjacce.
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Ecau cyluecTByeT n BapHMaHTOB BhIOOpa IIEPBOrO 3JIEMEHTA W A
KajXJoro M3 HHUX eCTh M BAPHAHTOB BhIOOpA BTOPOTO 2JIEMEHTA, TO
CYILIECTBYET N - m Pa3JUYHLIX Hap ¢ BHIODAHHBIMHU IIEPBEIM H BTO-
PBIM 2JIeMEeHTaMH.

Japa4a 2. BpomeHs! ABe UIpajbHBIE KOCTH: ofHa Gesoro, gApyras Kpac-

Horo nBera. KakoBa BepoATHOCTB TOro, 4tro: 1) Ha Gesoil KocTH
BbIDAZEeT 6 OYKOB, a HA KPACHOM — HEUYETHOE YMCJIO OYKOB; 2) HA
OAHOM KoOCTH BhImazer 6 OUYKOB, & HA APYrod — HEYETHOE YHCIIO
O4YKOB?

CorsacHO MpaBHJIy IIPOM3BEAeHUA YHUCJIO BO3MOYKHBEIX MCXOJOB MCITHI-
Tagusa n=6-6=36. CocraBum Tabiauily BOBMOKHBEIX MCXOZOB Opoca-
HHMA ABYX MIPaJIbHBIX KOCTeI.

Benas KDaCHaﬂ KOCTb

o) 1 2 3 4 5 6
g 11 12 13 14 15 16 |

B 21 22 23 24 25 2% |

i B 31 32 33 34 35 36

Sk 41 42 43 44 45 4% |
5 51 52 53 54 55 56 |
6 61 62 63 64 65 66

1) Ucxonwl, 6GaaronpusTCTBYIOUINE COOBITHIO A — NOABJEHHMIO Ha
Oesoit xoctm 6 OYKOB, Ha KpPacHOM — HEUYETHOTO YHMCJIA OYKOB, BHI-
JejieHBI B mociaenHe# crtpoxke Tabmunel. Mx 3, t.e. m=38. Takum
m 3 1

obpasom, P (A) = = T

2) Ucxopwl, 61aronpuATCTBYIOIKAE COOBITHI0O B — MOABJIEHUIO HA Of-
HOM KocTu 6 OUKOB, a Ha APYroi — HEYETHOrO 4YMCJA OUYKOB, BBI-
gelleHBI B Tabamme ucXonoB (K TpPEM HCXoJaM, pPacCMOTPeHHBIM
B IpeAbIAYINeM 3afaHuu, J0OABIAIOTCHA elé TPH 3a CUET NOABJIEHUSA

6 OYKOB Ha KpPACHOI KOCTH M HeYETHOIo 4ucja O4KoB Ha Oesoii.

Taxum obpaszom, m =6, u, ciegoBarensHo, P (B) = % = % = %

P L =
OTtseT. 1) T 2) = 4
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3apaua 3. Kakosa BEpPOATHOCTE TOI'O, 4TO CYMMa OYKOB, BBINIABIINX Ha

>

ABYX OpOIIEeHHBIX KOCTAX, paBHa 57
Obmiee 4UmMCIO HMCXOMOB HMCHBITAHMS, KaK M B 3agade 2 pasBHO 36.
Beinuinem mu3 mocaegHei TabJMIBI BCE HCXOALI, OJAronpHATCTBYIO-
I¥e MHTEePeCcyIoleMy Hac coOBITHIO A (CyMMa OYKOB HA ABYX KOCTHAX
paBHa 5): 14; 23; 32; 41.

m 4 1

Taxkum obpasom, m=4 u P(A) = e

3apava 4. B AmuKe UMeeTca 3 OAMHAKOBBIX IO pasMepy KyOuKa: Kpac-

HBI# (K), 4épHBIA (4) U Gesswlit (6). BeiTackuBasi UX Hayraj, KJaajgém
3 kyOMKa Ha CTOJI IIOCJeAOBATENbHO OAMH 3a aApyrum. Kakosa Bepo-
ATHOCTbL TOr0, YTO IIOABHUTCH IIOCIEAOBATENIBHOCTE KYOMKOB «4 0 K»?
O6miee YMCIO N MCXOJAOB PACCTAHOBKH B pPAJ BBIHYTHIX M3 SIH-
ka 3 KyOMKOB paBHO YHCJY IIEPECTAHOBOK M3 TPEX 3JIeMEHTOB:
n=3!=1-2-83=6. Tonbko oxuH M3 ITHX MCXOHOB sABIAeTcsa 6ia-
TOIIPUATCTBYIOINUM coObiTuI0O «u 6 K», T.e. m=1. Takum o6Gpasom,

1 !
BEPOATHOCTE MHTEPECyIoIero Hac cobuiTua P = e

3apava 5. B smuke uMeercss 3 OAWHAKOBEIX 10 pazMepy KyOuka: aBa

yépHBIX (4, U 4,) u oauH Gennbiii (6). BeiTackuBas KyOuku Hayrazm
OJMH 3a APYIUM, HMX CTABAT IIOCJIeJOBAaTeJbHO Ha cTos. KakoBa Be-
POATHOCTEL TOTO, YTO CHayajia OyAyT BHEIHYTHI ABa YEPHBIX KyOHKa,
a mocJegHUM — GesbIi?

O6ijee 4YMCIO MCXOZOB, KAK W B MpeABLIAYINEH 3anade, paBHO 6.
Onnako 6JaronpUATCTBYIONIAMHA PacCMaTPHUBAaEMOMY COOBITHIO GyayT
2 ucxopa: «4; 4,6» u «4, 4, 6» (CM. puCyHOK 34 C ZepeBOM MCXOZOB),

2 1 :
II03TOMY BEPOATHOCTH HM3y4aeMmoro coObITHs paBHA e =5

— 5 )
I HCXOOBI |

N u,69,

64,4,

69,4,

Puc. 34
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Puc. 35 Puc. 36 Puc. 37

3apnava 6. B xopobke nesxkar 2 Oensix w 3 uépHbIx mapa. Hayrapn

BEIHUMAIOT OJHOBpeMeHHO 2 mapa. HalTu BepOsSTHOCTH COOBITHSA:
1) A — BuiHYTEH 2 Oeswix mapa; 2) B — BeIHYTHI 2 4YEpHBIX Iapa;
3) C — BuIHYTHI Oesblii W YEPHBINA IIapHI.

6-1)5

W3 5 mapoB MOXKHO COCTaABHTH =10 pasnuuHbIX nap (cM. rpad

Ha pucyHKe 35). Takum 00pa3zoM, YHCJIO BCEBO3MOXXHBIX MCXOJ0B MC-
neitagus n=10.
1) CobeiTHi0O A OiaronpusTCTBYeT eAMHCTBeHHas mapa OesbIx Ima-
poB, T.e. m=1. Haxomum P (A) = % = %
2) CobriTuio B 6garonpusiTCTBYIOT 3 MCXOJa — 3 pasJiMuHbIe Iaphbl
u3 3 uépHBIX mapos (cM. rpad Ha pucyHKe 36), T.e. m=3. Takum
obpasom P(B)=" =2

n 10
3) CoburTuio C GnarompusitecTByioTr 6 mcxonoB (cMm. rpad Ha pHCYH-

ke 37), t.e. m=6. Orcona P (C) e B E.
n 10 5

1. 3. 3

OTeeT. 1) T 2) o 3) 5"

YcTHbIE BONPOCHI U 3apjaHns |

1

2.
3.
i

ChopmynupoBaTs KOMOMHATOPHOE NPABHUJIO IPOHU3BeJeHHA.
CKOJIbKO CYIIeCTBYeT 3JIeMEeHTAPHBIX MCXOJIOB B OmbITe ¢ OpocaHHeM
ABYX MOHET; ABYX HUTDANTbHBIX KOCTEH?

B onsiTe ¢ ogHEM OpocaHHEM JABYX MOHET NEePeYHCIHMTh BCe MCXONHI,
6J1aroNPUATCTBYIOIHAE COOBITHIO A — MOABUINCE OPEN U PeulKa.

B oneite ¢ ogauM 6pocanueM ABYX MIPajJbHBIX KOCTEH NEePeYHuCIUThH
BCE HCXOJABI, OIAaronpuATCTBYIOIIHE COOBITHIO: A — cyMMa BhIIIaB-
IIAX OYKOB paBHa 3; B — cyMMa BHINIABIIAX OYKOB He Oosbme 3.
CKOJIbKO BCEBO3MOYKHBIX IIap MOYKHO COCTABHTh H3 3 pPa3JIMYHBIX
3JE€MEHTOB, €CIH IMOPANOK PACHOJIOXKeHHs 3JIeMeHTOB B Ilape MMeeT
3HAYeHHe; He MMeeT 3Ha4YeHudA?
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Beoaubie ynpaxHenus

1.

2.
3.
4.

5.

6.

IIudppamu 3, 4 u 5 3anucaTh BCEBO3MOYKHBIe JBYy3HAa4YHBIEe YHCJIA,
B KOTODPBIX IMMPH MOMKHBEI OBITH Pa3HBIMH; MOTYT HOBTOPATHCH.
IMudppamu 8 1 9 3anucarh BCeBO3MOYKHBIE TPEX3HAYHBIE YHCJIA.
CkonpKHMHE croco0aMy 4eTBepo JAeTeid MOIyT 3aHATH Odepelb Ha aT-
TPaKmuoH?
IlaTepo apysei npyu BcTpede OOMEHANUCH DYKOIOMATUAMHA (KaKIbIH
MOJKAaJ OJAMH pas PyKy Kaaoro). CKOJIBKO BCEro pyKono:KaTuu O6b110
coBepmieHo?
YerBepo mapyseil npu paccraBaHuu oOMeHsHch ¢GoTorpapuaMu
(ka /bl MOoJapUI KaxKaoMy ogHy cBoio dororpaduio). CkorbKo Bce-
ro ¢ororpaduit 661510 posgano?

251

HaiitTn 3HadeHHMe BelpaskeHus: 1) 5-4!; 2) E%; 3) P,—P,; 4) —i’—
4

~ YnpaxHeHus |

292. Bpocasor aBe moHeThl. KakoBa BepOATHOCTH TOro, 4To: 1) BEINAAYT

JiBe pemiKu; 2) BHIIAAYT OpEN M peruka?

293. BpocaoT aBe MOHETHI — KOIeHKy M nsaTak. KaxkoBa BepoOATHOCTH

TOro, 4ro: 1) Ha ofenmx MoOHeTaxX HOABHUTCH OpEJ; 2) HA KOIeuke
MMOABUATCA OPEJI, a HA NATaKe — pemKa?

294. BpocaioT aBe HrpajibHbIE KOCTH — KEJTYI0 M 3eaéHyo. Kakosa

BEPOATHOCTH TOI'0, UTO MOABATCH:

1) Ha KénToi KocTH 2 OUKa, HA 3eJEHOM 3 OuKa; 2) Ha OJHOM KO-
ctu 2 ouKa, a Ha APyrou 3 ouka; 3) HA KENTOM KOCTH 5 OUYKOB;
4) Ha KEITON KOCTH YETHOE YMCJIO OYKOB; 5) Ha 00eMX KOCTAX YET-
HBle Ouky; 6) Ha JKEIXTON KOoCTH YHMCJIO OYKOB, KpaTHOe 3, a Ha 3e-
JIEHOM — 4YETHOe YHCJI0O OYKOB; 7) Ha 00eMX KOCTAX OJWHAKOBEIE
O4YKH; 8) OYKH, CYMMa KOTOPBIX paBHA 3; 9) OYKH, CyMMa KOTOPBIX
He Goubme 3; 10) ouku, cymma KoTopeix paBHa 11; 11) ouku, cym-
Ma KoTopeix paBHa 10; 12) ouxku, cymMMa KOTOpHIX He MeHbIme 10?

295. Bpomensr gBe urpaibHbie KocTu. HaiiTu BEpOATHOCTH TOrO, 4TO

IIpou3Be/ieHNe BBINABIIMX HA KOCTAX OYKOB paBHO: 1) 5; 2) 4;
3) 10; 4) 12.

296. Ha Tpéx xaproukax Hanmcasbl Hudpsl 1, 2 n 3 (Ha KaKa0u Kap-

Touke mo oxHOM nudbppe). CayuaitHeiM obpaszom u3 3toro Habopa
BBIOMPAIOT IOCJIeZIOBaTEe/ILHO IO OAHOM KapTO4Ke ¥ KJIaiayT B Psi,
obpasya TpéxaHauHoe yucyo. KakoBa BepOATHOCTH TOTO, YTO O6-
pasyerca umcio: 1) 321; 2) 2317

297. 4 oxumHAKOBBIX IIapa NpPOHyMepoBaHbl ymciaamu 1, 2, 3, 4 u cio-

JkeHbl B AMMK. CayuaiHeIM 00pasoM M3 SANIAKA H3BJIEKAIOT II0
ogomy miapy. KakoBa BeposSTHOCTH TOro, 4TO IIaphl OBLIM M3-
BJeYeHBbl B IociemoBaTensHocTH: 1) 4, 2, 1, 3; 2) 4, 3, 2, 1?
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298. Bpomensl 3 urpajibHBIe KOCTH. KakKoBa BepPOATHOCTH TOrO, 4YTO:
1) Ha BCex KOCTAX BHINAJO O 2 ouka; 2) HAa ABYX KOCTAX BbI-
najxo mo 2 ouka, a Ha ofgHOM — 6 ouxkoB?

299. Ha xakzaoit m3 JBYX Kaprodyek HamucaHa nudpa 1, a Ha Tpe-
Thell — mudpa 2. T TPU KAPTOYKH IEePEeMeILINBAIOTCA M clydaii-
HBIM 00pasoM BEIKJIaABIBAIOTCA B paAx. Hakosa BepOATHOCTH TOTO,
uTo OoOpasoBasock ymcio: 1) 112; 2) 121?

W3 4 mapos, saHyMepoBaHHLIX yuciamu 1, 2, 3 u 4, Hayraja BHI-
6upaor 2 mapa. KakoBa BepOATHOCTH TOrO, YTO BHEIHYTBHIE IMAPbI
umeroT HOMepa 2 u 37

[301) B smuke mexxar 1 Gemwrit m 8 uépHbIX mapa. Hayraj BEIHEMAIOT
2 mapa. KakoBa BepOsSTHOCTH TOr0, YTO BHIHYTHI: 1) 2 4YEpHBIX
mapa; 2) Gesblii ¥ YEPHBIN MIAPHI?

B amuke maxonATca 2 Genbix u 2 uépHBIX mapa. Hayraja BeIHH-
MaioT 2 mapa. HaiiTu BeposiTHOCTH TOr'O, YTO BRIHYTHI: 1) 2 GesbIx
mapa; 2) oauH OesJBId U OAMH YEPHBIA IIAPHI?

B amuke maxoparca 4 Genelx m 1 yépuuidi map. Hayran Buiau-
maror 2 mapa. HaiiTu BepOsITHOCTH TOT'O, 9TO BHIHYTHI: 1) 2 Gesbix
mapa; 2) 6enblii ¥ YEPHBIA IIADEI.

M3 xonoasl KapT (36 nmcTOB) Hayraj BHIHMMAIOT 2 KapThl. Kako-
Ba BEPOATHOCTHL TOrO, 4TO 3TO: 1) Aama Tped M Bajer NMUK; 2) aABe
mecTépKu?

ey =
L 4 KombGunarophbie uccnenosanus Fanunes ans urpbl B KOCTH

B npesrune um Cpennue BeKa JIIOAHM dallle BCEr0 HMIpaju B TPH

KOCTH M 3HAYEeHWe IpPHAaBajioch BHINagamIieit Ha GpOIIeHHBIX

TPEX KOCTHAX CyMMe OUYKOB. [losiroe BpeMsi UTPOKM CYMTANH, Ha-
npuMep, uTo Ge3pasNMYHO, KAaKoil cymme oukoB: 9 miam 10 — oraasaTh
OpeAnouTeHUe, TAK KaK W MJIf TOH, U JJIA APYro#d CyMMBI CYILIECTBYET
6 mHabopoB uM3 TpPEX craraeMblX OYKOB.

He#icreurensHo, 10 moaydaeTcs B IIECTH BAPHAHTAX CJaraeMbIX:
6+3+1, 6+2+2, 5+4+1, 5+3+2, 4+4+2, 4+3+3,

n 9 mosydaercs B IIECTH BapHaHTax:
6+2+1, 5+3+1,5+2+2, 4+4+1, 4+3+2, 3+3+3.
3HAYUT, MIAHCH! MOJAYIHUTh B cymMme 9 wiu 10 0YKOB OZUHAKOBEHI?

Tak paHbIle paccyXIajlu MHorHe urpoku. Ho Ha mpakTuke OHH
ybexxanuck, uro cymMa B 10 OuKOB HOABJIAETCH BCE JKe UYTh

: yame, 4eM cymMMa B 9 OYKOB. A BHI IOCJe pelleHusA JOCTATOYHO
6OaBIIOr0 KOJMYECTBA BEPOATHOCTHBIX 3aja9 AOJMKHBI CAMH IIOHATH,
nouemy P (A)> P (B), rae cobbiTue A — cyMMa BhINABINMX OYKOB paB-
Ha 10, a cobniTHe B — cyMMa BHIIABIINX OYKOB paBHa 9.
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BATb, TO CTaHET IOHATHO, YTO Ka)KJoe cjaraemoe Jwo6oit u3

nepevHcIeHHBIX CYMM MOMKeT NOABHTHCA Ha n060# U3 TpEX Ko-
creii. Eciu mOpAAKOBEIE HOMED CJIAraeMoro B CyMMe COOTBETCTBYET
HOMepy KOCTH, TO, Hampumep, cymma 10, o6pasoBaHHaA M3 cjaraeMbIx
6, 3 m 1 MoKeT MOABUTHECA B OfHOM u3 6 BumoB: 6+3+1, 6+1+3;
3+6+1, 3+1+6, 1+6+3, 1+3+6. Cymma, B KOoTOpoli aBa ciarae-
MEIX OZMHAKOBBI, MOMKeT MOABHUThLCA BCEro B TPéx Bujaax. Hampumep,
cymma 4+3+3 MOMMeT IOABUTHCA €ImEé W Tak: 3+4+3 u 3+3+4,
T. e. BCero B Tpéx BapuaHTax. CyMMa H3 TPEX OAMHAKOBBLIX ClAraeMBIX
(3+ 3+ 3) enuHCTBEHHAA.

@ Tel abcomorHo npas. I'. Famuneit B ceoeit pabore «O BmIXOAE

f noraxgeiBaiocs nmodyemy. Ecim MMeoIquecs KOCTH NPOHYMeEpO- |

OYKOB IIPpH HIpDe B KOCTH» NPHBOAHT, B YACTHOCTH, CJAEAYIOIIYIO

Tabanmy:
10 9 8 7 6 5 4 3

613 |6 [621] 6 |611| 3 |51 3 [411| 3 | 811 3 |211] 3

622 | 3 |531|6 |521 (6 [421|6 [321| 6 [221| 3 |

5416 (5223 |431|6|831|3|222|1| 5

532 | 6 (4413 (4223 |322(3| ¥

442| 3 | 432 6 |382| 3 s S

433 3 333 1 i ] e 4 & iy s
27 25 21 15 10 6 3 1

B BepxHeil cTpoke aTo# TabMMILI YKA3aHB 3HAYEHHUSA CYMM BBIIAB-
mux o4ykoB. [lasee B KieTKax Tpu HU(PH PAAOM MOKA3LIBAIOT, U3 Ka-
KHMX BBINABIINX OYKOB obpasyerca cooTBeTcTBylomas cymma. Crpasa
OT 3THX HUMp oxHO3HauHOe yucao (6, 3 unu 1) moxassiBaeT, CKOJIBKO
CYIeCTBYeT BAPDHAHTOB IIOJYYeHUA Ha TPEX KOCTAX 3TOM cymMmel. Yue-
Jia, CTOAIIMEe BHHU3Y CTONOI0B, YKAa3BIBAIOT, (PAKTHYECKH, JHCJO BCEX
GnaronpHATCTBYIOIIUX IOSABJICHHUH JaHHOM CyMMBI McxozoB. Tak uTo
Bbl Tenepb Jierko Moxkere Haidtu P (A) u P (B).

.LIHCJIO BCéX BO3SMOMHBIX HCXOJOB HCIBITAHHMA C 5pOcaHHeM
Tpex Hl"paJIbHLIx KOCTeﬁ JIET'KO Ha.xo,[[HTcﬂ o ]:[paBKJIY IIpOH:!-
Benenus: 6-6-6=216. Buauur, P(A)=——=1; p(B )_— TNettor-

216 8
BuTesnbHO, P (A)> P (B).

lanunelt B cBoeil KHHAre pacCMATPHBAJ YHCIO MCXOJOB, OJaro-
NPUATCTBYIOIIUX HOABJIEHWIO cyMM, Gonbmux vem 107?

JIOBUHBI BO3MOJKHBIX CYMM BLINABIIMX OYKOB COOTBETCTBYIOIIHE

umucia 6JaronpHATCTBYIOMMX MCXOAOB «CHMMETDHYHBI» TeM
YucnaM, KOTOphle yKasaHel B Tabaume: cymme 11 GraronpuarcTByer
27 wnexopmos, cymme 12 — 25 ucxoaos, ..., cymme 18 —1 mexon.

@ Ha, ecniun BaM mHTEpecHO, ybeJHWTech caMu, UTO AIA ADPYroi mo-
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NOXEHNE N YMHOXEHNe BepOsiTHOCTEl

BbluMCneHne BEpPOSiITHOCTEM MHTEPECYIOLMX Hac cobbiTuiA He BCerga
OKasblBaeTca NpocTou 3apadqeint. MHorga ans HaxoxneHUs BepOATHO-
cTeit ogHoro cobbitua GbiBaeT yaobHO BOCMONL30BATLCH U3BECTHbLIMU
BEPOATHOCTAMM ApYyrix cobblTUK, C HUM CBA3aHHbIX. B aTOM naparpa-
¢de 6yayT pacCMOTPEHbI MOHATUA CYyMMbl U MPOW3BEOEHUA COOLITUMA,
a TaKke cnocobbl HAXOXAEHUA BEPOSATHOCTEN CyMMbl U NPOU3BEAEHUN
OBYyX OnpeaenéHHbiXx cobObITUA, BEPOATHOCTU KOTOPbLIX U3BECTHbI (vnun
nerko HaxonaTcs).

H)“)KHO BCNOMHMWTDB:

MMOHATHUSA ONBITA (MCIBITAHWUA) U COOBITHSA;

MOHATHE OJATONPUATCTBYIOIIEr0 HCXOJA HCILITAHUSA;

onpejieieHMe HECOBMECTHBIX COOBITHIA;

NOHATHE 3JIEMEHTAPHBIX COOBLITHIA;

aJIeMEeHTAPHBIE MCXOJALI MCILITAHUS B OonbiTe ¢ OpocaHWeM MOHETHI;
JBYX MOHET; HTPaJbHOH KOCTH; JBYX HMI'DAJLHBIX KOCTeIl.

1. CnoxeHUe BepDOSATHOCTEWH

PaccMOTpHM MOHATHE CYMMBI COOBITHH M CIIOCO0 HAXOXKAEHHA Bepo-
ATHOCTHA CYMMBI HECOBMECTHBIX COOBITHIA.

Onpeapenenue. Cymmoit coboerTuiit A m B (KOoTOphle MOI'yT IpO-
M30MTH B OJHOM MCILITAHMM) HasbiBaeTcd cobeiTme A + B, Koropoe
COCTOMT B TOM, YTO NPOMUCXOAUT XOTs ObI OZHO M3 ITUX COOBITHIA.

Hanpumep, eciu npu OpPOCAHMH OJHOW WIPAIBHOM KOCTH COOBI-
THe A — BRImayo 3 ouka, a cobepiTHe B — BRINAJIO YETHOE YHUCJO OYKOB,
TO cobbiTHe A + B cocTOUT B moABJeHUHn aubo 3, n1ubo OZHOTO U3 UETHHIX
yuces o4KoB (2, 4 unu 6). 3aecy cobuiTuas A u B HecoBMeCTHBIE H CO-
6erTHI0O A + B Gnaronpusarcrsyior 4 ucxona. Ecau B ombiTe ¢ G6pocaHm-
eM OfHOIi KOCTH coObITHe A — BpINANO 2 OUKa, a cobeiTue B — BRIIAIO
Y&THOEe YHMCJIO OYKOB, TO coOniTue A+ B coBnajaer ¢ cobeiTueMm B, T.e.
eMy OJIArONPHATCTBYIOT MCXOAbI, B KOTOPHIX IOABJIAETCHA OZHO M3 UET-
HBIX Yuces oukoB (2, 4 uau 6). B nmocineasem onbite cobeitua A u B —
COBMECTHBIE.

Paccmorpum emé oaudH npumep. IIlycTe Ipu OZHOBpPeMEHHOM Opo-
CaHMM [BYX HUI'DAJBHBIX KOCTE# coOBITHE A COCTOMT B TOM, UTO CyMMa
BHIDABIINX OYKOB paBHa 3, a cobbiTue B — B TOM, YTO CyMMa BBINABIIHX
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ouxkoB paBHa 4. Torma cobeitue A+ B cocTouT B TOM, UTO CyMMa BbI-

naBIIUX OYKOB paBHa nubo 3, nubo 4. To ectb cobeiTue A + B Hacry-

naeT IpU NOABJIEHUHU OAHOM ma map oukoB: 1 mw 2, 2u l,1u3,3ul,

2 u 2. OrmMeTHM, 9TO COOBITHIO A 6GIArONPUATCTBYIOT 2 HCXOXa, a CO-

OuiTHiI0O B — 3 mcxoza. OOIee ymci0 PABHOBO3MOKHBIX 3JIeMeHTAPHBIX

HUCXO/IOB MCHBITAHUA NPH OpocaHHWM [JBYX UTIDAJBHBEIX KOCTEH paBHO 36.
1

= 21 N S 3
IToatomy P (A) = e P (B) = = = b CobriTuio A + B Gaaro

NPUATCTBYIOT 5 2JI€MEHTAPHBIX HCXOA0B, moaromy P (A + B) = %, HO

5 2 3
2% =36 t3g = PA+P(B), r.e. P(A+B)=P(4)+P(B).

1 “J BeposaTHOCTE CyMMBI ABYX HECOBMECTHBIX COOBITHIA

' A u B paBHa cymMMe BEpPOSITHOCTEH STHX COOBITHIA:
[ P(A+B)=P(A)+ P (B). 1)

@ Ilycrs cobbituam A u B 61aronpusTCTBYIOT COOTBETCTBEHHO m, U m,
HCXOJ0B, a BCEro B MCHBITAHUH MOTYT IIDOM30OWUTH 71 PABHOBO3MOMK-
HBIX dJIeMEHTapHBIX McXoxoB. Tak Kax A m B — HeCOBMECTHBIE CO-
OBITHSA, TO CPellM n MCXOAOB HET TAKHX, KOTOPbie OJHOBPEMEHHO OJia-
FONPHATCTBYIOT KakK cobbITHIO A, Tak M cobwiTuio B. Iloaromy cobbI-
Tui0 A+ B 6aaronpusTCTBYET m,+m, ucxoxos. Ilo onpeaenenuio

BepostHocTH P(A)="L, P(B)="2, p(A+B)="TatM2 ™ My _
n

n n n n
=P(A)+ P(B). ¢

Jna Kamaoro cobbITHA A MOYKHO PACCMATPUBATH MPOTHBOIOJIOKHOE
emMy coOBITHE A, KOTOpOe HacTynaeT TOrJa, KOrJZa He HACTyIaeT Co-
ObiTHE A.

Hanpumep, ecnu cobbiTne A — monajanue CTPEJIKOM IO MHUIIEHH B pe-
3yJIbTaTe OJHOT'O BBICTPEJIa, TO IIPOTUBOMOJIOMKHOE eMy COBhITHe A— npo-
Max B pesyJbTaTe ORZHOTO BEICTpesa. OYeBHAHO, YTO coGbITHEe A + A
obpasyeTr mocToBepHOe coObiTHe, oaTomy P (A + Z) =1.

IIpumenasa K coOuITHIO A + A NOKa3aHHYIO TeOpeMY, MOIYIHM

P(A+A)=P(A)+P(A) =1, T.e.
PA+P(A)= . (2)
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Zapnava 1. KakoBa BepOATHOCTH TOr'0, YTO CYMMa OYKOB, BBIIABIIMX Ha
JIBYX UIpDaJbHBIX KOCTAX (B pesyabrare omHOro OGpocka), Oyaer He
MeHbIIE 47

» IIycrs cobuiTHe A — cyMMa BBIIABIIMX HA ABYX KOCTAX OYKOB OKa-
3ajach He MeHbIe 4, Torga cobbiTme A — cyMMa BBINABHIUX OYKOB
meHbime 4 (T.e. cymma pasBHa Jmubo 2, naubo 3). Uwmcao BCcex BO3-
MOKHBEIX MCXOZOB HCHObITaHMA paBHO 36. Ymcyio map oukoB, Giaro-
NPHUATCTBYIOIMNX COOBITHIO A, paBHO (romapet 1 m1,1u 2, 2u

1

1). Takum ob6pasom, P(A)—g = U3 dopmyasr (2) uMmeem
11
A)y=1- ==t = 2
P(A) P(A)=1 2" 12

2. YMHOXKeHHe BepoOATHOCTeH

IIpeAnooKUM, UTO MCHBITAHME COCTOMT M3 JABYX BBICTPEJOB II0 MH-
meHU U cobeITHEe A — momajaHMe IO MHUIIEHH IIPU IIePBOM BEICTpeJIE,
cobriTe B — monagasue npu BTOpoM BhIcTpese. Torja cobniTHE, COCTO-
Alllee B NONaJaHWUHM M IIPU IIEPBOM, W IIPH BTOPOM BBICTpEJiaxX, Ha3blBa-
IOT NpoM3BeJeHneM coOuITuit A u B.

ﬂ Onpenenenue. Ilpoussenenunem coobiTuit A u B (KoTopsie MOryT
| IPOM3ONTH B OJJHOM MCIILITAHWM) HasbiBaeTcsa cobeiTue AB, KOoTOpPOE
COCTOMT B TOM, UTO IPOMCXOAAT 00a THX COOBITHA.

CymiecTByIOT mapbl COOBITHH (KOTOpBIE MOrYT IPOM30MTH B OAHOM
WCIBITAHUM), HACTYIJIEHHE HJIM He HACTYIJIEeHHEe KAayKJO0ro M3 KOTOPBIX
He BJMAET Ha BEPOATHOCTL HACTYILIeHHs aApyroro. Hampumep, B ombiTe
¢ 6pocaHueM JABYX UIPAJbHBIX KOCTell MOSBJIEHHE OIPeAeIEHHOr0 Yucjia
OYKOB HA OJIHOM KOCTHM He BJIMSeT HA BEPOATHOCTH INOABJIEHHA JI0O0ro
ypcJia OYKOB Ha Apyroi xKocrtu. Taxkwe coOGbITHA HA3BIBAIOT HE3aBHCH-
MBIMH COOBITHMAMM.

JIna He3aBUCHMBIX COOBITHI cIIpaBeJJIMBO PaBEHCTBO:
A P(AB)=P (A)-P(B). 3)
Yamre BCEro 0 He3aBUCHUMOCTH COOBITHH CYAAT HE IIO TOMY, BBIIIOJ-
HAETCS WU He BBINIOJHAETCH paBeHCTBO (3), a IO TOMY, Kak IIOCTABJIEH
omelT. HezaBucuMEIe COBBITHS, KAK MBI yOeOUIHCH BHIIIE, ITOABJIAIOTCH
TOrZa, KOrJa ONLIT COCTOMT M3 HE3aBUCAIIUX JAPYT OT APyra MCIbITAHUH.
C nmomompio GopmMynasl (3) MOXHO OOBACHUTHL, HAIpUMep, NOoYeMy
KOHCTPYKTOPBI cucTeM 6e30IacHOCTH CaMOJIETOB CO3/Ial0T AyOIHpYIOIIne
CHCTEMBI JKU3HEHHO BAaXKHBIX y3joB. Ka)kmas Takas cucrema paboraer
He3aBUCHMO OT aApyroii. M ecam, HanpuMmep, BEPOATHOCTh OTKAa3a ONHOH
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u3 Hux pasBHa 1074, To ogHOBpeMeHHEBIN OTKa3 AYGAMPYIOIMIUX APYT APY-
ra CUCTeM HMeeT BEepOATHOCTH, paBHy0 yxe 1071-104=10"8 A ara
BEPOATHOCTE AJIfA NMPAKTHKH HUYTOMKHA.

Japavya 2. CrpesoK AenaeT O MHIIEHM JABa BLICTPeJaa. BeposATHOCTH
momajaHus [0 MUIIEHM IIpU IepBoM BeicTpesie paBHa 0,8, a mnpm
BTopom — 0,9. HaifTi BeposiTHOCTH TOro, UTO CTpesyoK: 1) oba pasa
nonazaeTr o MuineHu; 2) oba pasa npoMaxHeTcs; 3) HMomajéT no MH-
IIeHW NpPH IEepBOM BEICTpeJe, a IPH BTOPOM HpoMaxHErcs; 4) mo-
najéT mo MHUIIeHM IPH BTOPOM BLICTPeJe, a IPU MepPBOM MpoOMax-
HETCH.

» Ilycre cobeiTMe A — CTpeJOK mOmajJ 0 MUIIEHH IIPU IepBOM BEI-
crpesie, cobbiTMe B — momas mpu BTOPOM BhicTpese. Ilo ycaoBHio
samaumu P (A)=0,8, P(B)=0,9. OueBuano, 9ro cobuiTua A u B — He-
3aBHCHUMEIE.

1) ITycre cobeiTue C, — oba pasa CTPEJIOK MONAaJ IO MUILEHH, T. e.

C,=AB. Tlo dopmyne (3) HaAXOAUM BepOATHOCTb coGbITUA C,.

P(C)=P(AB)=P(A)-P(B)=0,8-0,9=0,72.

2) Ilycrs cobeiTue C, — crpesok oba pasa npomaxuyicsa. Tpebyerca

HalTH BEPOATHOCTh COOBITHSA, COCTOSAIIETO B OJHOBPEMEHHOM HACTYII-

JIeHUU COOBITUH, IPOTHBONOJIOXKHBIX coObITUAM A 1 B, T.e. C,= AB.

CobeiTua A um B — HesaBucumsule. Torga ¢ momompbio dopmya (3)

¥ (2) momyuum
P(C,)=P(AB)=P(A)-P(B)=(1-P(A)-1-P(B) =

=(1-0,8(1-0,9=0,2-0,1=0,02,

3) Ilycre cobbitue C; — CTPEJIOK IONAJ 10 MUILEHHU IIPH IePBOM BBHI-

cTpejie ¥ IMPOMAaxXxHYJICA Hpu BTOpPOM, T.e. Cy= AB. Cobeitua A u B

HEe3aBUCHUMBIE, T03TOMY

P(;)=P(AB)=P(A)-P(B)=0,8-0,1=0,08.
4) Ilycrs cobeiTue C, — momnajanue 110 MALIEHHU IIPH BTOPOM BBHICTPe-
Jle ¥ nmpoMax npu nepsoM, T.e. C,= AB. Torga

P(C,)=P(AB)=P(A)-P(B)=0,2-0,9 = 0,18,
OrserT. 1) 0,72; 2) 0,02; 3) 0,08; 4) 0,18, <I

B Bajaue 2 paccMaTpHBaJICA COydYaifHBIA ONBIT, COCTOAIIUNA U3 ABYX
BBICTPEJIOB IO MHIIEHH, BCEBO3MOXXHBIMM MCXOAAMH KOTOPOro ObLIM
anemMeHTapHble cobmtua C,, C,, C; u C,. 3ameTrum™, 4TO ANA OTHX CO-
OBITHH

P(CH)+P(CH+P(Cy)+P(C)=0,72+0,02+0,08+0,18=1.
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CyMMa BepoOATHOCTEH BCEX aJIEeMEHTapHHIX cobwrrmit C,, C,, ..., C,
KOTOpbIe MOTYT IIDOM30UWTH B OJHOM OIBITE, paBHa 1:

P(C)+P(C)+...+P(C)=1. (4)

3Hasa (Gopmyny (4), BepoaTHOCTh, Hanpumep, codeiTusa C, (mocie Ha-

XO0XJeHus BepositHOcTel cobbituit C,, C, u C,;) MOXHO ObLIO HANTH TaK:

P(CY)=1-(P(C)+P(Cy)+P(Cy)=
=1-(0,72+0,02+0,08)=1-0,82=0,18.

3ameTumMm, uTo hopmyia (2) ABAAETCS YACTHBIM caydaeMm (opmyisl (4).

3apaya 3%. OOeIT COCTOMT W3 TPEX BHICTPEJIOB II0 MHUIIEHH, NPHYEM

BEpOSITHOCTH TOMNAJaHUs 110 MAIIEHH B Ka)kJoM BeicTpesne pasHa 0,8.
HaiiTn BepOATHOCTL TOr0, YTO MHUINEHb OyJeT mopa)keHa XOTs Obl
OJHHUM M3 BEICTDEJIOB.

IlycTs cobbiTe A — MUIIEHb MOpaXeHa XOTHA Obl OJHUM BBICTDEJIOM.

Torga cobbiTHe A — MUIIEHb He MOpaykeHa HU OJHHUM U3 BBICTPEJIOB.
Kaxapiit BeIiCTpes npeicTaBisgeT coboii He3aBHCHMOe HCILITAHUE,
B KOTODOM DpacCMaTpPHUBAIOTCA 3JIeMEeHTapHble coObiTua B — moma-

maEue 1Mo mumenu u B — npomax. Ilpum arom P (B)=0,8, orxkyna

P(B)=1-P(B)=1-0,8=0,2. Cobmrrue A=BBB u P(A)=

—P(BBB)= P(B)- P(B)- P(B)=0,2*=0,008. Toraa P (A)=1-P(A)=
=1-0,008=0,992. <

YCTHbIE BONPOCH M 3anaHus |

2.
3.

o

® N

CobbiTua A ¥ B MOryT NpPOM30MTH B OJAHOM MCHbITAHUH. YTO Ha3BI-
BaeTcs cymMoit cobeiTuit A u B? IIpuBecTH npHMep CYMMEI COOBITHHI
B OnBITe ¢ OpocaHueM OJHOUM HMIPaNbHONH KOCTH.

Kakue coOBITHS HA3BIBAIOT HECOBMECTHBIMH?

Bpomresra urpajibHasi KOCTh. ¥CTAHOBHUTb, ABJSAIOTCHA J HECOBMECT-
HbBIMHA coOblTHA A u B, eciau:

1) A — BBIIAJ0 YETHOE YMCJIO OYKOB, B — BHINAJIO HEUYETHOE YHCIO
OUYKOB;

2) A — BBINAJIO HEYETHOE UMCJIO OYKOB, B — BBINAJIO YHCJIO OYKOB,
KpaTHOe 3.

Yemy paBHa BepPOATHOCTH CYMMBbI ABYX HECOBMECTHBIX cobeITH?
Yro HaseIBaeTcs NpousBeAeHMeM coObITHil A M B, KOoTOpble MOTYT
npousoiiTu B ogHoM wucineiTanuu? IlpuBecTn nmpuMep NpoOU3BeeHUA
ABYX COOBITHH B OombITe ¢ OPOCAHMEM JABYX MIPAlbHBIX KOCTEH.
Kakue coObITHS HA3LIBAKOT HE3aBUCHMBIMHU?

Yemy paBHA BEPOATHOCTH NPOM3BENEHHUS [BYX HE3aBUCHMBIX COOBI-
THR?

Kakoe coObITHe HA3BIBAIOT IIPOTHBOIOJIOMKHBIM AAHHOMY?
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9.
10.

Yemy paBHA CyMMa BEpPOATHOCTEH ITPOTHBOIOJOMKHBIX COOBITHM?
Yemy paBHA CyMMa BEpPOATHOCTEH BCeX B3JIeMEHTAPHLIX COOBITHIA,
KOTOpPBbIE MOTYT IIPOM30UTH B OAHOM HCILITAHUK?

BeogHble ynpaxHeHusa

1.
2.
3.

ITepeunciuTe Bce diaeMeHTapHbIe COOBITHS B ONbITe ¢ OpocaHueM
OHO! MOHETHI; ABYX MOHET.

CKOJIBKO CyIlecTByeT 3JIEMEHTADHBIX COOBITHH B HMCILITAHUU C GpoO-
CaHWeM ABYX MIpPaJIbHBIX KocTeil?

HaitTu BepoATHOCTH COOBITHA:

1) BeIHYT KpacHBIH map, eciau u3 KOpoOKu ¢ 8 KpacHBIMH U 4 4ép-
HBIMHY IIapaM# OJMH pa3 cIy4aiHEIM 00pa3oM M3BJIEKAaJICs OfUH Imap;
2) BHIIAJIO OJMHAKOBOE YMCJIO OYKOB Ha 00EHX KOCTAX B Pe3yJbTa-
Te omHOTO GpocaHus ABYX UIPAJbHBIX KOCTEIl;

3) moABHJICA TY3 B pe3yJibTare OXHOI'O M3BATHA ONHOM KapTHl U3
noyiHoM Kojoxwl (36 mucTos).

YnpaxHeHus |

305.

1) Bpocaror ogHy uUrpajdsHyio Kocth. CobbiTHe A — BRImasyio 5 ou-
KOB, cOOBITHE B — BBIIIAJIO HEYETHOE YUCJIO OYKOB. B 4éM COCTOHT
cobbiTHe A + B? HaiiTu BeposATHOCTH cobbiTHA A + B.

2) B xonoxme 36 xapr. Hayraz seimmmaroT oxey kapry. Cobbl-
THe A — BBIHYT Ty3, coObITHEe B — BBIHYT BajleT KPACHOH MAaCTH.
B uém cocrour cobmitme A + B? HaiiTm ero BepOATHOCTD.

3) ITo muireHH TPOU3BOJNAT ABA BhicTpena. CobbiTHe A — b Io-
pa)keHa NpH IIePBOM BHICTpeJie, B — meab mopajkeHa NPH BTOPOM
BBICTpeJie. 3anucaTh cOOLITHE, COCTOsIIee B TOM, 4TO: 06a BhICTpe-
Jia MONaJH B IIeJib; NEePBBIHA BHICTPEJI IIONAJ B IEeJb, 4 BTOPOH —
HeT; NEePBBIA BEICTPEJ HE NIONaJ B Nejb, a BTOPOH — momaj; oba
BEICTpEJIa HE IOHNANHU B Ielb.

1) BepoaTHOCTs mONaAaHUs CTPEJIKOM 1o Mumenu paeaa 0,7; 0,6.
KakxoBa BepoATHOCTH TOT0, 4TO, CAEJIAB ONUH BEICTPEJ 110 MHUIIEHH,
CTPEJIOK NPOMaxHETCsa?

2) IloBepxHOCTH PyJIeTKH pasjesneHa Ha 10 paBHBIX CEKTODOB, IpO-
HyMmepoBaHHBIX yucjamM#u ot 1 go 10. Halitu BeposiTHOCTE TOTO,
4TO mOcJie PaCKPYYHBaHHUSA CTPEJKA PYJIETKH OCTAHOBHUTCA: HA CEK-
TOpe 5; He HA CEeKTOpe H; HAa CeKTope ¢ YETHHIM HOMEpPOM: HA CeK-
TOpe ¢ HEeYETHHIM HOMEDPOM; Ha OJHOM H3 CEKTOpOoB 2 wmiu 3; HH
Ha OJHOM H3 CEKTODPOB 2 WJIH 3.

3) B amuke nexar 3 xpacHbX, 4 GeJbIXx W 5 YEPHBIX IIAPOB.
Hayran Beraumalor ogus map. KakoBa BepOSTHOCTE TOTO, YTO STOT
map He Oesnlii; He uépHBIN? PemuTs 3aady AByMsS crocobaMwu.
4) BpocaioT aBe WrpajbHble KocTH. HaliTu BepOATHOCTH TOro, 4TO
CyMMa BBINABIIMX OYKOB MeHbIne 12; He pasHa 3.
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307.

1) BeposaTHOCTS NONAaAaHUA CTPEJKOM II0 MUIIEHH IIPH OJHOM BHI-
crpese paBHa 0,8. Crpesok genaer JABa BRICTpesa IO MHIIEHH.
Haijiti BeposTHOCTH COOBITHSA: A — 004 BBICTpEJNIa MOPa3UJIU MH-
meHb; B — ob6a pasa crpesok mnpomaxHyics; C — mepBBId pa3s
CTPeJIOK TOMNaJj 10 MUIIeHW, a BTOPOi pas mpoMaxHyJjcsd; D — mo-
maj Mo MHUIIEHH XOTs ObI OJHHM BBICTPEJIOM.

2) BpocaioT aBe MrpajibHbIe KOCTH. HalTH BEepOATHOCTh COOBITHA:
A — Ha nepBoi# KOCTH BhINAJO 1 0YKO, a Ha BTOPOH — KpaTHOe 3;
B — Ha mepBo# KocTH BeImano Jgubo 2, smbo 3 ouka, a Ha BTO-
poit — 5 oukoB; C — HaA mepBOH BHIIAJIO 5 OYKOB, a Ha BTOPOH —
He 6; D — Ha mepBOii BHINAJIO YHMCJIO OYKOB, GosbImee 2, a Ha BTO-
poii — He 2 o4Ka.

3) B kopoOke nesxar 2 cMHMX ¥ 5 KpacHBIX KapaHpaamnrei. [leBou-
Ka JBaXAbl HayrajJ BhIHMMAET IO KapaHJally, IPHYEM IIOCJie Iep-
BOI'O M3'BATHUSA BO3BpallaeT KapaHaam obpaTHo B Kopobky. Haiitu
BEPOATHOCTH COOBITHSA:

A — oba pasa ObLT BBHIHYT CHHUM KapaHzaam; B — oba pasa BbI-
HUMAJICH KpacHbI Kapauaam; C — mepBbli pa3 ObLI BRIHYT Kpac-
HBI KapaHjami, a BTOPOH pas — cuHHil; D — mepBeIif pa3 ObLa
BLIHYT CHHUI KapaHJami, a BTOPO# pa3 — KpacHbll; E — Xors Obl
ONMH pa3 BBIHMMAJICS CUHUH KapaHgam; F — xors Obl OAMH pa3
BEIHUMAJICSI KPACHBIA KapaHJall.

4) W3 nmonuoit xogoasl xapT (36 aucTOB) ABAXIBI BEIHUMAIOT IO
OIHOM KapTe M BCAKMI pa3 BoaspamawnT eé obparHo. HaiiTu Be-
POATHOCTHL coObITUA: A — 06a pasa BeIHMMAaJCH BajeT; B — mep-
BEIH pPa3 BHIHYJM IIecTEPKY Tped, a BTOpoil pas — Tysa; C — mep-
BRI pa3 BBIHYJIM JaMy KPAacHOM MacTH, a BTOPOHl pa3 — KOpoJs
KpacHo# mactu; D — mepBrIli pa3 BEIHYJH KapTy € YUCJIOM, a BTO-
poil pas — Ty3a IHK.
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IIpodeccop, B mocyeaHeil 3anade naparpada ckKasaHO, YTO CTpe-
JIOK TPHMKALI CTPENIAJ] II0 MHUIIEHH H KaJblH pas3 ¢ BepOATHO-
creio 0,8 Mor eé mopasuTs. [lo aTOro MBI pacCMATPHBAJH KOM-
fuHanuUKM U3 ABYX cobbITHIl ¥ uX BeposaTHOcTH. IloueMy B aToii 3azaue
BEPOATHOCTh MPOU3BEACHUS TPEX COOBITHH ITOCUMTANM PaBHOU NpPOM3-
BeJICHHIO BEPOATHOCTEH KAMKIOro M3 9TUX COOBITHMA?

@ B ciyuae ¢ 3ajgadeif, 0 KOTOpPO#l THI NOBOPMING, OBLIO IPHHATO

HA Bepy, YTO pas BCe TPHM MCHBITAHUSA (BbICTpeJa IO MHIIEHH)
GBLIM He3aBHCHMBLIMH, TO BCe HMCXOJABLI 3THX HCIBITAHMI, Kak
TOBODAT B TEOPHHU BePOATHOCTEH, He3a8uUCUMbL 8 COBOKYNHOCMU. A 1ia
He3aBHCHMBLIX B COBOKYIIHOCTH COOBITHM Av A,, ..., A, copasBeiJuBO
paBeHCTBO P (A, A,-...-A)=P(A))-P(A):...-P(A).
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Takum 00pasoM, MOKHO HAWTH, HanpuMep, BEPOATHOCTh TOrO, |
(4" UTO CTpeNIOK MOmAas] IO MHUIIEHX TOJBKO IPH MEePBHIX JABYX BbI-
© cTpeJsiaX, MPOMaxHYBIOMCH B TpeTHH pas?

Koneuno. [l1s1 3T0ro Hy»XHO HAWTH BEPOSATHOCTH COORITHA AAA,
p rze cobpiTHe A — momas IO MHINEHU IIPH OJHOM BHICTpeJIe,

npu atom P (A)=0,8, a P(A)=0,2. To ects
P(AAA) = P(A)- P(A)- P(4) =0,8%.0,2 = 0,128.

HcenenoBaHueM CcepHil NOBTOPAMOUIMXCH OIBI-
TOB, B Ka)X/IOM M3 KOTODPBIX HACTYIAET OJWH W3
ABYX 9JleMeHTapHBIX UCXOJO0B: ycnex WIu Heydaua,
sanumasica B XVII B. sHaMeHHTBIN IIBeHImapcKuit
maremaTuk ko6 Bepuyaau (1654—1705). Bepo-
ATHOCTH TOTO, YTO ONBIT 3AKOHYHUTCH YCIIEXOM, OH
oBosnayas GYKBOH p, a BepPOATHOCTH HeycIexa —
6yxpoit q. Ilpu sTom oueBmpno, uro p=1-g. Dt
MCIBITAHUA BIOCJEICTBUM CTAJH HA3LIBATE WUCNbL-
manuamu Bepuyaau.

B paccmarpuBaeMoif HaMu 3a7ade ¢ TpeMs Hesa- f1. Beprynnu
BHCHMBIMH BBICTDEJIAMH II0 MHMIIEHH pe3yJabTaT
OOBITA MOKeT BaKOHUYMTHCA OAHUM M3 8 anemeHTAap-

HBIX HMCXOJOB: AAA, AAZ. AEA, ZAA, AZZ, _A-.AZ, ZHA, AAA.
SHaueHUA BEPOATHOCTEH OSTHX COOBITHH [AJA HATJIAZHOCTH TOMECTHM
B Tabauiy:

Cobbitue AAA | AAA | AAA | AAA | AAA | AAA | AAA | AAA
p%q

BeposatHocte | p* | p%g | p%g pq? | pq? | pg? | ¢°

Anaymornyabsle TAbJMIBI MOMHO COCTABHUTHL [JIS 3JE€MEHTAPHBIX WC-
X00B B cepusax u3 4, 5 u Gonee mcubiTanumii Bepuysau. YUncao ane-
MEHTapHbIX HCXOJOB B cepuu M3 4 ucneitaHmit Oyzer 2'=16, B cepun
u3 5 ucoelTaEni — 25=32 u 1. 1.

Ilonbaysack cocTaB/ieHHOW HaMu Tabauned pemuTe CaMOCTO f-
TeJbHO CIeAYIOIHe 3a/]aym.

1. CTpeslOK TPHIKABI CTpEJNsieT 10 MUIIeHW. BepoATHOCTH NONMAJAHUA
0 MHINEHH IOPH KaMJOM BhICTpene mnocTrosHHa u paBHa 0,9. Haittu
BEpPOATHOCTDb TOr'0, YTO MHUIIEeHb GyAeT mopaykeHa POBHO ABYMSA BEICTpe-
namu. (OreeT. 0,243.)

2. YerpoiicTBo, cocTosimiee U3 TPEX HE3aBHCHMO paGOTAIONIUX 3JIeMeH-
TOB, BKJIOUYAIOT Ha ONpeJeIEHHOE BpeMsa. BepoATHOCTL OTKAa3a KAMKIO-
ro U3 STHX 3JJIEMEHTOB 3a aTo Bpemsa paBHa 0,2. HaiiTm BepoaTHOCTH
orkasa 3a o603HaueHHOe BpeM#: 1) BceX TPEX 9JIeMeHTOB; 2) DOBHO JABYX
ajieMeHTOB; 3) POBHO oxHoro saemenra. (Orser. 1) 0,008; 2) 0,096;

3) 0,384.)
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CocraBbpTe TAGIHIY BEpOATHOCTEH HJIeMEHTAPHBIX HCXOJOB B OIIBITE,
COCTOAINEM M3 4YeThIPEX HCHBITAHWH BepHynnm, W pemuTe cieayloliue
3ajadu.

3. ByjeM cuMTaTh, YTO BEPOSATHOCTH POMKACHUSA Y KaKJOW MaMBbl MaJib-
1 "
YHKAa W JAeBOYKH OJWHAKOBEI, T.€. PaBHHI 2 HaiiTH BepoATHOCTH

TOrO, 94TO B CeMbe, ILUIaHWpylomeid 4 znereii, poparca: 1) 4 neBouKH;
2) 1 neBouka u 3 manpuuka; 3) 2 JgeBoukH H 2 mMainpumka. (OTBerT.

1 3
1) i 2) i 8) )
4, HaunBaomui UrpoK B MAXMATHI BEIUTPHEIBAET NApPTHIO y Jioboro ua
CBOHX JIpy3eil ¢ BepPOATHOCTBIO i Kakopa BepOsAITHOCTH TOTO, YTO, ChI-
rpag 4 mapTum, 3TOT WIPOK BHIMIpaeT: 1) POBHO OJHY NapTHio; 2) POB-

27 27 3
2 ; 3 ? (O 1) —:; 2) —; 3) —.
HO 2 mapruu; 3) posHO 3 napruu? (OrBerT. 1) o4 ) 108 ) 64 )

OTHOCUTENbHasa YacToTa
A 3aKOH OonbLIMX yucen

C nOMOLBIO BBEAEHHONO HaMu OMNpPEeAEeNeHuss BEPOSTHOCTU COObLITUA
MOXHO, He NPOU3BOAA peasibHblX WCMbITAHWA, BbIMUCAUTL 3HA4YEeHUe
BEPOSATHOCTU COObLITUSA, €CNM U3BECTHbI Y1ucna Bcex 6naronpuaTCTBY-
IOWMX U BCEX PaBHOBO3MOXHbIX MCXOA0B MCMbiTaHusA. Ha npaktuke
CYLECTBYET MHOXECTBO COObITUIA, HAWTU BEPOATHOCTb KOTOPbIX C NO-
MOLLLIO 3TOro onpegeneHus He ypaérca. B atom naparpade Bbl Nno-
3HAaKOMUTECH C APYrMM Crnoco6OM HAxXOXAEeHWUs BEepOSITHOCTU COObI-
TWUA — CTAaTUCTUYECKUM CrocoBoM.

HYXHO BCNOMHUTE:

MOHATHA MCHOBITAHUA W HCXO0Ja MCILITAHHUIA,

ompejieieHHe BEPOATHOCTH COOBITHA;

MIOCTPOEHME TOYEeK C 3aJaHHBIMH KOOPAMHATAMM HA KOODAMHATHOM
ILJIOCKOCTH;

BLIYHCJIEHHUS C MOMOINbI0 MUKPOKaJBKYJIATOPA;

NPaBHJIO OKPYTJIEHUSA YHCEeI;

3alMCh YHCEJ C 3aJl]aHHOW CTelNeHbI0 TOYHOCTH.
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Onpepnenenue BepoOATHOCTH, CHOPMYJIUPOBAH-
Hoe B § 17, HassIBAeTCA KIACCHYECKHM OIpeae-
JaeHueM BeposaTHocTH. Kiaccuueckoe omnpepee-
HHe He TpedyeT, 4TO0bI MCILITAHKE IPOBOANUIIOCH
B JIEHCTBUTEJILHOCTH: TEOPETHYECKHM CIIOCOO0M
(ecnu 3TO BO3MOYKHO) OIPEAEJIAIOTCA BCe PABHO-
BO3MOXKHBIe U OJIarONpUATCTBYIOIIHAE COOBITHIO
HCXOMBI.

Taxoe onpegesieHne IPeAIIOIaraeT, YTO YHUCJIO 3JIEMEHTAPHBIX PaBHO-
BO3MOJKHBIX MCXOJOB HMCHBITAHUS KOHEYHO M BhIDAXKaeTCsd KOHKDPETHBIM
gucjaoM. OXHAKO Ha NPAKTHKE — NPU H3YUYEHUHM CJIYYAWHBIX SBJICHUH
B €CTECTBO3HAHHH, DKOHOMHKE, MeJUIINHEe, IPOU3BOACTBE — YaCTO BCTpe-
YalOTCA UCIBITAHUA, YV KOTOPLIX YHCJIO BO3MOXKHEIX MCXO0Z0B He0003pHMO
BeJINKO. A B pAzie CIy4aeB A0 IPOBEAECHHUS PeajIbHBIX HUCIOBITAHUN TPYA-
HO HWJIM HEBO3MOYKHO YCTAHOBUTHL PABHOBO3MOJKXHOCTH HCXOJOB HMCHBITA-
HUA. Hanpumep, [0 MHOroKpaTHOro noAOpachIBAHHS KHONKH TPYAHO
NIpeICTABUTH, PABHOBO3MOJKHBI JIM €€ MaJleHUA <«Ha IJIOCKOCTh» M <«HAa
octpue». IToaToMy, HapAAY ¢ KJIACCHYECKHMM, HA NPAKTHKE HCHOJL3YIOT
¥ TaK HasblBaeMOe CTAaTHCTHYECKOe olpenesieHHe BepoATHOCTH. s 3Ha-
KOMCTBa ¢ HUM TpebyeTcA BBeCTH NOHATHE OTHOCHTEJNHLHOH YaCTOTHI.

CepUH WUCHBITAHWM HA3LIBAIOT OTHOIIEHHE dYHCJa HCOBITAHHH M,
B KOTODPBIX 3TO COOBITHE IIPOM3OIIJIO, K YHCJIY BCEX MNPOBEeNEHHBIX
ucnelTaHui N. Ilpu atom gyucno M HA3BIBAIOT YACTOTOM COOBITHA A.

u Onpenenenue. OTHOCHTENLHOM YACTOTOM COOBITHA A B HaHHON

OrHocuTeNnbHYIO YacToTy cobwmiTusas A o6osmHauaor W (A). Torma mo

onpejeIeHuIo
M

W (A) = N (1)

3apava 1. Bo BpeMs TPpeHHMPOBKH B cTpesibbe mo meam OBLIO CHEJIaHO

30 BriCcTpenoB M 3apermcrpuposaHo 26 nmonazanumit. Kakosa orHOCH-

TeJbHAA YacTOTAa NMONAJaHHWSA 1O IeJH B JaHHOH CepHH BBICTPEIOB?

p CobOniTHEe A — ¢HOmajaHme Mo eJu» npousounnao B 26 caydasx, T. e.
M =26. Obmee uucno ucnsitasuii N =30, mosromy

26 13
WA=5=1
Hccnenoanme. [[Ba Apyra OpOBOAMIH HCOBITAHHA (ONBITHEI) C HOA-
OpacelBaHMEM MOHETHl M Habullodanu 3a nosénreHuem opaa. OguH U3
ManbYMKOB IMOAOpackIBA MOHETY M €O000IaJl 0 TOM, YTO BHIIAJO —
opén (O) muu pemka (P). Bropoit MajbuHuK BHOCHJ Pe3yJbTATHI HMCIIBI-
TAHUHA BO BTOPOH cTOJOEn TabauIibI:
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N O vwwm P M W=ﬂ N O vwnm P M W=M- ]
': N N
I o 1 1 26 0 13 0,5
2 (o) 2 1 27 P 13 0,4815

3 P 2 06667 || 28 ) 14 05 |
il o) 3 0,75 29 ) 15 05172 |
. 3 0,6 30 P 15 0,5

BB O 4 0,6667 31 P 15 0,4839
. P 4 05714 || 82 0 16 o5 .. ||
- g P 4 0,5 83" P 16 04848 |
B O 5 0,5556 34 o} 17 05 |
10 P 5 05 35 0 18 05143 |
1| P 5 0,4545 36 P 18 0,5

12 P 5 0,4167 37 o) 19 05135 |
13 0 6 0,4615 38 0 20 05263 |
14| P 6 04286 | 39 P 20 | 05128 |
15 P 6 0,4 40 o) 21 0,525
6| O 7 0,4375 a1 P 21 0,5122
7 o] 8 0,4706 42 P 21 0,5

18 P 8 0,4444 43 o) 22 0,5116
19 o) 9 0,4737 4 | P 22 0,5
20 P 9 0,45 45 P 22 | 04889
21 0 10 0,4762 46 0 23 0,5

22 P 10 0,4545 a7 P 23 0,4894
23 0 11 0,4783 48 0 24 0,5
24| P 11 | oa4s83 |[ 49 [ o 25 | 05102 |
25 0 12 0,48 50 P 25 05 |
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ITocne naTupecsaTH noAOPACHIBAHUN B TpeTheM CcTOJ0Ome TabJaMUIIBI
APYy3bd 3alMCalld Pe3yJIbTaThl «HAKOIJIEHHUA» 4YacToTbl M IOABIIeHHA
OopJia, a B YeTBEPTOM — MOJACYET C MOMOIIBI0 MHUKPOKAJIbKYJIATOpA AJS

s = M
Kaykaoro 3HadyeHUA N (YMclna MCOBITAHHI) OTHOCHTEJIHLHON 4YacTOTHI £

(c TOYHOCTBIO O OZHON AECATUTHICAUYHOM).

ITocne arToii pabGoThl MAJNBYMKKM Ha PHCYHKe 38 OTMETHJH TOYKAMU
pe3yJabpTaThl MaTeMaTHYeCKOH o00paloTKM IPOBEAEHHEBIX MCILITAHHUM,
Onun u3 apysei, rIAAs Ha PUCYHOK, CKasaj, YTO OH MOXO0XK Ha rpadux
3aTyxamomux KoJiebaHuu.

Ilpuzas B Kaace, Apyspa npepnokuan BceM 20 OZHOKJIACCHUKAM IPO-
JleJIaTh aHAJIOTMUYHbIE ONBITHEI C NOAOPACBIBAHUEM MOHETBI: KayKJbIil yde-
HUK Opocan moHery 50 pas m cuuras mosiBieHuwe opJa. Ilocae aroro
APY3bs COCTABUJIM CBOAHYIO TAOJMILy DPe3yJbTATOB MCHBLITAHUN, CYMMMU-
pysA B mepBoM cToa0ne 4yucao N IpOBOAUMBIX YUAIIMMHUCH MCILITAHUIM,
BO BTOPOM — KOJIMYECTBO IOABJEHUI opja M u HaXoAs B TpeTbeM
cronbue AA KaMkA0H CEePHUHM MCOBITAHUNA OTHOCHTEJLHBIE YaCTOTHI CO-
61T W,

[Apy3pa 3aMeTHIM, YTO MOCJe 3HAYUTEIHLHOI'O YHMCIA UCIBITAHWI OT-
HOCHUTEJIbHAS YacTOTa MOABJIEHUSA opjia BCE MeHbuIe oTiudaerca ot 0,5,
T. €. OT BE€JIMYHMHBLI BEPOATHOCTH JTOrO COOBITHSA B KJIACCHUYECKOM IIOHHU-
MaHHH.

ITox craTHCTHYECKOH BEpPOATHOCTHI0 MOHHMAIOT YHUCJIO, OKOJIO KOTO-
poro xojebjieTcss OTHOCHTEeNbHAs 4YacToTa COOBITHS IpPH 6GOJIBIIOM
YHCJjie UCOBITAHUHA.

0,3 == 10 ~ 20 30 40 50

=Y

(6]
o

Puc.
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N M w=%— N M =% |
50 25 0,5 550 276 0,5018 |
100 48 0,48 600 302 0,5033 |
150 74 0,4933 650 328 0,5046
200 101 0,505 700 347 0,4957 |
250 126 0,504 750 372 049 |
300 145 0,4833 800 398 0,4975
350 169 0,4829 850 427 0,5024
| ~a00" 196 0,49 900 448 0,4978
450 222 0,4933 950 477 0,5021
500 253 0,506 1000 502 0,502

OnucaBHBIM B HccaefoBAHMH (GAKT MOATBEP:KAAIOT M JOIIeANIne 0
HaC MCTOPUUYECKHE CBeAeHHH.

H3BecTHO, uTo B XVIII B. Q)paHIy3CKHil eCTeCTBOMCIBITATENDb JHOPHC
Jyu Jlexnepx de Buogpgon (1707—1788) uposén 4040 wucmbrranmit
¢ moxGpachIBaHMeM MOHeTEI. B pesyibraTe 4ero HabaoAas NOABIe-
Hue opia 2048 pas. Takum obGpaszom, BiohdoH monaydusi OTHOCHTENb-
HYI0 4aCTOTY HOABJIEHHA OpJia, PABHYIO -ig% ~ 0,5069. B mauane XX B.
aarnuiickuii yuéneiii Kapa ITupcon (1857—1936) nposén ¢ momo-
mpio cBoMX yueHHKoB 24 000 aHAJOrMYHBIX HCHOBITAHWHE W Habx0AaN
12 012 nosBxeruii opaa. OTHOcUTeNbHAs yacToTa coOeiTua y Ilupcona

12012 _ 4. 5005.
24000

B cBA3HM C 5TUM M eMy TOAOGHBIMM SBJEHHAMM IIBeHIapCKUH Ma-
remaTnk k06 BepHysnm obocHOBajN Tak Ha3bIBaeMbIA 3aKOH 0OJBIIMX
qHCe:

OKasajack PABHOH

MO3KHO CYHTATH JOCTOBEPHBIM TOT (axkT, 4TO HNpH OOJBIIOM HHCIE
HCIOBITAHWHA OTHOCHTENbHAA dacTora cobbiTua W (A) mpakTHYeCKHU He
oTJIMYaeTcAa OT ero BepoaTHocTH P (A), T.e.

P(A)=W (A)
npH GOJILIIOM YHCJIE WCIIBLITAHWMN.
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3apava 2. Po,nn.nbmilﬁ JIOM HEKO- | e —_—
TOPOro Tropoja BEJI IO TojaM fon
MOJCYET POMAEHUS MAJIBUYHUKOB [leBouKm Manb4Yuku
U JeBouYeK. Pe3yiabTaThl 3aHOCH-
auck B Tabaumy. 1998 802 823
HaiiT OTHOCHUTENBHYIO YaCTOTY 1999 629 665
pOKJeHusA MAaJbYMKOB 3a pac-
CMaTpPUBAEMBIN IIEPHUOT. 2000 714 769
Yucao poAUBHIMXCHA MAJBYHUKOB:
M =823 + 665 + 769 + 798 + 2001 756 798
+811=3866. Yucno poguBIINX-
ca pesouex: 802+629+ 714+ 2008 e AN

+ 756 + 783 = 3684. Obmiee uncao
ponusmuxca aereir N = 3866 + 3684 = 7550. OrHOoCcHTENbHAA YACTOTA
MOABJEHUS B PACCMATPUBAEMOM POJAMJIBHOM JOMe MaJbYMKOB DABHA

M 3866 -
Wi ee— = . 121. <
N 7550 4,8

OTMeTHM, 4YTO BCEMHPHEIE HaOJIOAeHHs 3a POMKAEHHEM JeTell moKa-

3LIBAIOT, YTO MAaJbYHKOB Ha 3eMJe poxgaeTcda Bcerga 4yThb GOJII:]IIIE,
geM OeBOYeK.

YcTHbIE BOMPOCHI U 3apaHusa

1’
2.

o

B kakux caydasx He ygaércsa HaWTH BEpPOATHOCTH COOLITHA C IIO-
MOIIBI0 KJIACCHYECKOr0 OIpeJesIeHUs BEePOATHOCTH?

Yro HA3BIBAIOT OTHOCHTEJNBHOM YaCTOTONH coObITHUA A, IPOUCXOAAIIE-
ro B ONPEJEJIEHHON CepHH HCIbITAHUNA?

Kak HaWTH OTHOCHUTEJBHYIO 4acToTy coObITHA A?

Yro mMOHHMAKT HOJ CTATHUCTHUUYECKOH BEPOATHOCTBIO COOBITHA?
ChopmynrupoBaTs 3aKOH GOJBIIAX YHCEJ.

OKosi0 KakKoro umcia KojebyieTcs OTHOCHTEJIBbHAs YacToTa COOBITHA:
A — BBIIAN OPEJ mpH GOJBIIOM YHCJe MCOBITAHUHA ¢ GpocaHueMm of-
HOM MOHEeTHI; B — BeImaio 3 0Y4Ka OpH OOJBINOM YKCJIe HCHBITAHUNA
¢ OpocaHHeM OAHOM HUIpabHOM KoCTH?

__Beoausie ynpaxuenus |

1.

2.
3.

B kopobke nesxar 7 uépHbix u 3 Genbix mapa. CayuaitasiM obpa-
30M BRIHMMAIOT 2 mapa. HaiiTu BepOsATHOCTh COOBITHA: BEIHYTHI 06a
miapa 4épHOro IBeTa; BhIHYTHI ABa OesbIX mapa; BRIHYTHI IIaphbl pas-
HBEIX I[BETOB.

Ha xoopauaaTHO# IIocKocTu orMmeTuTh Touku A (—5; 3); B (0; 4);
C(1,5; 4); D (-2;0).

Oxpyrauts A0 coreix umciao: 0,345; 2,7409; 8,997; 5; 0,293.
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2
4. IIpepcraBuTs 4YUCIO 6? B BUJE JAECATHUYHOH IpoOH ¢ TOYHOCTBHIO
xo 0,001.

5. B knacce 15 neBouexk m 12 manbuukoB. Kakyio yacTs OT Bcex yua-
MIUXCA KJIACCa COCTABIAIOT MAaJbUYUKHU?

YrnpaxHeHus

308. 3amoaHHTL mocjemHUN croybern TaGIHIILI:

OTHOCUTENL-
Ne Yucno Yacrora Has 4actorta
n/n McnbiTaHue ucnbiTa- CobbiTne A cobbiTua A cobbiTus A
Huit (N) (M) [w (A)= ﬁ}
N
|
i 1 Bpocaetcs 100 Beinana b2
| MOHeTa peLuka
2 | CnoprcmeH 100 MonapaHuve 90
: cTpenser no MULLEHMU
no MULLIEHN
3 Bpocaetcs 500 Bbinano 84
urpanbHas 5 04KOB
KOCTb

309. Hosriit npenapar gasasica 1000 mammeHTaM, GOJBHBIM OJHOH 1
Toi ke OosesHpi0. Ilo mcTeueHMm Kypca JedeHusa 952 manmeHTa
ueneauanck. KakoBa OTHOCHTeNBHAss 4YACTOTA MCIEJeHHS B pac-
CMOTPEHHOM HCCJIeA0BaHUMN?

310. B usrorosnennoit napruu us 10 000 6onros obuapyxkero 250 6pa-
KOBaHHBIX 00JiToB. HaliTH OTHOCHTEJNBHYIO YacTOTy HOABJEHUA B
JDaHHOM mapTuu OpaxkoBaHHOro 6oJsita. BelpasuTe pesyabTaT B IpPO-
IEeHTax.

311. IIpoBoauiack cepus HCIBLITAHMI ¢ TogOpackiBaHUeM raiiku (puc. 39).
Pe3ynpTaThl 3aHOCUJIHCH B TAGJIHILY:

Yucno ucneitaduia (N) 10 50 | 100 | 250 | 500 | 1000

YactoTta nageHus raiku nnawms (M) 7 33 67 || 155|816 | 627

OTHOCUTENBHAA YacToTa NafeHus raim-
k1 nnawmsa (W)
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ynaia Ha 2paHs  Yynaia naauwUMa

ynan
Ha Goabuwoil

Kpye

Puc. 39

ynan
Ha 00K

ynan

Ha Maawlil

Kpye

Puc. 40

3amoJHUTE NOCHAESHIOK CTPOKY Tabauibl. BeicKasaThk IpeaIoiose-
HHEe 0 3HAYeHHH BEePOATHOCTH P — nageHHusAa raky mniaamMsa (C TO4-
HOCTBIO A0 OJHOM JecAToli).

312, PesynbraThel HCIBITAHHH ¢ nmoxadpackiBaHHeM HamépcTka (puc. 40)
3aHOCHJIUCH B TAOIUIY:

Yucno vcneitaduin (N) 100 200 500 | 1000
Yactora napexns Ha 6ok (M,) 83 169 421 839
Yactora nagexus Ha GonbLioit kpyr (M,) 15 28 72 141

OTHocuTenbHas Yactota nageHus Ha 6ok (W,)

woin kpyr (W,)

OTHOcuTenbHas 4actoTa naneHua Ha 6onb-

3aloNHUTH ABe MOCJeAHUe CTPOKHM Tabiuibl. BeickasaTs npeano-
JIO)KeHUe O 3HAYeHUHU BepPOATHOCTH NaJleHus Hanéperka Ha 6ok (P))
u Ha Gospmoi Kpyr (P,) ¢ TOYHOCTHIO JO ONHOW COTOIA.

313. (MccnenoBanmue.) Pesyaprarsl nogdpaceisanus 100 pas (N =100)
MArpaJbHON KOCTH 3aHEeCTH B Tabiaumy.

Mexogel ucnbitaHus

1 o4ko | 2 oyka | 3 ouka | 4 ouka

5 oukoB

6 ouykos

Mopgcyér cnyyaee

Yactota (M)

OTtHocuTenbHas va-

M
cTOoTa W=—}
e [ 100

§ 20.

OTHoCcUTENLHAA 4acToTa W 3aKOoH BOMbLUMX Yncen 155



Ilopcuér cayuaer ynoGHO HPOBOAMTE CAEAYIOLIHM 00pasoM: mocie
Ka)xaoro Opocka KyOHMKa B COOTBETCTBYIOIIYIO BLINABIIEMY YHCJIY
OYKOB KJeTKy Tabiaumel craBuTcsi sHak «|». Ilocie HaxomaeHus
YeTHIPEX BEPTHKAJBHBIX B3HAKOB NATHIA IPOBOAUTCA TI'OPHU30H-
ranbHO: «fiff». TTocme aToro moACYET YACTOT CYIIECTBEHHO YIIPOLIA-
ercsi. Hampumep, eciu B KJeTKe NIOACYETA CJIydaeB CTOAT 3HAKH
< i |l», To, oueBmamHO, mOX Heil, B KJeTKe 4acCTOTHI, CJeXyeT
ganucaTh yuciao 17 (moayuaemoe xak b -3+ 2).

O6befUHUB Pe3yJILTATHI MCCJIEJOBAHUN HECKONBKUX (k) YIeHUKOB,
COCTaBHUTH CBOAHYIO TAGJIMIY YACTOT ¥ OTHOCHUTEJBHBIX YacTOT (1A
N =100k ucneiranuii). Y6eAuTbCAa B TOM, YTO C YBeJIHYEHHEM YHC-
Jla MCOBITAHWIA OTHOCHUTEJbHAd YacToTa IosaBiIeHHA 1 ouyka, 2 ou-
KOB, ..., 6 OYKOB BC€ MeHBIIE OTJIHYAETCH OT BEPOATHOCTH KarkK-

G 1
JOr0 W3 3TUX cobbITHil P = B

NMopacuér peib B npyay

IT0 UHTEepecHo

156

Bor uHTepecHas 3ajava, B Hell HET HUKAKHWX YMCJIOBBIX NAHHBIX,
a crnocob permieHns BhI A0JKHBI K3o06pecTH camu. Kaxk mpubiu-
JKE6HHO HOJACUYMTATH YHCIO Pbi6 B KOHKPETHOM IIPyAY?

i Ha mnepBrlii Ba3rifj Ka)XeTcs, YTO PEIIHTh Ty 3a4ady HeBO3-
-
478 moxHO. Ho Kakoe NPHKJIaAHOE 3HAYEHHWE OHA MOKeT MMeTh?

Pemenue sroii 3amaum umeerT Gonbmoe 3HadeHue. Hanpumep,
3TO Ba)KHO [JIA BJajeJibla pPhIOHOIO X03diCTBA, KOTOPLIH 3aIy-
CTHJI B NpyA peI6 A pasMHOMKEHHA M JaJibHeiInero oTJoBa.
IIpu aTOM OH 3HAET, YTO ecJHM HX Yucio Oyaer HHU3Ke KPHUTHYECKOro,
To monynanua norubHeT, a ecau OYAeT BhIIIE ONPEAe]EHHOTO, TO Phibam
He OyaeT XBaTaTh KOPMa M IPOCTPAHCTBA.

A 4YTO KOHKpeTHO MBI (MIM XO3SMH Ipy/Ja) MOKeM cjaeaaTsb?

O

\A " Moxem, Hanpumep, JOBUTHL PHIOY?

Ila, MoKeTe OTJIOBHTH CETBIO MJIM CAYKOM CTOJBKO pPBIO, CKOJb-
KO BaM saxouercd. [lofcKaKy emjé: MoxKeTe Jaike KaIyi0 DbI-
OHHY Kak-TO MOMETHUTh.

MOMEeTHM Ka’XJAyI0 W BRIOYCTHM obpaTHO B npyj. Yepe3 HeCcKoJb-
KO OHEeH OHM pPaBHOMEDPHO pacHpefieJIATCA CpelH CBOMX <HeMe-
yeHBIX» cobparheB. Torga MBI eINé pas BBIJIOBHM, JONYCTHM, N pPbIO
H TNOJACYWTAEM, CKOJBKO Cpefd HHX OKakercda MedyeHbix. [lomycrum,
MeueHBIX DI cpeau HMX OKasajgock k (oueBHAHO, uTO k<n u m<x).

- Toraa Beé moHaATHO. JlomycTHM B npyay X psi6. OTIOBEM m phIb,
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o,
314,

315.

316.

317.

318.

Ilycte B mocjie/lHEM HCHOBITAHHH CODBITHE A — BBUIOBJIEHAa MedeHad

k
puiba, Torma W (A) = —. Ho ecam B npyay cpexau x peib GbL10 Beero
n
m mMedeHBIX, TOo P (A) = E. Ecsm peib B npyAy MHOTO ¥ OTJIABJIHBAJH
x

E_m mn
MBI HeMaJsio, To W (A)=P (A) unu — = —, OTKyJa X = —.
n x k
iy MEue ouyeHbh NOHPABHMJACHL ITa 3ajada. 3ajaiiTe HaM, TOMKAJIYH-
::} cra, emé Kakyw-aubyas 3azady, B KOTOPOH TaKyXe CaMHM HYX-
HO u3obpectu crmocob pemreHUs.

> JlonpobyiiTe pemuTh Takylo 3agady: «B Kopobxe HaxoguTcH
)3 GoJIbIIIOE KONMHWUYECTBO IIAPOB, OAWHAKOBRIX Ha omynb. M3BecTHO
= Takske, 94TO B KOpoOKe HeT KpacHBIX mapos. Kak, He sarasjbi-
Bas B KOPOOKY, OLIEHUTH IPUMEPHOe KOJIWYeCTBO IIapoB B Hei?»

il A BBHIHEMATH mMAaphLl U3 KOPOOKH MOXKHO?
- -

A
=5
> Mo>KHO BEIHUMAaTh M3 KOpoOKH xenaeMoe [jd TebGA KOJIHYECTBO
ég;{; mapoB (Toabko He Bce). MorkHO n006aBiaATH B KOPoOKy Jioboe
KOJINYECTBO IIapoB...

YNPAXKHEHUA K INJIABE IV N

B xopobke HaxomAaTcAa 3 4EpHBIX, 4 KPacHBIX U 5 CHHHUX KapaH-
pnamei. Hayrang BeiHuMaercs oquH Kapauzgami. HaiTi BeposATHOCTH
TOro, 4TO BBIHYTHIM KapaHpami: 1) 4épHBIN; 2) KpacHBIN; 3) CHHHH;
4) ue uépHbIi; 5) He KpacHbI; 6) He cuHH; T) senéHsniit; 8) wiun
YEpHBIH, WJIX KPacHBIM, MJIM CHHUM.

Hayran nassiBaeTcsa HaTypanbHoe uyuciao or 1 go 30. Kakosa Be-
POATHOCTE TOro, 4ro 3to umcio: 1) 6; 2) me 6; 3) xkparHO 6;
4) xpatHo 5; 5) mpocroe umceyao; 6) He menpme 277

Bura 3abeln aBe mociegHue mudpsl HoOMepa TenedoHA NPUATENA
u Habpasn ux Hayraa. C Kakodl BepOATHOCTBHIO 3TOT 3BOHOK IIONAJLET
K IOpHUATENI0?

Ha cron 6pocaioTcss MoHeTa W HUIpajibHas KOCTb. KakoBa BeposT-
HOCTB TOro, 4To: 1) Ha MOHeTe HOABHUTCA OpEJI, a Ha KOCTH —
2 ouka; 2) Ha MOHeTe NOABUTCS PEIIKa, 4 HA KOCTHU — HEYETHOE
YHCJIO OYKOB?

Bpomens! aBe urpanbHble KOCTH — Oesas U uépHasi. KakoBa Be-
POATHOCTE TOro, 4to: 1) Ha 0OeJioii KOCTH BBINAJO YETHOE YHCJIO

YnpaxHeHnus kK rnase IV 17



OYKOB, & Ha UYEPHOM — HeuéTHoe; 2) moaABATCA 2 U 3 o4yKa; 3) mo-
ABATCHA JBAa YETHBIX YMCJIA OUYKOB; 4) MOABATCS YETHOE M HEUETHOE
YHUCJIO OYKOB?

319. "3 xomnoxsl xapr (36 smcToB) Hayraj BBIHMMAETCH OJHA KapTa.
KakoBa BeposATHOCTHL TOIO, 4TO 3Ta Kapra: 1) Baier; 2) KOpoJab
YEpHOI MacTH; 3) ¢ YETHBIM YMCJIOM KPACHOU MmacTu; 4) He ¢ Yuc-
aom?

320. Bpomensl 3 MoHeTHI: KomelKa, NATAaK ¥ rpuBeHHMK. Kakosa Be-
POATHOCTE TOro, 4To: 1) Ha KoIleiike MOABHUTCA OpEJI, a Ha NATaAKe
U TPUBEHHUKE — DeInKu; 2) Ha BCEX MOHETAaX BHINANYT DEIIKu?

321. B ammuke HaxopaTca 3 Oenblx um 2 uépHBIX mapa. Hayrag BeIHH-
matorcsa 2 mapa. KakoBa BepOSATHOCTBL TOTr'O, UTO BBIHYTHI: 1) 2 Ge-
JBIX mapa; 2) 2 4YépHBIX LIapa; 3) 4YEpHBIH M Oesnbld IIaphl;
4) mapsl ogHOro nsera?

[@l Bpomess! aBe urpajbHble KocTH. KakoBa BEepOSITHOCTH TOrO, UTO:
1) xoras OBl Ha OZHOM KOCTH HOABATCH 3 O4YKa; 2) XoTa Obl Ha
OJIHOM KOCTH MHOABHUTCH YETHOE UYHCJIO OYKOB?

B NPAKTUYECKME W NMPUKNAAHBIE 3A0AYMN SN

1. YyeHMK oTBeuaeT Ha KaXAbl# m3 6 BOIPOCOB TecTa CJIOBOM <«Za»
uwin «HerT». KakoBa BEepOATHOCTH TOr0, YTO BCE OTBETHI, JaHHbIE Ha-
yraj, OKaXyTcs IPaBUJILHBIMH?

2. YdueHHK BLIOMpAET B KaXXJOM 3aJaHHUU TECTa OJUH M3 YETHIPEX Ipej-
JIOKEHHEIX OTBETOB (TOJILKO OAMH W3 KOTOPHIX BepHEIH). Kakxosa
BEPOATHOCTH TOI'O, YTO BBIOMpAasA HAYraJ 110 OJHOMY OTBETY B KarKJOM
u3 5 BajaHUM TecTa, YYeHUK BeiOeperT: 1) BCe BepHBIEe OTBETHI;
2) 4 u3 5 BepHBIX OTBETOB?

3. (Onoem Broggona.) Ha nucre 0Oy-

Maru Ha4epTUTe HapasjejibHble JIH- A \
HHAM, pPAacCTOSAHHE MEXKAYy KOTOPHI- \ \ e \ _
MM paBHBI IiuHe wurasl (puc. 41). " 1 \ /’
Bpocatite 100 pas Ha 3TOT JHCT S S

UIVIy U CUHTaWTe cliydau eé Iepe-

ceueHusa c Joboit u3 aunmHi. Haii- Puc. 41

AUTEe OTHOCHTEJbHYI0O uyactory W

COOBITUSA «HUIJIA IepeceKJa OfHYy u3 juHuii» B cepun ua 100 mcmer-

Tagui. CaenaiTe IpeAIlOIOMKEHHE O BEPOATHOCTH 3TOI0 COOBITHA.
4. B rypHupe yuacTByiOT 8 HrpokoB. HoMep, BEITACKMBaeMbIii UI'DOKOM

Hayraj, OIpefessieT ero MOoJIO)KeHHe B TYPHUDHOH ceTke (puc. 42).

Byaem cumrarTh, 4TO JYYIIWHA UrpoK Bcerga nodexkaaeT BTOPOro IIO

MAaCTEePCTBY, KOTOPHIX (B CBOX OuYepe[b) mobeskIaeT BCEX OCTAIBHBIX.
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Puc., 42

IIpourpwiBaromiuit B GuHANe 3aHHUMAaeT BTOpoe MecTo. HaxoBa Bepo-
ATHOCTH TOTO, YTO 3TO MECTO 3alMéT BTOPOM II0 MACTEPCTBY MUIDOK?
Muorue ABepH NOABE3NOB B MHOINOKBADPTHPHBIX JAoMax obopynosa-
HBI KOJOBBIMH 3aMKaMH. [IBeps OTKpoOeT-
cd, ecJIM B HYIKHOM IIOCJIefOBATEIbHOCTH
Oyayr BepHO Ha)kaTwl: 1) Tpu; 2) 4eThIpe
M3 AecATH KHONOK ¢ nudpamu (ogHa U
Ta Ke HnU@pa-KHONKA B KOJe MOJKeT IIo-
BTOpAThCA). KaxoBa BepoATHOCTL TOTO,
uyTO Hayraj HaOpaHHBIA OAWH pas KoJ OT-
KpoeT ABepb?

CryneHT KOJUIEN)Ka, KOTOPOMY NIPEeACTOUT
craBaTh 3a4éT, 3HAET BepHbIe OTBETHI HA
50 BonpocoB u3 70 BBIHOCMMBIX Ha IIPO-
BepKy. KakoBa BepOSAITHOCThL TOr'0, 4YTO, BEIHYB CJYy4YalHBIM oOpasoM
2 6usera (Ha KaJOM K3 KOTOPBIX 3AIKMCAHO II0 OJHOMY BOIPOCY),
CTYIeHT OTBeTHT Ha 00a BepHO?

B HEKOTOpOM ropoje OPOKHUBAIOT OKOJIO 5 MiaH xureneit. CKOJIBKO
OPUMEPHO KUTeJel B 3TOM ropoje poauiaucsk: 1) 8 mapra; 2) 29 des-
pana?

HUrpansuyio Kocts 6pocanu: 1) 2 pasa; 2) 10 pas. Kaxxaeiii pas BbI-
nagaso 6 ouxkoB. EcThk 1M OCHOBaHMA HIpeAnoJaraTh, 4YTo KOCTh «He-
npaBuIbHaA» (LEHTP TAMXECTH CMEIIEH M3 I'eOMeTPHYECKOro IeHTpa
B JAHHOM CJydYae K I'DAaHU, IPOTHBOIOJIOMKHOM TOH, HA KOTOPOH OT-
medeHBI 6 04KOB)?

Cobupasick Ha aAucKoTeky, Tans BeiHyJa u3 mikada 5 61y30K, KamK-
Jad M3 KOTOPBIX BHCEJa Ha CBOHX «IJIednKax». IlomepuB mx, Tama
ImoBecHJia MX B ciaydailHOM mopsjke obparHo B mkad. Kakosa Be-
POATHOCTH TOrO, 4YTO GJIVBKH OKA3AJUCH IIOBEIlIeHHLBIMH B IIepBOHA-
YyaJbHOM Topagxe?

MpakThyeckue 1 NpUKNaaHLIe 3aaayum 159



B aTon rnase Bbl y3Hanmu,

9T0 TaKoe:

| — HCcUOBITAHWE, ONBIT; MCXOJ HCOLITAHUSA, COOBITHE; |
| — HEBO3MOJKHBIE, JIOCTOBEDHBIE M CJyYaiiHbIe COOBITHS;
| — COBMECTHBIE W HECOBMECTHEIe CODLITHSA;
— PaBHOBO3MOKHEIE COOBITHSA;
| — He3aBHCHMBIE COOBITHHA;
— 3JIEMEHTapHEIE COOBITHA;
— OJIAaronpUATCTBYIONIMI MCXOJ HCHLITAHMA;
— BEPOATHOCTH COOBITHA B KJIACCHYECKOM NOHMMAHHWHM; B CTATH-
| CTHYEeCKOM NOHHMAHHWH;
‘ — CyMMa M IPOU3BeJeHHE ABYX COOBITHIA;
| — IPOTHBOMOJIOMKHOE COOBITHE;
| — mcoeiTaHuA BepHysim;
— OTHOCHTEJIbHAA YacTOoTa COOBLITHA;
— 3aKOH OOJIBIIHAX UYHCE;

KaK:

| — HAXOAHUTH BCE 3JIEMEHTAPHBIE MCXOJbl MCHLITAHWN ¢ OpocaHueM |
MOHET, UI'DAJIbHBIX KOCTEeH W T. II.;

| — HAXOAHTH BEPOATHOCTE COOBITHS B OHBITE C OUYEBUAHLIMH PABHO-

BO3MOKHBIMH 3JIEMEHTAPHBLIMHA MCXOJaMM; .

| — TPHMEHATHh 3HAHUSA KOMOWHATOPDHKH (B TOM YHCJe — IIPaBHJIO
NPOMU3BEIeHUA) AJIA BEIUMCIEHHUS BEePOATHOCTHU COOBITHSA;

| — HAXOAHUTH BEPOATHOCTH CYMMBI JBYX HECOBMECTHBIX COOBITHI; |

| — HaXOAWTH BEPOSATHOCTH IPOM3BEAEHHsA ABYX HE3aBUCHMBIX CO-

. OBITHIA; |

| — HaAXOAWTH BEPOATHOCTH COOLITUS B UCHBITAHUAX Beprynnn; |

— OPOBOAMUTH peasibHbIEe IIPAKTHUYECKHE HCIBITAHUA JJId HAX0MKIe- |

' HHA OTHOCHUTEJIBHON YaCTOThI COOBLITHSA; -

| — (HUKCHPOBATL M IOACYHUTHIBATL OJATONPHUATCTBYIOMAE MCXOABI |

' HCOBITAHUA}

| — HAXOAUTb OTHOCHTEJbHYIO YACTOTy COOBITHA B CEPHHM OJHOTHII-

. HBEIX HCIBITAHWIH; '

| — OmeHHMBATh BEPOATHOCTH COOBITHA B ONBITAX C HEPABHOBO3MOJK-

| HBIMH 3JIEMEHTADHBIMHA HMCXOLAMM.

NPOBEPb CEEBH!

1. B kxopobxe Haxoasarcsa 2 Oenbix, 3 YEPHBIX W 5 KPaCHBIX
mapoB. Hayraa BeiHuMaerca onus map. HaiTH BepoATHOCTH
TOT0, YTO BBIHYTHIN IIap:

a) Oenpiii; 6) y€pHBIH; B) He KPacHBIN; I') MIM YEPHBIA HJINA
KpacHBIN.
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1 fpoael-lb

Il ypoBeHb

11l ypoBeHb

Ha ctoxn 6pocaior aBe urpajibHbIe KocTH. KaKoBa BepOATHOCTH
TOro, 4TO HA MEPBOM KOCTH BHINAJO 3 04YKA, 4 HA BTOPOH —
YHCJ0 OYKOB, OoJbIIee ueMm 47

IBa cTpeska OZHOBDEMEHHO CTDEJIAIOT II0 MHIIEeHH. Bepoar-
HOCTH NONAJAHWS 0 MHUINEHH y mepBoro crpeaka pasHa 0,6,
y Broporo — 0,7. KakoBa BepOATHOCTH TOIO, YTO IepPBBIH
CTPEeJIOK MONaZET MO0 MHIIEeHHW, & BTOPOH IPH 3TOM IPOMax-
HéTca?

B kxopobke neskar 5 uépHbix W 2 KpacHbIX mapa. Hayrap
BHIHEMAaOT 2 mapa. HaidTH BepoATHOCTE TOr0, YTO BBHI-
HYTHI:

a) ABa YE€pHBIX IIapa; 0) ABa KPACHBIX IIapa; B) IIApPhl PA3HBIX
I BETOB.

Ha cron GpocaioT ABe urpajbHble KocTH. KakoBa BepOATHOCTL
TOrO, 4YTO:

a) Ha NepBOH KOCTH BBINAJO YETHOE YHMCJIO OYKOB, a Ha BTO-
poii — He MeHbIIee, dyeM 3; 0) Xora OBl HA OAHOH KOCTH IIO-
ABUJIOCE 6 O4YKOB?

Crpenioxk penaer 3 BBICTpeJa 10 MHIIEHHM. BepoATHOCTH IIO-
nafjaHus 1[I0 MHUIDeHW IpH KaxaoM BeicTpene pasBaa 0,6.
KakoBa BepOATHOCTHL TOT'0, YTO MHUIIEHL OyAeT Imopa)keHa POB-
HO OAHHMM BBICTPEIOM?

B kopobke nexar 1 Genpiit, 4 4épHBIX M 5 KPaCHBLIX IIapOB.
Hayrap BepiHmMaT pgBa imapa. HaWTl BeposSTHOCTH TOTrO,
qT0!:

a) cpeAd BBEIHYTHIX IIapoB HeT Oejioro; 6) oguH IIap 4€pPHBIM,
a Jpyrou — HeYEPHBIN.

Ha croxn 6pocaioT Tpu urpajibHble KocTH. KaKoBa BepOATHOCTH
TOro, 4TO:

a) Ha IepBOM KOCTH BHINAJO 5 OYKOB, HA BTOPOM — Oojbiie,
uyeMm 4, Ha TpeTbel — HeYETHOE YHCJIO O4YKOB; 6) xoTa OBI Ha
OQHOM BBINAJO YETHOE YHCJIO OYKOB.

Crpelok pgenaer 110 MHIIEHH 3 BbICTpeJia. BeposiTHOCTH IIO-
najaHusa N0 MHIIeHW IIPpM KasKAOM BeicTpene pasHa 0,7.
KakoBa BepOATHOCTEL TOT0, UTO MHUINEHb OYAET MOparkeHa WJIN
OAHWM, MJIH ABYMS BBICTpeJamMu?

Mposepb cebs! 161



BN TEMbl UCCNEONOBATEJIBCKUX PABOT e

Hcropus urp B xoctu (HaumHasa ¢ XX B. g0 H..). Arper B KocTH
B pasHBIX CTpaHAaX.

Ilepsrie 3agaun Teopuu BeposaTHOCTel B Tpygax JI. Ilagonu, [I. Kap-
mano, B. Ilackans.

Ilepenncka B. Ilackana u II. @epma 00 uaMepeHHUH HOJH ycllexa
B a3apTHBIX HUrpax.

Kaura X. I'oiiresca «0 pacuérax B asapTHO# Hrpe» — nepBas KHH-
ra o TeOPHH BEPOATHOCTE.

Tunuuesle OIIMOKK IIPH pElIeHUH BEePOATHOCTHBIX 3al1ad.
MasnoBepoATHBIE COOBITUS B PeaJlbHOM MHpe.

IlpencraBienne 0 reOMeTPHUUYECKON BEPOATHOCTH.

CuopaBefsiuBBEIE M HeCIIpABEAJHBLIE HUIDHI.

Tabauna caydyalHeix uyuces. KOMOBIOTEpHBIE TJATYUKHU CAYYAHHBIX
yuces. MogeaupoBaHue CHYUYaWHBIX ONBITOB C TOMONIbI0 TaGIHIIBI
CAy4alHBIX YHCeJl.

CBa3b YHCJIA MCXOA0B B MCHBITAHUSAX BEpHYJIH ¢ TPeyroabHUKOM
ITackauns.



CnyyaiHbie
) BEJINYUHDI

ﬂbl MO3HaKOMUANCL C PasfiNyHbIMK BUaamMu COOLITUIA, Ha-
YHUANCb HaXOOUTb BEPOATHOCTU CNyYanHbiX coBbITUIA C NOMO-
LWbIO KNACCUYECKOro M CTaTMCTUYECKOro OnpeneneHuin Bepo-
ATHOCTU. B Teopum BepOATHOCTEN, NOMUMO Chy4alHbIX CO-
6bITWIA, OOHUM W3 BaXHEWLWWX MOHATUIA ABASETCA MOHSATME
Cly4aviHov Benn4nHbl. PaccMoTpeB cneayowme npuMepsl, Bbi
NOMMETE, YTO C BTUM MOHATMEM Bbl YXE 3HAKOMbI.

Hanpumep, oauH 1 TOT Xe TOBap B pasHbIX MarasuHax
4auwle BCEro nponaércs Mo pasHbiM  UeHam  (3aBUCALLMM
OT AanbHOCTM maras3uHa [0 ONTOBOro cknaga wunv Ao npo-
WM3BOAUTENA, OT CTOMMOCTW apeHabl NOMELLEHWsA, OT PenTUH-
ra marasumHa w T.4.). LleHa atoro toBapa ans nokynartens,
nuccnenyowero B pasHbiXx MarasmHax ero CTOMMOCTb, — CAly-
YaiHaa BenuyumHa.

HabniogeHus 3a MHOrokpaTHon cTpens6oi opyavs no oa-
HOW W TOI Xe Uenu NoKasblBaloT, YTO PacCTOsHWE OT MecTa
nageHus (Mnu paspbiBa) cHapaga OO0 CaMOoro opyausi NPUHK-
MaeT xoTa U 6im3kue apyr Apyry, HO BCE Xe pasHble chnydain-
Hble 3Ha4YeHusa. 3TO PaACCTORHWE — cnyyYailHas BennYmHa.

Yucno nopeid, 3axopfWMX Ha OOMH WM TOT XE€ CalT B
MHTepHeT, B pasHble AHW GbiBaeT pasnuyHbiM. YMcno Takmx
NIOAein ABNAETCA CNy4alHON BE/IMYMHOM.

Bce atu npumepbl ONUCLIBAIOT pasHbIe CUTyauuu, MMelo-
wue obwume YepThl: B KAXA0W U3 HUX pedb MAET O Cny4aiiHoMn
BENIMYMHE, XapaKTepu3yloled HEeKoTopoe chyyYaiHoe cobbi-
TMe. 3Ta BENYMHA MOXET MNPUHMMATL PasfuyHble YUCNOBbIe
3HaveHus. NpumepoB cnyyvalHbIX BENWYUH MHOXECTBO, Mpu
y 3TOM Kaxpas M3 HMX UMEeeT CBOI0 pa3MepHoCTb. Hanpumep,
POCT NPOU3BO/ILHO BbIGPAHHOrO Y4YEeHWKa B Knacce uamepser-
CH B caHTUMeETpax; 4Mcno 6pakoBaHHbIX AETanewn B KOHTPOSb-
HOW napTmn N3amMepaeTca B WTyKax, cyMmma 04KOB, NOABMBLUAA-
CA B pesynbTate ogHoro GpocaHus ABYX MrpanbHbiX KOCTEd,
M3MepseTCs B 0Ykax; KONMYEeCTBO M3PaCXOA0BaHHOM 3a CYTKM
BOAbl B KOHKPETHOW KBapTUpe U3MepseTcs B MeTpax Kybude-
CKMX U T.N.

N3y4eHnem 3akOHOMEpHOCTEN B MOSIBEHUM U pacnpe-
OeneHun 3HavyeHuit cnyyamHOW BeNMYMHLI YY4EHble cTanu 3a-
HUMaTbCA nocne TOro, Kak Teopusa sepoaTHocTen B XVIIB.




odopMUNacs B CaMOCTOSITENIbHLIA pas-
nen marematuku. [lo atoro otaenbHble
uccnenosatenn cobupanu pasfuyHble
CcTaTUCTUYEeCKMe AaHHble (B OCHOBHOM —
8 pnemorpadwum) 1 nbiTannucb genatb Ha
MX OCHOBE HEKOTOpble NPOrHO3bl.
O6nacTb TEOPUX BEPOSATHOCTEN, 3a-
HUMAIOWAAC U3YYEeHUEM  Ciy4alHbiX
BENIM4MH, HA3bLIBAETCA MareMaru4yeckoun
crarucTukor. B 3Tolh rnase Bbl NO-

3HAKOMMUTECh C OCHOBHBLIMW MOHATMAMU MaremMaTU4eckoW CTaTUCTUKU WU y3HaeTe
cnocobbl ONUCaHWs OKPYXAIOLWEero Hac Mupa C MOMOLUbIO YWUCIOBbIX XapakTe-
PUCTHK.

JIMLbI pacnpepefneHns

CymMMa BbIMaBLLNX O4KOB Npu GpocaHny AByX UrpasibHbiX KOCTER — CIy-
yalHas BeNMYMHA, NPUHMMAIOLLAS 3HA4YeHUs BCEX HaTypabHbIX Yucen
. oT 2 po 12. Kak ynobHee Bcero u3y4utb 3aKOHOMEPHOCTM B MosiBNe- |
| HUM TOW WMAM VIHOW CyMMbl 04k0B? OueBmaHO, KOraa 3HAYeHWUs ITUX
| CyMM W BEpOATHOCTM WX MOsIBNEHWsi nNpeacTasfieHb 0603puMoO.
' B arom naparpade Bbl NO3HAKOMUTECH C HarNsAHbIM cnocobom npea- |
| cTaBneHus (C NOMOLLbIO Tabnuubl) pacnpeaeneHns 3Ha4YeHui cnyyam-
HOW BENWYUHbLI N0 BEPOATHOCTSAM, MO 4acToTaMm W Mo OTHOCUTESIbHbIM
| yactoram. MO3HAKOMUTECH C NPMMEPaMu PasnyHbIX CRy4anHbIX Be- |
NM4MH. Y6eauTech B NMPUMEHUMOCTU 3aKoHa Gonblumx yucen ansa pe- |
LWeHUs NPUKNAAHbIX 3aAa4, CBR3aHHbBIX C HaCTOTHBLIM pacnpegeneHvem |
3HA4YEeHW CNy4anHOW BENWYMHbI. -

Hy>XHO BCMOMHMTb:

¥ [OHATHE BEPOATHOCTH COOBITHA;

¥ NOHSTHS YACTOTHI ¥ OTHOCHTEJbHOW YaCTOTHI COOBITHA B JAaHHOW ce-
pUH UCHBITAHHIN;

¥ CBOMCTBO CyMMBbI BEPOSTHOCTEH BCeX 3JIEMEHTAaPHBIX HUCXOAOB HCIbI-
TAHUA;

¥ 3aKOH OOJBIINX YMCEJ.

Janaqa 1. BpomeHsl ABe HUrpajbHbIe KOCTH. HUrpoxmu penarT CTaBKH
HA BHIIABIIVIO CYMMY OYKOB HA JABYX Koctax. EcTe ju cymma, Ha
KOTOPYIO BBITOZHO J€JIaTh CTABKY?

» Haii[éM BepOATHOCTH IOABJIEHUA KaXKJOW CYMMBI OYKOB. Obmee
YHMCJIO MCXOMOB 7l — BCEBO3MOMKHBIX IIap OYKOB, COIJIaCHO IPaBHIy
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npousBeseHua paBHO 6-6=36. CocraBum Tabaumiy CyMM OYKOB,
BHIIIABIIAX HA ABYX KOCTAX:

2-9 KOCTb
1-9 KoCTb

1 2 3 4 5 6
1 2 3 4 5 6 7
2 3 4 5 6 7 8
3 4 5 6 7 8 9
4 5 6 7 8 9 10
5 6 7 8 9 10 11
6 7 8 9 10 11 12 |

C momompio TabaMIBI AJIA KaX/A0M KOHKDETHOM CYMMBI § OIIpeeIuM
YHCJIO ONaronpusATCTBYIOIIMX e MCXOMOB m.:
my=my,=1, my=m,;; =2, my=m,,=3,
my=my=4, mg=mg=5, m,=6.
BepoAaTHOCTH MOABIEHNA TON WM MHON CyMMBI B peayibraTe Gpoca-
HUS JBYX KOCTell MOYXHO MPEACTABUTHL B BHUJE CAeAYIOMeH Tabauibi:

Cymma 0ukoB 2|3|4|5|6|7|8|9]10|11]12

fiz)s sl ha a2 iy

BepoartHocTe P=ﬂ = s, — L
P 36 |36 |36 |36 |36 |36 |36 |36 |36 |36 |36

n

6 1
Hanﬁom:myro BEepPOATHOCTh IMOABJIEHHUA % = ‘g HMeeT CyMMa OYKOB,

paBHas 7.
OTtBeT. Takasa cymma ecthb, OHa paBHa 7 OuKaM. <

B sapaue noasnaromascs npu 6pocaHUy KOCTEH CyMMa OYKOB — CJIy-

uaiHasa Beauauna. O6osnaunm eé X. Torga X, =2, X,=3, ..., X,,=11,
X,1=12 — spauenus caydyaiiHOH BEJIHUYHHEI X COOTBETCTBylomHe Kax-
JoMy 3HauYeHHI0 X BEPOATHOCTH WX NOABJIEHHA Py, wess Pigs Lyy

VKasaHEI B Tabiaume:

X 2 3 4 5 6 7 8 2 P L0 ISR ¢ 12

e S [ W e

T U (U T 1 1
3 |18 |12 | 9 |3 |6 |36 | 9 12|18 | 36
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C noMompi0 3TOi TAaGJMIBEI JIETKO YBHAETh, HAalpuMep, KaKHe 3Ha-
yeHHA BeJauunHA X NPUHUMAET C OZUHAKOBBIMH BePOSATHOCTAMM; Ka-
KOe 3HaYeHWe BeNWuYMHBI X TOABAseTcHd ¢ Oonbimell BepOATHOCTHIO
H T.A.

CyliecTBYIOT ciydYaiHble BeJMYMHBI, NPUHHAMAIOIINE OJAHMHAKOBBIE
3HAYEHHWA, HO C DA3HLBIMHM BEpPOATHOCTAMH. PaccMoTpum, Hampumep,
3 urpajbHBIX KyOHMKa, Ha I'PAHAX KOTOPHEIX OTMEYEHBI TOJbKO OJHO MJIH
IBa OYKa: y KyOMkKa A OZHO OYKO BCTpedaeTcsd Ha IrpaHAX OAUH pas,
y Kybuxka B — 2 pasa, a y Kyouxka C — 3 pasa, Ha OCTAJBHBIX I'DaHAX
oTMeuYeHEI IO ABa ouka (puc. 43).

Cnyuaiiabsie BenuuuHbl X, Y u Z — 4yucja OYKOB, BHIIaBIIME IIOCIHe
6pocanus Ha Kybukax A, B m C COOTBeTCTBEHHO, NPUHMMAIOT OAMHA-
KoBele sHauenus: X,=Y,=Z =1, X,=Y,=Z,=2. BepoaTHocTH iKe
NOABJIEHUS OTUX YHCeJ HA Ka)KJAOM M3 DPACCMOTPEHHBIX KyOMKOB pas-
au4yHEl (cM. TabGIUILBI).

X | 2 Y S 2 z s

1 5 1 2 1 1

B 6 6 & 3 3 X 2 2
Kybuk A Kkybuk B kybuk C

Oty 1 nogob6HBIe UM TAOJMIILI HA3BIBAIOT TAGIMIIAMU pacnpeaeIeHH A
3HAYEHMIl CJOy4aifHON BeJHYHHBI 110 HX BepOATHOCTAM. OHHM COCTABIEHEI
[IOC/Ie TeOPeTHYeCKOro pacdyéra BepoATHOCTeH coOBITHIA.

PaccMoTpuM npUMepsl CAy4aiHBIX BEJIWYMH, AJI5 KOTOPBIX HEBO3MOMXK-
HO 3aIMCATh pacupejiejieHMe WX 3HAYEHUH II0 BEPOATHOCTAM, HCXOAA
TOJILKO U3 TEOPeTHYEeCKHUX cooOpaskeHHM.
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ITpumep 1. IlageHne HEKOTOPOW KHONKH «HA OCTPHE» MJIH <«HA
IJIOCKOCTh» MOX{eT OBITH pPACCMOTPEHO Kak cJydyaidHas BeJuuyuHa R
C yCJIOBHbIMU 3HayeHusAMU R, =0 (magenue «Ha ocrpue») u R,=1 (ma-
JeHHe «Ha ILJIOCKOCThH»).

B orsmmume or mpuMepoB ¢ 6pocaHMEM HMIpPaJbHBIX KyOHMKOB, pacipe-
JlejleHle 3HAUEHUH BeJIUYMHBI R M0 BEPOATHOCTAM He MOXKET OBITHL Haii-
JEeHO TeOPeTHYECKH. SAIMCATH ero MOKHO ¢ HOMOIIBIO OTHOCHTEJIbHOM
YacTOTHI IIOCJIe IPOBEAEHNUA CePHUU ONBITOB. [JIf HEKOTOPOH KOHKDPETHOH
KHONKH paclpefejieHHe 3HAYEHUH CAYUYANHOM BelTWUYHHB! R IO OTHOCH-
TEJIbHBIM YaCTOTAM IIPEACTABJIEHO C IMOMOINLIO TaOJIUIHI:

R 0 1
w 0,55 0,45

IIpumep 2. Cayuaiinas BenuumHa X — OIEHKA 38 KOHTPOJBHYIO
paboTy ydammxcs KOHKPETHOro 9 KJacca MOXKeT NPUHUMATH 3HAYEHH S
X,=1, X,=2, X;=38, X,=4, X,=5. Pacupenenenue senuuunsl X 1o
YacToTaM (MJIM OTHOCHTEJbHBIM YaCTOTAM) MOJKHO 3alMCATH I10CJe MOJ-
cUéTa UHcjIa CIy4YaeB IOABJIEHUS KaMJOro eé 3HAUYEHHUS.

3apava 2. Tlocse MPOBEPKH KOHTPOJBLHON paboTsl B 9 Kiacce yumrenb
clleiajl MOACUYET umcya caydaeB (M) monydeHHs Kago#d M3 OIMEHOK
U cocraBua TabJMIly pacnpesiesieH U 3HAYEHWH BenuuyuHbl X (ome-
HOK yyamiuxcd) no gacroram M.

X 1 2 3 T
| [l HH 1
Moacuér | _H_H_ TITT
cny4yaee
HH
M 1 3 15 9 3

CocraBure Tabnuny pacupeseseHus 3HAYCHUH BeJMUMHBI X IO OTHO-
CUTEJLHBIM Y4AaCTOTAM.

P Yuecno yuamuxca 9 kaacca N, IHCABIOMX KOHTDPOJBHYIO pa6o-
Ty, paBHO cymme dYacToT (M) BcexX BBICTABJIEHHBIX OIEHOK, T. e.
N=1+3+15+9+3=31.

M
3Has, YTO OTHOCUTEJbHAS YAacTOTa HaXoauTcs mo dopmyre W = —,

N
Hali[éM OTHOCHTEJBHYIO YACTOTY MAJA KaKIOT0 3HAYEHUS BEJIHUYH-
1 3 15 9 3
X: W=—,W,=—, W,=—, W,=—, W.= —,
S 17317 2T 31 T ey T a1 VT 3
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Otser. | X 1 2 3 4 5

1 | 8 | 8 |mf 2
31 31 31 31 31

Korza HY)XHO HAXOJAWThL CyMMYy BCeX 3HAYeHWH HEKOTOPOMl BeIHUH-

HBI, HMCIOJB3YIOT 3HAK E, BeenéHHbii JI. ditnepom. Hanpumep, ecau
yacrora M upusumaer sHavesus M,, M,, ..., M,, To GyaeM HCIOJb-
30BaTh 000O3HAUYEHHUE

M,+M,+...+M,=2XM.

3Hasg, 4TO CyMMa BCeX YACTOT CHAYyYalHON BeJMUYMHBI PABHA YHUCIY
HCHHT&HHﬁ N, MOMHO 3alnucarTb
YM=N.

Ins m060# ciaydyaidHON BeJHYMHBI CyMMa OTHOCHTEJNBHBIX YacTOT
BCceX eé 3HaueHUU paBHa 1.

M, M M, _ M;+My+..+ M M N
@ W= b I S I OO i 1 2 B et
> }E( ) N N N N N N

Hanpumep, B 3amaue 2
1 3 15 9 3
W=—+—+-—+—+—
- 31 31 31 31 31

Zapava 3. Poer kaxzaoit ua 50 rEMHACTOK OJHOrO CIOPTHBHOrO Kiyba
3aHeCcéH B TaOJHIY:

—— s R VI S— _——

148 | 148 | 148 | 149 | 149 | 149 | 149 | 149 | 149 | 149
149 | 150 | 150 | 150 | 150 | 150 | 150 | 150 | 150 | 150
150 | 151 | 151 | 151 | 151 | 151 | 151 | 151 | 151 | 152
152 | 152 | 152 | 152 | 152 | 152 | 152 | 152 | 153 | 153 |
[_153 153 | 153 | 153 | 153 | 154 | 154 | 154 | 154 | 154 j

=1.

Ilo uMeIMUAMCHA JAHHBIM COCTABUTEL TAOIWILy paclpejeeHus 3Haye-
HUiA caydaiiHO#M BenmumHBI X — pOCTA I'MMHACTOK KJyba: 1) mo wa-
croram (M); 2) mo orHocureabHBIM dacroram (W).

» Benumuuna X npurumaer 3HaveHus X, =148, X,=149, ..., X, =154.
IoacuureiBas yucyao (M) rHMHACTOK KaX<Jlor0 pOCTa, 3aHOCHM JaH-
HBIe B YACTOTHYIO Tabiumy, a 3aTeM Ui KaxKZoro sHadeHus X Ha-
XOAUM 3HAUYeHHWe OTHOCHTeNbHOM uacTtorhl W, smas, uro N =50.
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148 149 150 151 152 153 154

M 3 8 10 8 9 7 5
Wi 2 .1 ol A 9. M s 1
N 50 25 5 25 50 50 10

IlpoBepra: XM =3+8+10+8+9+7+5=50=N; LW=1.

YcTHbie BONpoOCHl U 335ammj

1. IlpuBecty mpuMepsl CAYUYAHHBIX BEJIWUYMH.
2. Kax crpoutcsa rabiumna pacupejiejieHUs 3HAUYEHHHM CJIYYAWHOM BeJIH-
YHMHBI 10 BEePOATHOCTAM; YaCTOTAM; OTHOCHTEJbHBIM YACTOTaM?

3. C KaKoi UeJsbI0 HCIOJL3YeTCs 3HAK 2.? KTo ero BBEX B MaTeMaTH-
YeCKYI0 CHMBOJIHKY?

4. Yro ob6o3HauaeT 3alHCh: EM=N; Tw=12

SEORORNMS YHIPEKHOKMUA |

1. Bpomena ogHa urpanbHas KocTb. HallTu BepOATHOCTH COOBITHA: A —
BeINAJIO 3 O4UKa; B — BeImano He MeHbIne 3 09KoB; C — BBINAJIO YHC-
JIO OYKOB, KpaTHoe 3.

2. Bpomensl Ase urpajbHble KocTu. HaiiTu BeposTHOCTH COOBITHA: A —
Ha KOCTAX NMOABHJIHNCH OJUHAKOBEIE OUKH; B — nmosismiuck 1 u 6 ou-
KoB; C — cyMMa BBINABIIMX OYKOB paBHA 3; D — cyMMa BBINABIIUX
O4YKOB He MeHbIme 11.

3. B mmreparypHOoM Tekcre o6bémom 1000 3HaKoB 6ykBa M BCTPETHJIACH
29 pas. BricKasaTh HpeANOJNIOKEHHE O 4Yucie OYKB M B JIATEpaTyp-
HOM TekcTe 06bémMoM 10 000 smaxos; 100 000 sHaxos.

YnpaxHeHus
323. CocraBuTh Tabaunmy pacupejesieHHs: 10 BEPOATHOCTAM P 3HAYeHHH

CIy4aiHOU BeJWYMHBI X — YHCJIa OYKOB, NOSIBUBIIMXCH NPH Gpo-
CaHHH:
1) OGBIKHOBEHHOI'O MI'DAJIBHOTO KyOHKA;
2) kyOuka, Ha JBYX I'DaHAX KOTOPOro oTMedeHo 1 04YKO, Ha ABYX
rpaHAX — 2 04YKa, Ha ABYX IpaHAX — 3 OYKAa;
3) kyOumkKa, Ha TpPEX rIpaHAX KOTOPOro OTMedeHo 1 OYKO, HA
ABYX — 2 OYKa, HAa OAHOUW rpaHu — 3 OYKa;
4) kybuka, Ha JABYX TIpaHAX KOTOPOro OTMe4eHO 1 OYKO, HA
Tpéx — 2 O4YKa, HA OAHOM — 3 ouka.
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324.

325.

326.

327.

328.

329.

170

Ha cTox Gpocaior gBe MOHeTHI. VICXOAy «OpEJi» NPHUIIMIIEM YCJIOB-
HOoe umcioBoe 3HaueHue 0, a umcxomy «pemka» — 1. CocraBuTh
TabauIly pacrpeeseHHUsA MO BePOATHOCTAM P 3HaueHUH ciaydaiHOMR
BeIWYMHBI X — CYMMBI BBINABIIUX HA MOHeTaxX YHCe.

Ha crToJs ojHOBpeMeHHO OpOoCaT ABa UIDAJIBHBIX TeTpasjpa, IPaHu
KaMJOro M3 KOTOPBLIX NMpoHyMepoBaHbkl ymcaamu 1, 2, 3 u 4. Co-
CTaBUThL TabJIUILY pacupejejieHus 110 BEPOATHOCTAM 3HAYEHUH CIIy-
yaifHOM BelWMUHMHBI X — CYMMBbI OYKOB Ha I'DaHAX TeTPasgpoB, Ka-
caloIMXCA IMOBEPXHOCTH CTOJIA.

Ha cTos ofHOBpeMeHHO OpOCalOT MIPANBHBIA KYyOMK M MI'DaJbHBIH
TeTpasAp (rpaHM KOTOPOro MPOHYMepOBaHHI uuciamu 1, 2, 3 u 4).
CocTaBuTh TabJMUIy pacHpefie/IieHuss MO BEPOATHOCTAM 3HaYeHUH
cayuaiiHo# BesMuMHBI X — CyMMBI OYKOB, BHIIABINMX Ha KyOuke
¥ Ha I'paHHM TeTpasjapa, Kacarollelcs IMOBEePXHOCTH CTOJAa.
CocraBuTh Tabaumny pacnpefeneHHss No dacroram M, 3HAYEHUH
caydyaiHOW BenumuuHBEl X — Udp, BCTpedvaKIIUXCA Ha LEHHUKaX
TOBAPOB B HEKOTOPOM KHOCKeE:

73, 102, 225, 30, 44, 68, 76, 5, 90, 119,

86, 24, 37, 207, 8, 45, 51, 13, 201, 69,

B rabuamune sanucadbl pasmepsl o0yBm 20 meBouexk 9 Kiacca:

34 35 35 35 36 36 36 36 37 37
37 37 37 37 38 38 38 39 39 40

Ha oCHOBAHUM STHX JAHHBEIX COCTABUTH TAOJIUIBLI paclpejesieHus
no gacroram (M) u oTHocuTenbHEIM yactoraMm (W) sHaueHH# ciy-
yaiioit BesmuuHBI X — pasMepoB o6yBH ZeBodYeK 9 Kiacca.

B rabauie npuBeleHbl pasMepsl oze:xabl 50 yuammuxca 9 Kiacca:

50 40 B 44 46 46 wd 48 46 44

38 44 48 50 40 42 50 46 54 44

42 42 52 44 46 38 46 42 4 48

46 | 48 | 44 | 40 | 52 | 44 | 48 | 50 | 46 | 46
48 | 40 | 46 | 42 | 44 | 50 | 46 | 44 | 46 | 48

Ha ocHOBAHHU 3THX AAHHBIX COCTABUTH TAOIHUIBI pacnpeliesieHus
10 YACTOTAM ¥ OTHOCHUTEJbHLIM YACTOTAM 3HAYEHHWH ClydalHOMI
BeJIMUMHBI X — PasMepoB OAeAbl ydamuxca 9 KJacca.
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330. PaccmarpuBas IPOM3BOJLHYIO CTPAHMILY TEKCTA HA PYCCKOM S3bI-

Ke M3 Kakoro-iubo mpousBeleHUA PYCCKOIO IHCATE]s, COCTABHTH
TabJIHUIbl pacnpefesieHus [0 YAaCcTOTAM M II0 OTHOCHTEJbLHBIM da-
croraMm (¢ TouHocThiO A0 0,001) BCcex GykB pycckoro ajdasuTa.

@ HUcnone3ysa pesyabTarsl, IOOJYYeHHBIe B yrpaxHeHun 330,

s
=
Q
(=]
=
o
=
0
[
|
Q
3
()
=
g

H «mu@dp npocToil 3aMeHbI» (KaskAoi GyKBe pyccKoro ajdpasuTa
COOTBETCTBYET CBOE JABY3HAUHOE YHCJO0), pacmudpoBaTh CTPOKH,
npuHaaaesxkamue A. C. IIymkuny:

...11 39 22 24 33 39, 35 11 21 38 31 30 28 11 30 29 38 33
17 36 22 37 23,

38 11 35 33 37 27 17 39 15 21 38 22 24 15 25 39 22 32 31,
24 35 22, 28 11 26 22 36 21 31 36 23, 38 11 35 33 37 33 27 23
32 31

33 37 33 21 37 33 27 36 15 37 33, 28 11 30 34 33 36 15 36
22 37 28 ...

Cratuctuka m nepeas nepenucbk HaceneHus Poccum |

" ITpodeccop, MbI yixe BeTpeuyaIuch co CIOBOM cmamucmuia (cra-
,_‘, THCTHYECKas BepOATHOCTh, MaTeMaTUYecKas CTATHCTHKA), HO A
~ He TIOHAJIA: B KAKOM CMBICJE W KOT/la 3TO CJIOBO MCHOJIb3YeTCH.

‘ Camo ¢J10BO cmamucmuka TDPOUCXOZHT OT JATHHCKOTO CJIOBA
I status — cocrosiHMe, MOJOXKEHHEe Bellel ¢ TOYKY 3peHudA 3aK0HA,
i -~ HsHavyaJbHO OHO yHoTpebiANOCh B 3HAYEHUH NOJUMULECKOe CO-
. cmosanue. B 1746 r. Hemenxuii yuénsiit Nomgppud Axensannv (1719—
I 1772) npepnoxxXuy 3aMeHUTh HasdBaHuWe Kypca «[ocyZapcTBOBeJeHHE»,
IpenoAaBaBIIerocs TOrjla B yHHBepcuTeTax, Ha «Crarucruxy». C Tex
IOp AOJITO€ BpeMs JIIOAW MOJ CTATHCTHKOM MOHUMAJH ONMCAHHE 9KOHO-
MHAYECKOT0 B MOJUTHYEeCKOro pa3BuTHA rocyaapersa. K cepexpune XIX B.
OeJb CTATHCTHKH ONpefesifAjiack MHOTHMH YYEHBIMH M O0OIIeCTBEeHHBIMH
AeATeNIAMH Kak IpejcraBieHue (dak-
TOB B cxxaroit dopme. B XX B, crarn-
CTUKY PACCMATDHBAJIH YiKe KaK camo-
CTOATENBHYI0O HAYYHYI0 AHUCIUILIMHY,
| 6asMpyIOIIyIOCH HA MeTOAaxX TeOopHHU
| BepoaTHOcTeil. CraTHCTHKA cerojHs
| 3aHMMAEeTCHA ONHMCAHHMEM, AaHAJIHU3O0M,
CpaBHEHHEM, IpPeACTABJIEHHeM U HH-
TepOopeTanueii HMEIOIMUXCA JaHHBIX —
3HAYeHMH PAa3IMYHBIX CAYUAHHBIX Be-
JHYHH.

Lo IIpodeccop, B MHTEpHETE YyKA3aHO MHOIO CJIOBOCOYETAHUH, B KO- |
TOPEI€ BXOAMT CJIOBO «CTATHCTHKAa»: ONHMCATEJbHAS CTATHCTHKA, |
TUPUKJIaJHAA CTATUCTHKA, MaTeMaTHdeckad M Ap. JeM oHH OT-
| IM4YalTed Apyr ot apyra? '
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F Hanpumep, CI0BOCOYETAHHUE ONUCAMENbHAL CMAMUCMUKA UMe-
| GE®y er cBoMM mcTOKOM Hemenkyio mkosny XVII—XVIII 88., koropas
= pag wm maseBasack. Eé npepcrasurenu (I'. Kompuar, I'. Axen-
Banab, A. JI. lllnénep) ceoei 3afadeil cUMTANIA ONMCAHWE rOCyAapcTBa:
TePPUTOPUH, HACEJNEHWs, KIUMATA, IOJHTHYECKOr0 yCTPOHCTBA, BEpO-
WCIIOBENAHHUA, TOPrOBJAM M T. . AHAJIM30M 3aKOHOMepHOCTeH B HaOIIO-

JaeMbIX ABJICHUAX OHHU eIIé He 3aHMMAaiWCh. IIpejcraBUTeNN AHTJIMMA- |

CKOM wKkoabl noaumuyeckux apupmemuros (B.Ilern, . T'paynn,

| . Tanneit) cBoeit IeJbI0 y3Ke CTABUJIM BBHISBJEHUE 3aKOHOMEPHOCTeH |

W B3aMMOCBA3eil B ABJeHHAX HA OCHOBe OOJILIIOrO YHcJa HaONIOAeHHIl.

Teopernueckoe 0600menne NPAKTHKH YYE6THO-CTATHUCTHYECKHX HAa-
paboTOK MpOIIEAIIAX AECATHJIETHH (C MCIOJIb30BAHWEM METOJOB TEOPHH
BepoaTHOCTei) caenan B XIX B. Gensruiickuit yuénsii Adonsg) Kemae
(1796 —1874). Tlox BIMAHMEM ero Hjeil ¥ BO3HMKJA MaTeMaTHde-
CKaf CTATHCTHKA, KOTOpas IMOJYyYWJa CBOE pasBuUTHe B paboTax TakHX

yaénnix, kak ®. lamrsron, K. ITupcon, IL. JI. YeGrimén, A. A. Mapkos, |

A. M. JIanysos, A. A. Yynpos u ap.

i IIpodeccop, pacckaykuTe, moxanyicra, KaKk H KOIJa IPOBOJH-
4,8 NUCH CTATHCTHYECKHE HCCIEe/[OBAHUA B Poccumn.

HauajoM -NepBHIX CTATHCTHYECKHX HcciefopaHuii B Poccun
| GEG’ MOIKHO CUMTATH YUET HACEJIeHUA HeKOoTOphX KHaecTB B XIII B.
(X C XV B. B MOCKOBCKOM rocysiapcTse MOABHJICA HOBBIH BHJ yUéTa

3eMelb, IBOPOB U JKUBYIIUX HA HUX Jofei — coutnoe nucvmo. C 30-x rr. |

XVIII B. 6611 HaNAXKeH yU6T HaceJeHusA, nporojuBmuiica Pycckoii npa-
BOCJIaBHO# TepKOBLIO. Bo Bceit Poccmiickoit mMmnepun (kpoMe PUHIAH-
auu) 28 amsapsa 1897 r. Gouia npoBefieHa nepsasd (¥ eJHHCTBEHHAHA
1o 1917 r.) BcepoccmiicKasa nepenuchk HaceneHus PoccHiiCKOM MMIepHH.

il B nepenmcu 2010 r. 6510 Masio Bonpocos. MHTepecHO, a Ha Ka-
474 Kye BOIPOCHI OTBEYAJNH TOTZA JIIOAY [PH IEPernucy HaceleHud.

Torga ob6ciegoBaHMe NPOBOAWJIOCH II0 CJHAEAYIOIMUM HOYHKTAM:
HM#A, OTYecTBO M (hamMmiausA (WM IPO3BHUINE); CeMeiHOoe COCTOA-
HHe; OTHOLIEHHWEe K rjaBe X03dicTea (POACTBEHHHK, CBOMCTBEH-
HUK, MPHEMBIIT MJIM JKHJeN, Npuciayra, pabOTHUK M T. I.); pasMep Xo-
3AicTBA; MOJI; BO3PACT; COCTOSHHWE MJIM COCJIOBUE; BEpPOMCIOBEJaHME;
MeCTO POMKJAeHHs, MeCTO IPONUCKH, MeCTO IOCTOSAHHOIO MKHUTEJILCTBA;
POJIHOM #3BIK; IPAMOTHOCTH; BaHATHe (OCHOBHOEe ¥ Hobo4YHOE); husnie-
CKHe HeJJOCTATKH.

ITlpu nepenmcu B 1897 r. Gein sapermcrpuposan 125 640021 xu-
Tesib, U3 HUX B ropoje npoxusano 16 828 395 uenosex (13,4%). Ypo-
BEeHb rpaMOTHOCTH coctaBian 21,1%, npudéM y MyK4uH OH ObLI 3HA-
guTEeNLHO Bbime, ueM y skenmumH (29,8% u 13,1% cooTBETCTBEHHO).
IlpaBociaBHBle XpucTuaHe cocrasisuu 69,3%, mycynasmane — 11,1%,
pumo-raToauku — 9,1% , uyneu — 4,2% . Kpynaeiimae COCIOBAA: Kpe-
CcTEAHCTBO — 77,5% , mMemasne (ropojackue sxmrenu) — 10,7% , mHOpPOJ-
sl — 6,6% , kasaxku — 2,3%, ABopsAHE (IOTOMCTBEHHBIE W JIHYHBIE) —
1,5%, nyxopencrBo — 0,5% , mouérHble rpaskjiase (IOTOMCTBEHHEIE H
nuaabie) — 0,83%, xynnst — 0,2% , npoune — 0,4%.
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i HWrorm m aHaiu3 pesy/bTATOB NEPBOM NEpPENHCH HACEJEHHS — IIPH-
Mep HMCHOJIb30BAHUA METO[OB OINUCATENBHON CTATHCTHKH.

M, IIpodeccop, a kKorza MoABHANCH NepPBHIE KHATH HJIHA yYeOHHKH
K "+’ @ no crarmeTuke?

ITepsoit paboToii, ¢ KOTOpOii HaYalachk HCTOPHA CTATHCTHKH KAk

[ ') obsacTH HAyuHBIX 3HaHWi, cumraor kHHTY [acona I'paynda
R_= (onyb6nuxoBarEyo B JlongoHe B 1662 r.) «EcrecTBeHHEIE U TO-
| TATHYecKHe HAOJIONeHHUsA, MepedrcieHHble B IPHUJIATAeMOM OrJIaBJIeHHH
¥ cAelaHHBIE HaJ OIOJIETEHAMH CMEPTHOCTH II0 OTHOIIEHHMIO K YIpasB-
JIEHHIO0, PeJIUI'MH, TOProBJIe, POCTY, BO3AYXY, 00OJie3HAM M pa3HBIM H3-
MEeHeHHAM O3HA4YeHHOro ropoja». He mMea BO3MOYKHOCTH IIPOBECTH

| mepenuck HaceneHus Jlongona, [I. 'paysa mocraBun W pemma 3agaqdy
HAXOKAGHHUS YHCJIA MUTeJleil 9TOro ropoja, AHAJIM3UDYS MHOTOJET-
HUe HabJIIofeHHA 3a YMCJIOM DOXKASHHBIX U yMepmux. M 6bUIH TaKke
npoananusuposassl 229 250 cmepreil B ropoge 3a 20 jer, cpeau Koro-
puX 6BUIO orMeueno 71 124 cmeprm jereit B Boapacte or 0 mo 6 ser.
. Fpaysn ykasan, 9To fnossi cmepreit gereit B Bospacre or 0 g0 6 mer
cocTaBisieT IPUMEPHO OJHY TPeTh OT YHMcJa BcexX cMepreil. To eers yué-
HBIH (DAKTHYECKH BBEJ IOHATHE OTHOCHTEJBHONW YACTOTHI M TIOHSJ
NPUHIIAN CTATHCTHYECKOH YCTOMYHMBOCTH B MHDE CAVYAHHBIX BeJIHYHH.

Ginboiia >/

UroHbl 4acToT

Bbl cTpounu kpyrosbie u cTonGyartbie Avarpammbl Kak HarnsaHble wi-
NIOCTpauun KONMYECTBEHHOIO COOTHOLLEHUS PA3NIMYHbIX AaHHbIX, CpaB-
HUBaeMbIX MO onpeaenéHHoMmy npusHaky. dakTuyecku Bbl yxe Toraa
3aHUManUCeb HarnagHbIM NpPeacTaBNeHUeM pacnpefeneHns 3HaYeHuin
C/y4alHOW BENNYUHBLI NO YacToTaM (MM OTHOCUTENbHBIM YacToTaMm).
B atom naparpade Bbl nosHakomuTeck ¢ APyrMMu cnocobamu M3o-
GpaxeHusi pacnpeneneHns 3HaYeHuin Cy4alHOM BEIMYMHLI NO YacTo-
Tam U No BEPOSATHOCTAM.

HyXHO BCNOMHMUTB:

TaOJIMYHBIA CHOCcO6 NpejCTaBIeHUA paCIpefe/ieHHs 3HAYCHHH cJIy-

YalHOW BeJWYWHBI;

NOHATHA BEPOATHOCTH, YaCTOTHI 1 OTHOCHTEJIBHOM YaCTOTHL COﬁHTKﬂ;

NOHATHE NPOOEHTa, HAaXO0MJeHHe IMPOIeHTa OT qHucJa;

HOCTPOeHHe TOYeK Ha KOOPAMHATHOHU IJIOCKOCTH II0 MX KoOpauHaTam.
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Pacnpegesienne 3HaYeHUH CHOyYaWHBIX BeJIMUYHMH MOXKHO 3a/aBaTh M

JAeMOHCTPHUPOBATE rpauyecKu.

Ilycrs cnyuaibinas Beauuuna X — pasMep o0yBH MajbuMKOB 9 Kiac-
ca OAHOM IIKOJILI IPUHHMAET BCe LEJOYHUCIeHHbIe 3HaYeHu:A oT 38 10 45
¥ UMeeT paclpejejieHHe II0 4acTOTaM, IpPEeJACTaBJIeHHOe B Tabiuie:

x | 38 | 39 | 4 | 4

42

43..

44 45

M 2 2 5 7

6

4

3

1

OTMeTHM HA KOOPAMHATHOM IIJIOCKOCTH TOYKH C KOOpPAHMHATAMH
(38; 2), (39; 2), ..., (45; 1) u coeAMHUM UX IIOCJEAOBATEJIBLHO OTPE3KaAMU
(puc. 44). IToay4yeHHYIO JOMaHYIO JUHUIO HA3LIBAIOT MOJMIOHOM YacCToOT.

Bosmo:kHO rpaduuecKoe IIpeicTas-
JIeHHe pacupelejieHus CJIydaiiHoil Be-
JIMYUHBI M II0 OTHOCHUTEIBHBIM YaCTO-
ram. Jlonyctum, B (oHZE OGubGIMOTEKH
AMEIOTCI KHHTU CJIeIVIOIIUX HAalpas-
JIeHUN:

1. XygoxKecTBeHHas JIATepaTypa.

2. YuebHaa W Iemarorudyeckas JH-
Teparypa.

3. O6GmiecTBEeHHO-IIOJUTHYECKAS JIH-
TepaTrypa.

4, HayuHO-TeXHHUYeCKAas JIUTepaTypa.

5. DHIMKJONEAUHX B CJIOBApH.

Pacnpezenenne BeTMYUHBL X — KHUT
TOr0 MJIX WHOrO HANpPaBJIEHUSA IO OTHO-

\ M

= b W o Oy

o L3

;&
H
i

8 394041 4243 4445 X

Puc. 44

CHTeJbHBIM 4acTOTaM IpeicTaBjieHo B Tabsuue, rae 1, 2, 3, 4 u 5 —
yCHIOBHBIE 3HAYEHUsA CJydaiiHOW BenuuuHbl X (COOTBETCTBYyIOIME €€
HOPAZKOBOMY HOMEpY B CIHMCKe HAMMEHOBAHWH HaNpPaBJIeHM):

X 1 2198 3 4 8
w 0,55 0,21 0.1 0,08 0,06 Z W=1
Wi wi
0,6+ 0,6 +
0$4"' 0,4"
0,2 0,2
s — i 0”@:&:5{?:%1-_,@1&_%‘ -
p™ L 2 8 4 . BX 1" 2 84 B X
Puc. 45 Puc. 46
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Pacnpenenenne Benuuunasl X MOMHO HATJIAM-
HO IPe/ICTABUTEL B BHJE MOJHUIOHA OTHOCHTEILHBIX
gacror (puc. 45), B Bujie JMHEHHON AMArpaMMbI
(puc. 46) mam B BHAe KpYroBoit AMArpPaMMEI,
IpeABapUTeIbHO IepeBe/sd 3HaUYeHUA OTHOCHUTEeIb-
HOH 4YacTOTHl B IpOueHTH! (puc. 47). Ecam ciy-
JaiHas BeJIMYHMHA NPHHUMAET MHOIO PA3IMYHBIX
3HAYEHMH, TO HMX paclpejesieHHe II0 YacTOTaM
MOYKHO IIPDe/ICTABHTE IOCJIe pa36MeHns HA KJIACChI
BCeX yHOpAAOYEeHHBIX e€ 3HaueHui. KosmuecTBo Puc. 47
KJIaCCOB MOXXeT ObITh JIOGBIM, YIO0OHBIM AJIA pac- =5
cMOTpeHus (0OBIYHO X BIOMpaioT B Koaudectse or 4 a0 12). IIpu stom
pasMephl KJaccoB (Bce, Kpome, ObITH MOYKET, KPaWHUX) JOJKHBEI OBITH
OJIMHAKOBBLIMH.

IIpumep. B Tabaune npezxcrasiens cBefenus o npemusax 100 pa6o-
YUX opHoro npeanpusaTud. Ilpu srom npemum (OKpYriaéHHBIE IO IEJIOTO
qucna pybieit) CrpynnupoBasel B 7 KJIACCOB, KaXAbIi pasmepom B 1000 p.

sg| g8 | 88 | 88 | 88 888
| 58| 5% | 53 | 6% | 63 | 58|68
Homep knacca X 2 3 4 5 6 i
Yacrora (konuue- 4 6 18 36 22 10 4
cTeo pabounx) M '

ITposepka: 2 M =100.

Harssaaso wacroTHOe pacupefesieHHMe 3apIjaT MO KJAaccaM MOXKHO
IIpeACTaBUTh, HAIPUMEP, C MOMOIILIO MHOJHUroHa dacToT (puc.48) mim
cronbuaroit auarpamMmel (puc. 49).

Mi MJP

36 36

30+ / 30+

20+ / 20+

10 - 10

4T ;A Sl v

0 1 2 3 45 6 7Xx 0 1 2 34 5 6 7X
Puc. 48 Puc. 49
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YcTHbie BONPOCHI U 3aAaHus

1.
2.
3.
4.

HaszBaTb OCHOBHBIE CHOCOOBI HAIVISIZHOTO IpeJCTAaBJIeHUs pacupeze-
JIeHUA 3HAYeHMH ciayuaiiHoM BeamumHBI. Onmcars 3TH CHOOCOOBI.
Yemy paBHA: CyMMAa 9acTOT; CyMMa OTHOCHTEJbHBIX YACTOT BCEX 3HAa-
YeHUH CIIYUaWHON BEJIAUYUHBI?

Kax mocTymapT, ecjid HY)KHO HAIrJIAJHO IPeJCTaBUTh pacnpejeieHne
3HAYEHUH CIYyYalHON BEITUIHHBI?

Ha Kakoe KOJIWYECTBO KJACCOB OOBIUHO pPas3bWBalOT COBOKYITHOCTH,
HAMEIOIIYI0 GOJBIIOe YUCJIO 3HAUEHWN CIyJaWHOW BeJIMIMHBI?

BeopHbie ynpaxn_e_t_msL'

10

IToBepxXHOCTH pyJIeTKH paspenena Ha 10 ogmnaxkoBbIx cexkTopos. Ha
JBYX M3 HUX 3aIMCAHO 4MCJIO 1, HA TPEX — YHCIO 2, HA YETHIPEX —
yucao 3 1 Ha ogHOM — uHcyo 4. CocraBuTh TabaUMmy paclnpeieeHuss
[0 BepPOATHOCTAM 3HAYEHHH CHydalHOH BeJHuMHBI X — 4mcia, HA
KOTOPOM OCTAHOBHJIACH CTDPEJIKA PYJIETKH IIOC/e e€ PAaCKPYyYMBaHHUA.

2. CocraBuTh TabaMIy pacupejesieHus II0 YACTOTAM 3HAUYEHHH CIydai-
HO# BeJIMYWHBI X — CTOMMOCTH XJeOHBIX H3JIeauil (BbIPAYKEHHYIO
B Py0JAX 3a MTYKY), JeKalluX Ha OpHjaBKe marasuHa: 22, 27, 25,
22, 28, 22, 25, 22, 28, 2T.

3. Ha KOOpAMHATHO#M ILIOCKOCTH HOCTPOMUTH JOMaHyio aunHi0 ABCD,
ecm A (0; 1), B(1;5), C(2;3), D(3;0), E (4; 4).

YnpaxHeHus

332. Ha OoCcHOBAaHWH JAaHHBIX TAOJHUILI IPEJACTABUTHL B BHJAE JUHEHHOU

¥ KPYTOBO# AuarpaMM pacipejejieHue 3HAYeHWH CJIyJaiHOi Besu-
yuEbl X:

D Lax 1 2 3 4

w | o1 0.3 0.4 0,2
D1 x [ 2 3 4 5
Cw | 03 0.3 0,2 0.1 0.1

333. Ha OCHOBAHMM JIAHHBIX YACTOTHOM TAOJMIBI IOCTPOUTH TAOIHAILY

pacnpejieJleHUsl 3HAYEHWN BEJIWYUHBI X 110 OTHOCHTEJbHBIM Ya-
cToTam:

D 1ﬁ_x 1 2 3 4 5
M 2 3 5 8 12 |
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335.

2 Fix 1 2 3 4 5 6

M 2 5 15 20

IlocTpouTs cTONGYATYI0 M KPYrOBYIO AMArPAMMBI OTHOCHUTEJIHHBIX
YacTOT pacHpejieiIeHUs 3HAYEeHWHA BeJIWYHHBI X.

ITocTpouTh MOJUIOH YACTOT ¥ TMOJHUIOH OTHOCHTEIbLHBIX YACTOT
3HAYEHMH CIy4YalHON BeswuyuHBl X, pacupejiejeHue KOTOPOH IO
4acToTaM IIpeAcTaBJieHO B Tabaune:

D [ 11 12 13 14 15
M 3 1 5 6 5

%) e 23 24 25 26 27 28
M 6 5 2 3 1 3

Hamepus pocT 50 AeBATHKIACCHAUKOB B CAHTUMETDPAX, PE3YIbTATHI
3anucaiau B Tabaumy:

149 | 150 | 150 | 151 151 152 152 | 153 154 | 154
155 | 155 | 155 | 156 | 156 | 157 157 | 157 158 158
159 | 159 | 189 | 159 | 161 161 161 162 162 162
162 | 162 165 166 | 166 | 166 | 167 | 167 | 169 170

171 171 173 173 173 175 176 178 180 182

CrpynnupoBaB zaaHHBIe 1o Kiaaccam 145—149, 150—154, ...,
180—184, npezicTaBUTh YaCTOTHOE pacupejieieHHe POCTa YYaIlHX-
CA IO 3THM KJiaccaMm ¢ nomomikio: 1) Tabauisl yacror; 2) moaumro-
Ha 4YacToT; 3) crojabuaToil JuarpaMMbl.

IIpu nepenucu HaceneHus JAaHHEIE 0 Bo3pacTe (IIOJHOM KOJHYECTBE
IOPOXKUTHIX JIET) JKHUJIBIOB HEKOTOPOTO J0Ma OKAa3aJUCh CJeLyio-
HIAMH:

34, 31, 2, 8, 48, 40, 20, 15, 12, 21, 20, 0, 68, 39, 35, 16; 13,
9, 4, 72, 74, 75, 45, 44, 23, 18, 88, 60, 54, 30, 32, 11, 10, 5,
57, 53, 56, 24, 2, 1, 60, 59, 34, 30, 9, 7, 43, 42, 19, 1, 36,
37, 14, 13, 9, 62, 58, 19, 39, 35, 12, 8, 40, 25, 3, 33, 34, 8,
7, 4, 28, 0, 41, 29, 21, 1, 81, 27, 6, 8, 70, 56, 67, 25, 24, 2.

Pasburs npuBeféHHBIE BBHIIIEe AAHHBIE MO KJACCAM. IIpepcraBuTs
pacnpejieseHyde JaHHBIX, CIDYINNUPOBAHHBIX IO KJACCAM, B BHIe
IOJIUTOHA YaCTOT.
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Aunarpammbl pasbpoca

Bol korpa-subyas HabGMOZanIM B peaJbHON KHM3HM 3a B3aWUMO-
CBA3BIO JIBYX M3MEHHAIOIIMXCA BeJIWYHH?
Koneuno. Hanpumep, ueM OoJibIle f pemrair 3ajad 1o Teme, TeM
L]
4°" BpIIle MOJYYA OLEHKY 38 KOHTPOJBHYIO pabory.

BecHOl ¥ JeTOM i 3aMeyal0, 4TO 4YeM BBIIle TeMIlepaTypa BO3-

AyXa, TeM MeHbIIe OfeX/Jbl HaAeBalOT JIOJHX U TeM Gosblle NBIoT

BOJIBI.

Xopomne Habmiogerus. IlepeBeném nocienHee M3 3THX Habiro-

JeHHH Ha A3BIK BeJWUYMH, 3aTeM HA 3TOM IpuMepe monpobyem
=  HarJIAIHO MPOMJLIIOCTPHPOBATH B3AMMHYIO 3aBUCHMMOCTL (MIIM He-

3aBHCHMOCTB) OJHOH BEJMYHUHBI OT JPYroi.

PaccMOTDMM KOHKPETHYI0 TOpProsyio To4ky B r. Tyme m ciayuaiiabre
BeaM4MHB: X — TemmepaTypy Bosayxa B Tyne u Y — KoamnuecTBo
NPONIAHHOH 3a CYTKM B 3TOH TOYKe GYTMIMDOBAHHON BOAbLI. 3HAYEHHSA
BenuuuHsl X Gygem uamepaTs B rpagycax mo Ileabcuio B 1249 mms,
a sHayeHHa Y — B jurpax. [domyctum, B TedeHne 30 mHell wIOHA npo-
BOAUNUCH HAGJIIONeHUsA 34 9TUMH BeJIMYUHAMH, ¥ Pe3yJbTaThl 3aHOCH-
Jauck B Tabauny:

X, °C Y, n X, °C Y, n X, °C Y,n |

e 26 26 42 29 61 |
18 24 25 44 27 58
21 29 26 48 26 50
23 32 Pl 52 24 41
2 25 27 54 25 45

- 22 ¢ 33 24 46 w23 38 |

24 32 25 50 24 35 |

25 31 27 55 26 43 |

B 34 28, 50 28 52

| €8 38 28 55 || 29 5 |

INocTpoMM Ha KOOPAMHATHOM IIJIOCKOCTH BCe TPHALATE TOYEK C KO-
opauaaramu (X;Y), ykasauasiMu B Tabiure.

BabasHoe 06aK0 M3 TOYeK mosyuuiock (puc. a). OHO BHITAHYTO
U3 JIEBOTO HHUIKHEro yrjia KBaJpaHTa B NpPABLIH BepXHHUA.

To ecTh HATAAAHO BHAHA TEHAEHIIASA POCTA 3HAYEHMH BeJIMUH-
Hbl Y c pocroM sHaueHuil BeauyuHbl X. COBOKYIHOCTH IOJY-
YeHHBIX TAKMM 06pasoM TOYEeK HA3BIBAIOT KOPPEAAYUOHHBLM TO-
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a) y(n)

%@ : s °

50 . ra®h
¢ ¥ 13

40 .ﬂ.

30

20 '

1 l | 1 1 i

0 7 18 19 20 21 22 23 24 25 26 27 28 29 30 X(°C)

aem unu duazpammoii pa3bpoca NaHHBIX (3HAYEHMH ABYX CAydYailHBIX
BeJIMYHH).

IIpodeccop, a 4To O3HAUAET CIIOBO KOPPEeAAULOHHOE?

9To mpuJaraTelbHOe 06pa30BAHO OT CJIOBA KOPPEAAUUSA, TPOHC-

XOAAIIEro OT JATHHCKOro correlatio — coomunowenue. B pac-

CMOTPEHHOM HaMH IPHMepe MMeeT MEeCTO NpAMas KOPPerAUus.
Ha pucyHkax 6 — 2 moKasaHBI Apyrue BHALI KOPPEJAIUU MeKAy 3HAa-
YeHHAMH IBYX BedwuumH X m Y. 3ameuy, 4TO He BCerfia ¢ ITOMOIIbLIO
AuarpaMMel pa3bpoca MOMKHO JIETKO OOHAPYKHUTH KOPPENANMIO MEeXIY
BesmunHaMu. Hemasno BesmuumH, KOTOpHIEe HAGIIOAAIOTCA B OJHOM ¥ TOM
JKe MCTBITAHWH, HO HUKAK He 3aBHCAT APYT OT APYra, T.e. KOppeasiiuu
Mexxay HUMH He Habmogaercsa (cM. puc. 2). Hanpumep, uucio moxymna-
eMbIXx OHJIETOB Ha JoMAaIlTHHe MaT4d (PYyTOOJLHON KOMAaHALI He 3aBHCHT
OT YPOBHA HOXOJ0B GOJIENBLIINKOB.

S mpuaymas 3aBHCHMOCTH, KOTOpPble MOTYT GBITH TPOMJIIIOCTPH-

POBaHBEI JHarpaMMaMH ¢ PUCYHKOB 6 um 6. MHe Ka)eTcs, 4uTo

3aBHCHMOCTB YHCJIA MOKYIOK JeméBeIX aBTOMAIIuH (Y) OT ypoB-
HA poxoxoB HaceneHus (X) mHaxopuTca B oOpaTHOH KOpPpeJNAIMOHHON
3aBHCHMOCTH. A KDUBOJHMHEHHYIO KOpPpeNAnuio OyAeT MMeTh 3aBHCH-
MOCTh YHCJIA MOKyNaeMeIX aBToMobuieit cpegnero knacca (Y) or ypos-
HA noxXonoB HaceneHud (X) (cMm. pHc. 8).

6) y B) y .. Dy ..
® .: os .'::;..:..: '. N : o Bha
® e, L ..l .:. - : ~ . s ™
0® _ae, = ° ® a
@ .. l.. . L . .
0 x 0 X X
oﬁpa‘ruaﬂ anno.unneﬁnas HKOoppenanouAa
KOoppenauua HKOoppeaAanHA OTCYTCTBYET
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epanbHas COBOKYNHOCTb U BbiOOpka

Kak no HebonblioMy 4ucny BbliOpaHHbIX U3 napTuM aetanein (u3ro-
TOBMIEHHbIX Ha 3aBo/ie) OnpeaenvTb NPOUEHT OGpakoBaHHbIX AeTanew
BO Bcel naptum? Kak C nOMOLbIO BbISCHEHUSI pasmepoB OOexAbl
Yy HECKONbKUX COTEeH MYX4YMH cAenatb BbiBOL O pacnpeaeneHun no |
yacTtoTam pasMepoB MYXCKOW oaexabl B Gonbwom ropoae? Ha atm
U nopobHble BOMPOCH!, BO3HUKAOLME B peasibHOW XWU3HW U HA Npo-
M3BOACTBE, Bbl HAMAETE OTBETHI NOCNE U3YHeHUs AaHHOro naparpada.

Hy)>XHO BCNOMHMUTB:

¥ DOHATHA YACTOTHI M OTHOCHUTEJLHON UYAaCTOTHI 3HAYEHHWH CIydaiHOM
BeJIMYUHBI;

¥ yeMy paBHBI CYMMBI YACTOT M CYMMBI OTHOCHTEJBHBIX YaCTOT BCEX
3HAYEHUWH CJYyYalHOM BEJIMYUHEI;

¥ TOHATHEe NPONOPIHMH; HAXOMKIEHHE HEH3BECTHOI'O UJI€HA NMPOIOPIHH.

B peasibHO# KU3HU CXOKHMeE 3JIeMEHThHI HEKOTOPOH COBOKYIIHOCTH CpPaB-
HHBAIOT 110 PA3JHYHBIM IIPH3HAKAM. YdJamuxcsa 9 KJIacCcoB MOXKHO Cpas-
HUBAaTh, HAllpUMep, IO POCTY, PasMepy OAeKJbl, YCIeBaeMOCTH U T. A.
BoaTHI MOXHO CpaBHHBATH 110 JJIHHE, fAaMeTpy, Becy, MaTepuany 4 T. J.
IIpakTHyecKkn J000H NpU3HAK JHOO MOAKAETCA HEINOCPEACTBEHHOMY H3-
MepeHHI0, JUb0 OH MOKeT MOJYYHUThL YCJIOBHYIO YHCJIOBYIO XapaKTepH-
ctuKy (cM. nmpumep ¢ Kauramu B § 22). Takum o6pazoM, HEKOTOPHIN IIPH-
3HAK JJIEMEHTOB COBOKYIHOCTH MOJKHO PACCMAaTPHBATh KaK CIYJYailHYIO
BEJIMYHHY, IPHHAMAIOMIVIO T€ UIH HWHbIe YHCJIOBbEIE 3HAYEHUA.

Ilpu n3yuyeHUN peajbHBLIX ABJIEHUH YacTo ObIBaeT HEBO3MOMKHO obcie-
IOBATH BCE 3JIE€MEeHTHI COBOKyHHocTH. Hampumep, mpakTHYeCKH HEBO3-
MO’KHO BBISBHTH pasMephbl 00yBH y BCeX JIOZe IulaHeThl. A IPOBEPUTS,
HampUMep, Hajiudue JHCTOB HeKadyeCTBeHHOH (orobymaru B GonbInoi
MapTHA XOTS W peajibHO, HO GeCCMBICIIEHHO, TAK KaK IOJHad IIpOBepKa
IPUBEIET K YHUYTOXKEHHUIO BCel mapruu Oymaru.

B momo6HBIX caydasx BMECTO HM3yUYeHHs BCEX 3JIeMEHTOB COBOKYII-
HOCTH, KOTODYIO HA3biBAIOT IeHEPAaJIbHOH COBOKYIHOCTBIO, obcieny-
JOT YACTH €6 3JIeMEeHTOB, BHIODAHHBIX CJIYy4alHBIM 00pasoM. 9Ty 4acTh
HA3BLIBAIOT BHIOOPKOI.

Ecsu B BBIOOpDKe IPHUCYTCTBYIOT BCe 3HAYEHHUS CIyYalHOW BeITMIMHBI
OPHMEPHO B TeX ’Ke INPONOPUMAX, 9TO U B IeHepaJbHON COBOKYI-
HOCTH, TO 5Ty BHIOODKY HA3HIBAIOT pelpe3eHTaTHBHOM (0T (p. rep-
resentatif — npenCTABATEJLHBIN).
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Hanpuwmep, ecim meHemxep mBeiHON (abpuku Gosbmioro ropoza
XO4YeT BBISICHUTh, B KAKOM KOJIHMYECTBE HYIKHO IIUTH ONEIKAY TeX HIU
HHBIX Da3MepoB, OH JOJIKEH COCTABUTH DPENpe3eHTATUBHYIO BHIGOPKY
Jioaeit aroro ropoxa. O0bém BHIGOPpKHM MOMKeT ObITH U He OYEeHb GOJb-
IIUM, HO B KaYeCTBe TAKOH BHIOODKHW HeJNb3sd, HAUpHMep, 6paTh TOJLKO
JleTedl JETCKOro caja MM TOJbKO pabouux opHOro saBoma. O4eBHIHO,
MHKDPOMOJEJIBI0 IOPOAa MOTYT HOCIYKHUTH JKHJIbIEI MHOTOKBAPTUPHOTO
AoMa (WJIM HECKOJBKHX JOMOB), B KOTODOM NPHMEPHO B TeX Ke IIpo-
IIOPOUAX, YTO M B CAMOM I'Oopojie, NPOKHUBAIOT JIOJN PA3HBIX BO3PACTOB
U Pa3HBIX KOMILIEKIIWM.

IIycts S — o6BéM reHepanbHON COBOKymHOCTH, N — 06bEM pempe-
3eHTAaTHBHOW BBIOOPKM, B KOTOPOH BHAYEHHs HCCJIEAYEeMOro NpU3HAKa
(cnygaifHOH BEJMYMHBI) pacipejiesleHbl 110 YACTOTAM M, My oMy,
rge M =N. TpebyeTca B reHepasibHOU COBOKYIMHOCTH HANWTH YACTOTHI
S, S, ..., S, Tex ke 3HaUeHU NPU3HAKA, YTO U B BEIOOPKE (ES = S).
Ansa upealbHO COCTABIEHHOHN pPENpe3eHTATHBHOM BBHIGOPKU

M, _w_5
N = W== (1)

rae i — MOpAAKOBLIA HOMep 3HaueHus npusHaka (1 <i<k). Yz coorHo-

wall|

meHunii (1) saxoxum S, = S % UITH

S,=SW,, rxe 1<i<k. (2)

3apava 1. dabpuka BeIMrpasa TeHjep Ha uarorosaerue S =10 000 ap-
MeHCKHUX IpOTHBOras3oB. [[yis ompejesieHMA TOTO, CKOJBKO IIPOTH-
BOTa30B KaMJOI'0 M3 NATH CYIIEeCTBYIOIIUX Pa3sMepOB CJEAYyeT W3-
FOTOBUTB, OblIM caenanbl 3amepsl y N =100 cayuaitHeiM o6pasom
BEIODaHHBIX coJgaT Ojmsxainieli BOMHCKOW wacTu. Pacmpezeie-
HHEe pasMepoB NpPOTHBOra3os X mo vyacroram M 0OKasajioch CleAyIo-

mUM:
X 0 1 2 3 4
M 5 21 47 22

CKOJIBKO NPOTHBOTa30B KasXA0ro pasmepa Gyaer maroraBimsaTh hao-
puka?

» Byaem cuutaTh Hccaeayemyio BHIOOPKY o6bémom N =100 commar
penpesenratuBHoi. Torpa B remepansHO# coBOKymHOCTH (06BEMOM

S =10 000 COJIJAT) YHMCJIO IPOTHBOTA30B KAaXKAOr0 pasMepa HpOIOp-
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IIMOHAJBLHO YHCJY IIPOTHBOIa30B COOTBETCTBYIOIIEro pasmMepa B BbI-
6OopKe M AJS KayKJOro pasMepa 3TO YHMCJIO HAXOAMTCA IO (opMmy-
ne (2). PeaynbraThel pacyéToB OyAeM 3alUChHIBATH B TaOIHLY:

Yacrora
8 BeiopKe (M) 5 21 47 22 5 SM=N=100

OtHocutensHas | o5 | 021 | 0,47 | 0,22 | 0,05 | Sw=1

yacrtoTa .
| =
4ucno NpoTMBo- ‘W) =
nporueo- | o | 2100 | 4700 | 2200 | s00 | W)
rasoe (S - W) ) _ | =8=10000
OtseT. | Pasmep S O GO R VA Sl 4 :

o e T e ¥

Yucno npotusorasos | 500 | 2100 | 4700 | 2200 | 500

B NpPOMEIMIJIEHHOCTH M CEJIBCKOM XO03AWCTBe AJs ONpeleNeHUs KO-
JIMYEeCTBEHHOTO COOTHOILIEHHA HM3AeJHH pasHOro copra IOJB3YHTCA TaK
Ha3bIBAEMBIM BBIGOPOYHBIM METOZOM.
CyTp aToro metofa OyjgeT scHa M3 ONH-
CaHU#A CJIeAYIOIIEero OIbBITA. L

B kopobke TImIaTeJIbHO HepeMemiaH |oa 9¢
ropox ABYX COPTOB: 3€JIEHBIA M KEJ- ael X
Teiit. HeGonbmI0# éMKOCTHIO, HAIIPUMED gf.ﬂ.u",l.s.eo.,,.o%g,%o...
noskkoit (puc. 50), usBrekaoT U3 pas- |2
HBIX MeCT KOpPOOKH Heboabloue IOp- .9. ®
ouE ropoxa. B Kaskjo#t HOpPOMM TIOA- :e..ﬁaaa"o..sa.%oq‘-%o.’.
CUMTHIBAIOT YHMCJIO KenTeix (M) u 4guc-
no Bcex (N) ropommmHu. [lnsa Kamzmon Puc. 50
MOPIMM HAXOAAT OTHOCHTENIbHYIO dYa-

.. o M
CTOTY MOABJEHUS JXEaTo ropomuHbl W = N Tax mocrymaioT kB pas

(Ea npakTHke 00bI4HO GepyT 5<k<10) m KakABLIA pas BHIYUCIAIOT OT-
HOCHTEJIBHYIO YacToTy.

3a CTATHCTHYECKYIO BEDOSITHOCTH UIBATHUSA JKEITOU TOPOLIMHBI U3
KOpPOGKM MOYKHO NPUHATH CPeJlHee apu(pMeTHUeCcKoe MOJYUYEeHHBIX OTHO-
cuTeabHEIX wacror W,, W,, ..., W,

W= Wi+ Wy+...+ W,
cp k *
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YCTHbIe BONPOCHI U 3aAaHus |

S oM

Yro HA3LIBAIOT I'eHEPAJIILHON COBOKYIIHOCTHIO?

Yro Takoe BHIOOpPKA; penpeseHTATUBHAA BhIGOpKa?

Yro B mepesoje ¢ (GPaHIY3CKOro A3bIKA O3HAYAET CJIOBO represen-
tatif?

Yro Takoe 06bEM BEIGOpPKU?

Kak naiiTi pacnpeneneHue sHayeHU# ciaydailHONH BeJIWYUHBI B reHe-
PajbHOM COBOKYIIHOCTH, €CJIM M3BECTHO DaCIpejelieHHe 3TUX 3Haue-
HUJ B penpe3eHTATHBHON BhuIiGopxe?

BBoaHbIe ynpaxHeHus |

1. JaHo pacnpefeseHHMe IO YaCTOTAM 3HAYEHMH ciaydaitHON Beawuwn-
Hel X B BbIOOpKe, 00béM koTopoi pasen 100. Haiitu sHaueHuMe m:
D[ x R e 2 [ x [

(M| 10| m]|25]3s5]1s M| 26|40 | m |14

2. JlanO pacmpejejieHUMe 3HAYEHMH coydaiiHOM BeTHYHHBI X IO OTHOCH-
TeJbHBIM uyacToraM. HaiiTu 3HaueHMe w.

D[ x (S 2 | x (S
Wil 1|21 w] ' wlot| w|o3]oz2
8 12| 4 = |- ) W N

3. HaiitTn Hem3BeCTHHIN wieH nponopuum: 1) .. ﬁ; 2) i - —I-E.

x 91 31 x

YnpaxHeHus

337. OmpenenuTh, KaKy0 U3 IpeAJOKEHHBIX B IOCJIELHEM CTOJOLE Ta-

Osiunbel BBIGOPOK MOYKHO CUMTATH Delpe3eHTATHBHOM.

ag Uens |
Q I | rexepansHas
g g COBOKYNHOCTb ob6cnepoea- Buibopka |
Tg HUs |
1 Maptua Onpepene- 1) 5 papom nexawux getanei;
OTNUTBIX HWe 4yucna 2) 5 peraneit, BbiBpaHHLIX CAYYaAHBIM |
neranei 6pakoBaHHbIX | 06Pa30M M3 pasHbIX YacTeil NapTUu:
06bEMOM Aetanen 3) 100 petaneil, BbIGpPaHHLIX Cny4aii-
10 000 wTyk B napTum HbiM 06pasoM 13 pasHbIX HacTel NapTum

§ 23. lNeHepanbHaa COBOKYNHOCTb M BbIGOPKA 183



lMpoaonxexHne

c nons HUEe ypoxan-

nnoLiaasio HOCTW 3epHa

1000 ra Ha 3TOM
none

=
gs Uens
Q I | TeHepanbHas
= obcneposa- Buibopka
o
- g COBOKYMHOCTb s
2 MNaptus Onpepene- 1) 2 petanm,
LITaMNoBaH- Hue cpegHe- | 2) 100 petaneit, oTWTAMMNOBAHHbLIX MO-
HbIX geTanew ro seca pe- CnegHuMU,
0B6BLEMOM Tanu B nap- 3) 50 cny4aiHbiM 06pa3omM BbiIOpaHHbIX |
100 000 wTyk MK petanein na napruu
3 Ypoxai sepHa | Onpepene- 1) Ypoxai 3epHa C CeBEepHOro CKioHa

xonma nnowansio 100 ra, npuHagnexa-
LWero nonw;

2) ypoxaii 3epHa C [BYX COCEAHMX
y4acTkoB nnowaasio 10 ra kaxabii; -
3) ypoxaii 3epHa ¢ 10 y4aCcTKOB, Kax-
Obii 13 KoTopbix nnowaasio 10 co- |
TOK BbiGpaH Ha none cny4aiHbiM 06-
pasom

338. B Tabsuie ykasaHa Iejb CTATHCTHYECKOro oOc/efoBaHMsA Hace-
JNeHuA OONBIIOrO ropoja U TO, KaKHM 00pa3oM COCTaBJIAJIACH
BHIGODKA M3 reHepanbHOH CcoBOKymHOCTH. IlombiTaThCcs OOBsAC-
HHUTb, [10YEMY COCTABJIEHHYIO BHIOODKY HeJb3s CYUTATH Pelpe3eH-

TATHBHOH.
ag
QT
g g Llens o6cneposanng Boibopka
X m
1 BolaBneHue 4yutarenbCKux 1) et crapweid rpynnel  AETCKOro
MHTEpPEecoB cana; [
2) CTyOeHTbl MCcTopu4eckoro dakynbre-
Ta yHuBepcuteTta
2 BuisBneHue niobumelx neceH 1) 100 y4awmxcs My3biKaNbHOW LUKONbI;
2) 100 yenosek, cny4aiHbiM 06pa3oM
OCTaHOBNEHHbLIX W ONPOLWEHHLIX BEYEepOM
Ha ynuue ropoga
3 Onpepnenenvie yucna 6onbHbix | 1) 100 cnyyaiiHbiM 06pa3om BbIOPaHHBIX
rPUNMNOM B rOpofie BO BPeMs | MauveHTOB TeparnesTUYeckux KabuHeToB
nuka anuaeMmm NONIMKIMHWUK FOPOAa;
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lpoaomxeHne

=
| &3
g © Liens obcnepgoBanus BoiGopka
2§
2) XWblbl OAHOrO NoAbLE3aa ABYXaTax-
HOro goma
4 | OnpepeneHue cpegHero 1) 300 cny4aitHbiM 06pa3om BuIBpaHHbIX
YPOBHA [0OXO[0B HaceneHus XWUNbLOB CTYOEHYECKOro obLexuTms;
2) BCe XuTenu KOTTeOXHOro panoHa ro-
popa
5 | Onpepenenne HauGonee xo- | 1) Bce cTygeHTbl xopeorpaduyeckoro
OOBbIX pasMepoB [XWHCOB YUNULLE;
2) uneHbl cekuMu CyMO
6 Onpenenexne konuyectea Ao- | 1) >XKunbubl ABaguaTM YacTHbIX OOMOB;
MalUHUX KOWweK 1 cobak, npu- | 2) XWnbubl MHOMOKBapTUPHOro aoma
XOASLLEerocs Ha ayuly Hacene-
HUA B ropoge
339. OrHOocuUTeNBLHAA YACTOTA IIOABIEHHUS WMEH CYI[ECTBHTEIbHBIX

341.

B TeKcTe Hekoroporo aeropa Oamska K 0,4. Cronsxo (mpubnmusu-
TeJBLHO) UMEH CYIIECTBUTENBHBIX BCTPETHTCHA B CJOyYaWHBIM oOpa-
30M BHIODAHHOM OTPBHIBKE M3 TEKCTa HTOrO 2Ke aBTOpa, eCJIM BCEero
B aTom orpeiBKe 500 caos?

B oTphIBKe U3 XYA0XKeCTBEeHHOTo npoussenesusa oosémom 600 cios
HEKOTOPOr'o aBTopa IJiaroJibl BecTpeuaiorcesa 72 pasa. Onpepenurs
OIpPUMEPHOE KOJHUYECTBO IJIATOJIOB B OTPbIBKe 00BbEMom 2000 cios
M3 TEKCTa TOro Ke aBTopa.

O6yBHO# nex pomxeH BeinycTuTh 1000 map KpocCOBOK MOJOAEMK-
HOro (pacoma. C »Toif menpio OBLIM BEISABJIEHBI pasMepbl 00yBuU
y 50 cayuaitHeiM oOpasom BBIOpPAaHHBIX IOAPOCTKOB. Pacmpeze-
JIeHHe BBHIABJIEHHBIX PadMepoB IO YACTOTAM IIPeJICTABJIEHO B Tab-
JHne:

Paamep (X) 35 36 37 38 |.39 40 41 42
Yacrora (M) 3 5 6 12 1 ¥ 4 2

Cumras paccMOTpeHHYI BhIOODKY penpeseHTATHBHOM, oIpeje-
JIATH, CKOJIBKO IAp KPOCCOBOK KaXXJOro pasMepa BBIIIYCTHT 00YB-
HOH Hex.
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342. Cpeau cayuaifHbiM o0pasom BeiGpanubiXx 100 MosoABIX JOjeil, HO-
CAIIUX JIETOM KeIlKH, IPOBEJH OIPOC O I[BETOBBLIX MPEANOYTeHHAX
JUIA 9TOTO BHJA IOJIOBHBIX y6OpOB. PesyabTaThl 0mpoca OTParKeHbl
B Tabuaume:

User | Y8pHuii | KpacHsiii | Cumwii | Cepwiit | Bensiii | XenTwit | Sensuiit
| Yactora 32 20 16 14 11 5 2

Cunras paccMOTPEHHYI0 BBIOODKY pelpe3eHTaTUBHOM, BLICKA3aTh
PeKOMeHJanuMu InBeiHON (pabpHKe MO KOJIHMYECTBY BBINYCKAEMbIX
KeNoK KajJoro IBera, ecau (pabpuka JOJKHA HOATOTOBUTH K IIPO-
maxxe 30 000 xemok.

Bonbwasn BbiGopka ewé He 3HAYWT penpeseHTaTUBHAaR

e -
: B IIpodeccop, a Moxker au Gosnbmas BHIGOPKA M3 reHepPATBLHOM CO-

'i BOKYNHOCTH OKa3aThCA He penpe3eHTATHBHON?

IlpuBeny m06ONBITHBEIA NpUMep OIPOMHONM, HO He pelpe3eHTa-
TUBHOH BBIGOPKHM, OMHGOUYHOCTL COCTABJEHHA KOTOPOH o6Cyx-

WS panm Bce aMepHKaHIIBI nepel Bropoit Mmupopoi BoitHoi. B 20-e
u 30-e rr. XX B. monynaprseiit B CIIIA xypran «Literary Digest» mpo-
BOJMJI MIMPOKOMACIITAGHEIE ONMPOCH! OOIeCTBEHHOTO MHEHUA, U Pe3yib-
TaThl GBI Bceria o4eHs TOUHEI. Ilepen BeiGopamMu npesuzedTa B 1936 r.
JKypHan mposéyn MacmrtabHBIN onpoc (Ha BeIGOpKe MopAAKa 2 MJIH 4Ye-
JIOBEK) M YCTAHOBHJI, YTO BHIOODHI MOYKHO He NPOBOJAMTH, TAK KAK KaH-
ZugaT oT pecnybaukaHckoit maprum A. JIaHAOH C CYIIeCTBEeHHBIM OT-
PHIBOM OIIepeXXKaeT BTOPOrO KaHAaujgaTa — AeMokpara @. PyssenbTa.
BriGopel, KOHeYHO, OLITH NMPOBEJEHHI, 4 Te, KTO HHTepecyeTcda HCTODH-
eif, 3HAIOT, 4TO ¢ GOJBIDHM IepeBecoM TrOJIOCOB HAa 3THX BhIOOpax mo-
6egun . Pyssensrt.

o
T
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o
Q
)
[
T
s
o
=
®

Yro xe npomsounwnio? ITouemMy aBTOPHTETHBIN »KypHAan ommbesa?

Bceé oxkasasock npocrto. JIBYyXMHIIHOHHaA BbiODOpKa ompolIeH-

HBIX OKas3ajachk He penpes3eHTATHMBHOM MO CHeAyIOINMM NIpHYH-

HaM. ONpPOCHHMKHM H aHKETHl KYPHAJ BBICHLIAJ JIOAAM, YbH ¢a-
MHJIMM M ajpeca BBHIOMPAJHCh M3 ABYX MCTOYHHKOB: M3 TeseOHHBIX
CIIPABOYHHMKOB M CIIMCKOB perucrpamuu aBroMmobuieii., Bo Bpema Benn-
Ko menpeccum 1930-x rr. He oueHb GorarTsle mabHpaTenm, KOTOPhIE H
ronocoBanu 3a PysBenbra, He MOrJaH cebe MO3BOJHUTH HMeTh TesedoH
u TeM Gosee aBToMo6uab. OHM M IIPOTOJIOCOBAJIM HA peajibHEIX BhIOOpax
3a . PysBeasTa.
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HTPpalbHbie TEHOEHLUN

B atom naparpade Bbl y3HaeTe, kKak MOXHO CpaBHMBaTb MO obwemy
Npu3Haky pasHble BbIGOPKU U kKak MOXHO O4HUM YUC/IOM OXapakTepu-
30BaTb COBOKYMHOCTb OAHOPOAHbLIX AaHHbIX.

Hy>XHO BCNOMHWUTL!:

MOHATHSA IeHepPajJbHON COBOKYMHOCTH U BBEIOODKH;
NOHATHE YacTOTHl 3HAUEHHH CIyYalHON BeJHUYMNHBI;
TIIOHATHE CPEJHEr0 apH(MMEeTHYEeCKOro HECKOJNBKHX YHCeJ;
OKpYIJIEHME U CpPaBHEHHE 4ucell,

1. Moga U MemgumaHa

I'eHepasbHBIE COBOKYIHOCTH U BBEIOODKM CIyYaWHBIX BEJHUYUH HHOTZA
NIPUXOLUTCA XapaKTEePU30BATH OAHUM ducjoM. Ha mpakTuke ato GwiBa-
eT Heo0XO0AMMO, HAIpHUMep, AJsa OBICTPOrO CpaBHeHUSA JBYX MJH He-
CKOJIbKMX COBOKYIHOCTEH Mo obieMy IPHU3HAKY.

PaccMOTpUM KOHKDETHBIA HpPpHUMEDP.

Hwmerorcs: 1) pacnpegenenue mo uyacroraMm M 3HaYeHHH CIyYalHOH
BeJIMYMHEI X — YUCJa IPOYMTAHHBIX 34 KAHHKYJIBl KHUT JECATHIO Je-
BoukaMu (Tabauna cieBa); 2) pachpejejieHHe II0 4YacTOTaM 3HA4YeHHH
CIIy4YaiHO# BEJWYHMHBI Y — UHMCJA IIPOYUTAHHBIX 38 KAHHUKYJIBI KHHT
AEBATHI0 MaJbUMKAMHU TOrO e KJjacca (rabauma crpasa).

x R al sakie sz y | gt des e oty
M| 3| 2]3]|1]1 M| 2| a1 ]| 1] 1
N=ZM=10 N=ZM=9

HysHO CpaBHUTH MHTEpeC K YTEHHIO JE€BOYEK M MAaJbYMKOB 3TOrO
kyacca. Korga B coBOKynHOCTU (BBIOODKE) UHMco ajeMeHTOB N Hebob-
110e, BCce 3HAYEHUA, KOTOPhIe OHM MIPUHUMAIOT, MOXKHO A 0603pUMOCTH
BBIIMCATL B BHJE YIOPAZOYEHHOrO PALA YHCEJ — IIOCJIEeL0BATEIbHOCTH
3HaYeHHUH caydyalHOH BeJWYHMHBI B NOPAAKe MX BoapacraHus. IIpm atrom
Kayk/l0oe 3Ha4YeHHUe BBITMCHIBAETCA CTOJBKO Pas, KAKOBA ero 4acToTa B CO-
BoKymHOCcTH. Hanpumep, 3afganubie TaGIULIAMY PACIpPEIeIeHUS BeJIHUNHBI
X n'Y moryT GBITH 3allMCAHBLI COOTBETCTBEHHO B BH/E CIEAVIOIIUX PALOB:

3, 3, 38, 4, 4, 5, 5, 5, 8, 12; (1)
3, 3,4, 4, 4, 4, 5, 6, T. 2)

Insa cpaBHEHHS NPEAJIOKEHHBIX COBOKYIIHOCTEN MOTYT OBITH HCIOJb-

30BAHBI PA3JIMYHBIE XAPAKTEPHUCTHKH. IlepeyncaiuM HEKOTOphIE M3 HUX.
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a) mi G)Mi

4- 4....... ............ e

3 31

2 2

1 1

0 12@®46)6 78910 12X 0 123@567 Y
X
Mo, Mo, Mo Puc. 51

Onpepnenenue. Moua (obosnauaror Mo) — mauboJiee 4acTo BCTpe-
yallieecs 3HAYEHHE CAYYAWHOU BeJIHUYMHEI.

Tax, B coBokymuoctH (1) nse moxaei: Mo, =3 u Mo,=5 (3HaueHHSA
3 u 5 umeroT oguHakoBBIe yacToTel M =3). B coBokynuocTu (2) Mo=4,
TaK Kak 3HaueHHe 4 B coBoKynHocTH (2) BeTpedaercda daige apyrux. Ha
pucyHKax 51, a u 51, 6 usobparkeHsl TOMUTOHBI 4acToT psazgoB (1) u (2)
COOTBETCTBEHHO (MOJIBI COBOKYIIHOCTEH BBIZ€JIEHBI KPYIKKaMH).

Onpepenenue. Meguana (obosHauaror Me) — 3TO cepeUHHOE
3HaYeHHe VIIOPAJ0YEHHOIr0 p#Ajla 3HAYEeHMH CcAydaidHON BeJIUUYHHBI,

B pany (1) uérHOe ymHcI0O 4neHOB — JecATh. g Hero MegmaHa pas-

Ha cpefHeMy apudMeTHYeCKOMY [BYX IEHTPAJIbHBIX 3HAYEHWIl: IATOTO
445

(ovO paBHO 4) U mecroro (oHO paBHO 5), T.e. Me = == =.4.5.

B pany (2) HeuérHOE YMCIIO 271€MEHTOB — AeBATh. Ero Meauasa pas-
Ha 3HAUEHHUIO IEeHTPaJbHOI0, IATOro ujeHa pana: Me=4.

MokHO CKasaTh, UTO MeJHaHa AeJHT YIOPAAOUYEHHBIH DA YHCes] Ha
JBe paBHEIe II0 KOJHYECTBY 3JE€MEHTOB YaCTH:

3 33 4 415 5 5 8 12
MegHaHa

|
3344@4567

O coBokynHOCTH AeBoueK (1) MOKHO cKasaTh, YTO OAHA MOJIOBMHA M3
HUX IIPOYMATANA MeHbIIe, 4yeM 4,5 KHWUIr", a Apyras nojJoBuHA — Oonbie,
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yem 4,5 kEuru. B coBokymaocTh (2) oJHa MOJOBMHA MAaJIbUMKOB IPO-
ypuTana He Oonbile 4 KHUr, a Apyras [OJOBHHA — He MeHbINe 4 KHWT.

3apava 1. HaiiTu Moay M MeamaHy CJeAyIOINeid BbHIOODKM 3HAUYEHHH
caydaiino# Benwuwmssl: -2, 3, 4, -3, 0, 1, 3, -2, -1, 2, -2, 1.

P BanmmeM NOpeIIOXKEeHHbIEe 3HAUEHUS B BHUJE YNOPSAJAOYEHHOI'O psija
gucen: -3, -2, -2, -2, -1, 0, 1, 1, 2, 3, 3, 4.
3HaueHne —2 B COBOKYIIHOCTH BCTpedaeTcd daile APYTrUxX, I09TOMY
eé moma Mo=-2. Tak Kak YHCJIO 3JIeMeHTOB coBoKynHOCcTH N =12 —
yueso 4éTHOe, TO MeJHaHa pPaBHA cpejHeMy apu(pMeTHYeCcKOMY 3Ha-
YeHUH IIeCTOro M CeAbBMOro YJIeHOB MHOJIYYeHHOro YIOPAJO0YeHHOTO

Ana JYuce:
P 0+1

2

Me =

=(),5;
OTtBeT. Mo=-2, Me=0,5. <]

2. CpegHee 3HadYeHHE

Cpexaum 3HaueHueM ciyuaitHoi BesumuuHbl X (o6osmauvaerca X) Ha-
3BIBAIOT CpejiHee apudMeTHdYecKoe BceX eé 3HaYeHHH.

Ecau Bce 3HadYeHudA ciaydaiHoW Benuwuuubl X, X,, ..., X, pasiud-

HBI, TO
= XNFXt..rXy

X = . 3

= 3)

Eciu 3HaueHud ciaydaiHOU Benwumebl X, X,, ..., X, AMEOT B CO-
BOKYIIHOCTHM COOTBeTCTBEHHO udactotrel M, M,, ..., M,, To

E XM+ X;My+...+ X, M, ) (4)

M+ My+...+ M,

Bnas, utro LM =N, dopmyny (4) MOXKHO nepenmcaTh B BUZE

X = XM+ X, My+...+ X, M, } @)

N
Bosspamasick K IpUMepy ¢ M3y4eHHeM HHTepeca K 4YTeHHIO Y JieBO-
YeK M MaJbUYMKOB KJiacca, Hausém no dopmyne (4) cpepEue 3HAYEHHA

NPEeAJI0KEeHHBIX COBOKYIIHOCTEMH:
¥ _ 3:3+4-2+5-3+8-1+12-1 _ 52

Xa= =5,2

. 3+2+3+1+1 10 e

X = 3:2+4:4+45.146-1+7-1 _ 40 _ , ,
2+4+1+1+1 9

Tax xax X, > X , MOKHO TOBOPHTB, UTO 3a OAMH M TOT K€ IPOMEXYTOK
BpPEeMeHU JIeBOYKH B CPeJlHeM UYuTalT OoJiblle KHUI', YeM MAaJbUHKH.
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Japava 2. Ha copeBHOBaHMAX IO (DUIypHOMY KaTaHuio 2 (UIypHCT-

o

KM IOJYYHIHU (10 ImecTHOANTBHOM IIKaJie) ONeHKH Cynei, mpeacTas-
JIeHHBIe B Tabiuie:

Homep Homep cyabu
dury- ) _

| pucTkm 1 2 3 4 Biv 6 * 8 9
1 | 48 |56 | 49 |52 | 47| 49| 49| a8 | a7 |
‘2 | 51|42 (5049|5051 ]50]|51]50]

Koropasa u3 ¢urypucTox BeicTynuia Jyurie?
Banumem B Tabaumbl pacupejeseHds IO YaCTOTaM OLEHOK X u Y,
BBICTABJIEHHBIX COOTBETCTBEHHO IIEPBOM M BTOPOM (DUTypHCTKAM!:

' x |47 | 48|49 ]|52]56] v |42 |49 |50]|51
(M| 2 2 |3 |1 1 M| 1 1 4 | 3 |
ZM=N=9 IM=N=9
Haiiném cpegHue 3Ha4YeHHUs OLEHOK KaxKA0W U3 (QUIYPHUCTOK:
X = 4,7—2+4,8-2+4,g-3+5,2-1+5.6—1 _ 4:,5 ~ 4,94,
Y = 4,2-1+4,9-1;5,0-4+5.1-3 _ 42,4 ~ 4,93.

ITonyuaem X > Y, XOTA O4eBHAHO, UTO Y BTOPOH (PUIypUCTKH IIOUYTH
BCce oneHkH Goabme 5,0, a y nepBoit — mensme 5,0. [Ipu aTom cpas-
HeHHe B II0JIb3Yy BTOPOH (DUIYPHUCTKHM BBIMJIAAUT HECHDPABEIJIHUBBIM.
Takoil peayJbTaT MOJIyY4eH, CKOpPee BCEro, M3-3a HeoO'beKTUBHOCTH
2-r0 CyAbH, 3aBBICHBIIEr0 II0 CPABHEHUIO C OCTAJBHBIMM CYAbAMH
OIleHKY IepBOH (PUrypHCTKe M 3aHM3MBIIErO OIEHKY BTODOM.

HOnsa Gonbmieidl 00BEKTHBHOCTH CPABHEHUS DPE3YJIbTATOB HA MHOIMX
COPEeBHOBAHMAX M3 COBOKYMHOCTH 0aJIJIOB Ka’)XAOT0 CIIOPTCMEHa OT-
6paceiBatoT HaubosbIlee ¥ HAMMEHbIIEe 3HAUEHUA,

ITocne orOpackiBaHus HaAMGOJBITIEro ¥ HAWMMEHBINEro 3HAYEHHUI M3
COBOKYIHOCTH 0aJIJIOB KaXI0oi (PUTIYPHCTKH MMeeM

_47-1+48-2+4,9-3+5,2-1 _ 34,2

X : 2%~ 4,89,
Y = 4,9-1+5,g-4+5,1-2 = 3{'('1 ~ 5,01.

Tak Kak X < _Y', CUMTaeM, 4YTO BTOpas (PUIypPHUCTKA BBICTyHAJA JIyY-
1ie IepBOH.
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B KHMrax mo CTAaTHUCTHKE MOAY, MeAHaHy M cpeiHee O0BeZUHAIOT
OJIHUM TEPMHHOM — Mephl LeHTPAJbHOH TeHJAeHUUH (MJIM, Kopode, HeH-
TpaJibHBIe TEHAEHIMH), MOJYEPKHBAA TE€M CAMbIM BO3MOXXHOCTh H3Me-
PHTh, OXapaKTepPH30BATh COBOKYIHOCTb OJHMM 4YMCJIOM, K KOTOPOMY
CTpPeMATCA BCe €€ 3HauYeHHd.

He ana ka0l COBOKYIIHOCTH HMeeT CMbICH (OPMaJbHO HAXOAUTH
IeHTpaJbHble TeHAeHIUH. Hampumep, eclu HcCCIefyeTCA COBOKYIHOCTH

120, 120, 180, 11500 (5)
rOJIOBBEIX /JOXOJ0OB 4YeTBephIX Jiojgei (B TeIC. p.), TO OYEBUAHO, UTO HHU
moza (120), am meguana (150), vu cpeanee (2980) He MoryT BBICTYHATE
B posiu 00'bEeKTUBHOM XapaKTepPUCTHUKHU BCEX 3HA4YEHHH. JT0 00bACHAET-
¢ TeM, 4TO Pa3HOCTb HamOOJIbIIero X HAUMEHBIIero 3Ha4YeHH# BuIOOp-
ku (11 380) cousmepumMa ¢ HauMOOJBIIUM eé 3HAUYEHUEM, a CpefHee 3Ha-
YyeHHe Ha IOPAZOK GoJIbIe MOZEI.

Eciu B BbIOOpKe cpexHee 3HAYeHHE CYIIECTBEHHO OTJIMYAeTCA OT
MOABI, TO €ro HepasyMHO BbIOMpaTh B KadecTBe THUIIMYHOI'O Ipe-
CTABUTEJNA COBOKYIHOCTH JaHHBIX.

B paccMOTpEeHHOM IpEMepe MOXKHO OBLIIO MCKaTh LeHTPajbHbIE TEeH-

JNeHIMU, HanpuMep, yacTu coBoxkymuoct: (5): 120, 120, 180, yciaoBHO
Ha3BaB €€ BLIOOPKOMN IrofloBBIX JAOXOAO0B MaaoobecredeHHBIX JIIOAEeH.

YCTHble BOMPOCHI U 3apaHus |

1. Yro Takoe mMoma ¥ MeAuMaHA BLIOODKHM 3HAUYEHHH cCaydailHON Besu-
YHUHBIT

2. Kak maliTu MeamaHy BbIOOPDKHM, HMMeIOLIEH HeuéTHOe; YETHOE YHCJIO
3J1eMeHTOB?

3. Yro Takoe cpexHee 3HAUEHHWE BBIOODKM 3HAYEHHUH CHAYYaNHOH BeJIH-
yuasl X? Kak o6osHauaercs cpeiHee 3HaYeHHWe 3TOi BhIGOpKH?

4. Kaxum 0o6IIMM TePMHHOM HA3BLIBAIOT TAKHME XapaKTePHUCTHKH BBIGOD-
KM, KaKk Moja, MeJuaHa U cpexHee?

BeoaHble ynpaxHeHus J

1. Pacnosio’kuTh B MOPAAKE BO3PACTAHHS YHCJIA:

1) 0,35; 0,38; 0,40; 0,36; 0,41; 2)+; 1; 1, 1.1
6 5 7 3 4
2. Haiitu cpennee apudmeTuueckKoe 4yucel:
1) 15 u 25; 2) 10, 11 u 13; 3) i, % % 1.
3. OrmMeTuTh Ha KOOpPAMHATHOM maockocTH Touxkm A (0; 1); B(1,5; 3);
C(4;0).
4. Ha#tn c¢ TounocTeio Ao 0,01 sHaueHMe BBIpaYKeHHA:
1) 3,75:6+1,37; 2) M—"’—;&?‘—ﬁ.
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YnpaxHeHnus |

343.

344.

345.

347.

349.

350.

192

Haittu Moay M MeamaHy COBOKYNHOCTH 3HAYEHWU cJydailHOH Be-
anduHbl X:

1)1, 1,2,2,2, 8, 55, 6; 6; 6, 9;

2) -4,-2,-2,-1,0, 2, 2, 2, 2, 5, T.

IlocTpouTh NONMKUIOH YacTOT 3HAYEHMI BeaMYuHBI X. YKa3aTh MOLY
COBOKYIIHOCTH.

Haiitn mMoxmy u MeguaHy COBOKYIHOCTH 3HAUYEHHMN BeJHYHMHEI X:

D Fxkistten' ] #7655 2 [x Pt aie
M| 3| a]|1]|3 M| 2| 3|al|al

ITocTpouTh MOJUIOH YacTOT SHAYEHMM BelWuyMHB X. YKasaTh Ha
HEM MOJAY M MeJHaHy COBOKYIIHOCTH.

Haijitn Moxy u Meauany BBIOODKH:

1)1,3,-2,4,-2,0, 2, 3, 1, -2, 4;

2) 0,2; 0,4; 0,1; 0,5; 0,1; 0,2; 0,3; 0,5; 0,4; 0,6.

Haiiti cpexgnee 3HaueHnue BBHIOOPKH:

1) 3! 4'} 1': 2, 5; 2) 2) —51 4: '_3§ _21 1;

3) _2, _2, 39 31 31 5, 5; 4) 4, 4’ 49 5, 5) 61 6’ 6'

HaiiTu cpepnee sHaueHue CIAYYAHHON BeJHUYHHBI X:

D Lo Betilie [ e s 2 | x |0 ol caaf Beliistie
M| 3 4 5 2 M| 4 5 6 3

ITocTpOHUTE IOJIMIOH YACTOT 3HAYEHHMH COyYaAWHOM BeJWuMHBI X K3
yopaxkHeHHs 347 WM ykasaTh HAa HEM cpeJHee 3HAUEHHE COBOKYII-
HOCTH.

ITpu onpeneseHUy pasJIMYHBIMA CIIOCO0aMM IJIOTHOCTH MAaTepHaJa,
M3 KOTOPOT'0 H3rOTOBJEHA JeTajlb, OBLIM I[MOJYYEHbI CJEAYIOI[ue
naunbe: 6,98 r/em®, 7,04 r/ecm®, 7,01 r/em®, 6,97 r/em3, 7,00 r/cms.
Haiitn cpennee apudmernuyeckoe »TOM COBOKYIIHOCTH. BrickasaThb
OpeAIoNoXKeHne 0 MaTepualle, U3 KOTOPOr0O HM3roTOBJIEHA JeTallb.
Ilegarormueckuii cTa’k BOCBMHM yUYHUTeNeH INKOJbI, paboTaromux
B CTapmIMX KJjaccax OJHOW INKOJBI, cJIeayomui: 5 jger, 8 Jer,
15 ner, 12 ner, 17 ner, 14 ner, 18 ner, 9 ner. Haiitu cpeanee
¥ MeJuaHy 9TOH BBIOODPKHM.

HJeBoukn 9 KJjacca Ha YpoKe (DM3KYJILTYPbl OPH HPBIXKKAX BISIH
BBICOTBI, BEJIMUHHBI KOTOPHIX (B CM) YYUTEJb 3AIUCANI B JKYDHAJ:
90, 125, 125, 130, 130, 135, 135, 135, 140, 140, 140.
Kaxasa BBICOTA NpPBIKKA HAMIYyYIOUM 00pasoM xapakTepHU3yeT CHop-

THBHYIO IOATOTOBKY J€BOUYEK KJacca?
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352. B rabnume mpuBe/eHbI JaHHBIE 0 paboueM craske (B rogax) CoTpys-

HUKOB JlabopaTopuu. HaiiTh cpensee, MOAy U MeAWaHy paccMaTpH-
BaeMOH COBOKYHHOCTH.

Crax pa6oThi 112(4(5|7|10[11]12[16]|19]|20|21 22|25

YacnocotpyaHmukoB | 2 |1 (4 |3 |4 |2 |31 125|131 |1]2

o
T
)
o
=)
o
~
T
s
0
=
o

LeHTpanbHble TEeHAEHUMM NPU HOPMAanbHOM pacrnpegeneHumn
3Ha4YeHW CNy4aHOW BeJSIMYMHbI

IIpodeccop, Korga MBI HcceOBaIM BBIGOPKHM 3HAUEHUH CIydaii-
HBIX BeJIMYWH, CBA3aHHBLIE C PasMepPaMH OJiex[ibl, 00YBH ¥ T. II.,
TO, IIO-MOEMY, BCe JaHHEIE BTHX COBOKYNHOCTeH OBLIM NpaKTH-
YeCKHM CHMMETPHYHBI (€C/IHM TAK MOYHO CKAas3aTb) OTHOCHTEJLHO CBOEH
meauasbsl. M Takoe omymenwe, uTo B 9THX BeIfOpKaX Moja, MeaHaHAa
M cpefiHee ObLIM OYeHBL OJMM3KHM MM COBOANAJH...

r T abcomorao npas. O6HAPY’XEHO, YTO MHOIMEe IPHU3HAKH pas-
GEO
-

. 8
A=
N y

¢ JIMYHBIX ABJEHUN NPHUPOARI M TeXHHKH (DPOCT H BeC B3POCJLIX

' JKHBBIX OPraHM3MOB, Pe3yJbTATHI W3MEPEHHH OJHOTHIIHBLIX TeX-
HHYEeCKHMX U3JleJH#, JaTbHOCTH MOJIETA CHAPAJZOB NpHU cTpeibbe mo mean
U3 OJHOT'O H TOrO Xe OpyAuA U Jp.) HMEKT CXO0He pacupeiejleHHS
CBOMX 3HA4Y€HHMH IO OTHOCHTEJLHBIM dactoTaM. Takue (M uM moyobHEIE)
pacnpefie/leHUA Ha3bIBAIOT HOPMALbHbIMU pacnpedeneHUAMU 3HAYCHHUN
CAy4YalHOM BeJW4YHHEL.

Ha pucyske u300pa’kéH MOJMIOH OTHOCHTENBHBIX YACTOT BEJIHYH-
HBl X — 3HAYEHUH pPa3MEPOB OAEXKIbI JeBATHKIACCHUIL IIKOJ OXHOI'O
paiiona. Ilonuron sroro pacnpefelieHHs JeHCTBHTENLHO CHMMETPHYEH
OTHOCHTEJIbHO BE€PTHKAaJbHOH HNpAMoOil, mpoxoxdAiied uepes aGcmuccy,

panayro cpelHeMy 3Ha4YEeHMIO X, Ilpuuyém pgnsa 9TOH COBOKYIIHOCTH
X=Mo=Me=44.

WA
0,321

0,24+
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| Mepbl UEHTPanbHO TEeHAEeHUMW, C KOTOPbIMUA Bbl MO3HAKOMUIUCH

| B npeaplaywem naparpade, NO3BONSKIOT OXapakTepu3oBaTb BCE 3Ha-
YeHUsi COBOKYMHOCTU HEKOTOPbIM YUC/IOM (M HECKONBKMMU YUCNaMh).

. Mpu aTOM, OAHAKO, HE YYMTLIBAIOTCA PasNuMyMa Mexdy OTAe/bHbLIMM
3neMeHTaMy BbliGOPKM U CTENeHb WX KOHUEHTPauuM OKOJNIO UEeHTpanb-
HbiX TEHOEHUWNA.
B atom naparpade Bbl NO3HAKOMUTEChb C HOBbIMU XapakKTepuCcTUKamm
BbIOOPKU, AAIOWMMK BO3MOXHOCTb U3MEPUTL CTeneHb pa3bpoca ane-
MEHTOB BblGOpPKM.

HYyXHO BCNOMHUTL:

! NIOHATHA CpejHero 3Ha4YeHHudA BHGDDRH, MeaIuaHbl M MOJIBI;
¥ mpejcTaBJeHWe pacIpejesieHUs 3HA4YeHUH clIydyailHOH BeJIMYMHEI C I10-
MOIIBI0 TAGJHMIBI; C IOMOIILIO ITOJIUTOHA.

PaccMoTpuM ABe yHOPAAOYEeHHBIE BHIOODKH:

2;: 3; 4; h; 6; 7; 8 nm 2; 4,4; 4,8; 5; 5,2; 5,6; 8.

OHHM He UMeIOT MOJABLI ¥ MMEeIOT OAMHAKOBBIE CpeJHHe 3HaueHudA (pas-
Hele 5), coBmajammue ¢ MegumaHaMu. TakuMm o0pasoM, LEeHTPaIbHbIE
TeHAEHIUH 3TUX BBIOOPOK oxmHaKOBBEI. OZHAKO OYEBHJHO, UTO OHH OT-
JMYAalOTCA APYT OT Apyra 3HAYEHUAMH dJIEMEHTOB M UX padbpocoM OKo-
710 CpeZHEro 3HAYEeHHWs: MOXKHO CKas3aTh, YTO BJEMEeHTHI IepBoi BhIGOD-
KM pacIpefiejieHsl B COBOKYIIHOCTH DaBHOMEDHO Ha mpoMe:xyTke [2; 8],
a GOJILIIMHCTBO 3JIEMEHTOB BTOPOM BHIOOPKM CKOHIEHTDHPOBAHO OKOJIO
cpefiHEr0 3HAYEHHUS, XOTS BCe OHM TOXKe INPHUHALIEXAT NPOMEXKYTKY
[2; 8], umeromemy mnauny 6.

Onpenenenue. Pagauuma MexAy HauOONBIIMM ¥ HaMMEHbIIMM
3HAYEHHUAMHU CJYy4YaWHOM BeJUYUHBI B BHIOOpDKe Ha3blBaeTcA pasma-
xoMm BbIOOpKHM U oOosuauaerca R.

Ha pucyHke 52 ¢ mOMOIbI0 TOYEK HA YMCJIOBOH NPAMOM MOKAa3aHbI
3HAYEHUA CIAYYaHHBIX BEJUYUMH B PACCMOTDEHHBIX BBIOODKAX M pasMax
KaKJI0M M3 9THX BBIOODOK.

Pasmax xapakTepusyeT rpaHuIibl pazdpoca aj1leMeHTOB BEIOODKH, a cTe-
NeHb KOHIEHTPAI UK X OKOJIO CPpeJIHero 3HaueHHusd XapaKTepHU3yIoT Apy-
T'He CTATHCTHUYeCKHe BeJIMUHHBI, C KOTOPBIMHA MEI IIO3HAKOMMMCH B X0[e
paccMOTpEeHMA CHeAyIIHUX NMPpHMEepOoB HU 3ajad.
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IIpumep. JonycTuMm, 94TO Ha MECTO TOKApA IPETEHAYIOT ABOE pa-
Gounx. [InA KaxKZOro M3 HUX YCTAHOBHUJIM HMCHBLITATEILHBIH CDOK, B Te-
YeHHe KOTOPOIr'O OHH JOJKHBI OBLIM W3rOTABJIMBATE OJUHAKOBEIE JEeTAJH.
PesynbraThl paboThl HpETEHAEHTOB MpEeACTaBJEeHBI B Tabiuie:

| B R —— |
JeHb Hepenu -
nepsoro paovero (X) | sToporo paGosero (V) |
MoHepenbHUK 52 61
BTopHuk 54 40
Cpena 50 55 .
| ‘-Iemepr' 48 50 |
NaTHULa 46 44 |
ZX=250 Zy=250

Kamnaeiit ua paGounx 3a 5 ameit marorosun 250 neraneii, 3HauuT,
CpeAHsAs NPOU3BOAUTE]bHOCTh TPYJAA 3a JeHb y oboumx paboumx oguHAa-
KoBas:

E=F= % =50 (ger./nens).

Moab! y NpeAoXeHHBIX COBOKYIHOCTE# OTCYTCTBYIOT, a MeXHaHbI
TakaKe oxumHakosele (50 m 50). Koro u3 atux paGouux mnpemrmodTHUTEb-
Hee B3ATH Ha pabory? B nanHOM ciyyae B Ka4ecTBe KPUTEPHsA CDaBHE-
HUS COBOKYIHOCTEH MOKET BBICTYIATH CTAGMIABLHOCTH IPOM3BOIUTEJNE-
HOCTH Tpysaa pabodero. Eé MOKHO OIEeHHMBATH C HOMOIIBIO OTKJIOHEHHIA
OT CpeAHero 3HAYeHUS BJIEMEHTOB COBOKYIIHOCTH.

BAaeMbIM 3HAYEHHEM CJyJYaWHOH BeJMYHWHLI U CPEAHHMM 3HAYEHHUEM

E OTrjI0OHEHHEM OT CpeJHero HasbLIBAIOT PA3HOCTh MEKAY PacCMaTpPH-
BEIOOpKH.
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Hanpumep, eciu 3HadeHue BeJWUMHBI X, =52, a 3HaYeHUE CPeJHEro

X =50, To orkaonenune X, or cpeaHero paBHO X, —X =52-50=2.

O4eBHUAHO, OTKJOHEHHE OT CpPeJHEero MOXKeT OBITh KaK IIOJIOMH-
TeJbHBIM, TAK ¥ OTpHIATENbHBIM uHcioMmM. HeTpyaHo mokasarTh, 4TO
cyMMa OTKJIOHEHHMH BCeX 3HAa4YeHHH BBICOPKH OT CpeaHero 3HAYeHHA
paBHa Hyx10. [[03TOMY XapaKTEePHUCTHKOH CTAbMIBHOCTH BJIEMEHTOB CO-
BOKYIIHOCTH MOJKeT CJIYKUTh CyMMa KBaJpaTOB OTKJIOHEHHH OT Cpe.a-
Hero.

W3 mpeasioykeHHOW HUsKe TabiuIbsl BHJHO, 9TO y BTOporo paGouero
cyMMa KBaJpaTOB OTKJIOHEHHWH OT cpefiHero Oojblie, 4yeM y IepPBOro pa-

6ouero:
(X -X < E(v~¥).
|
JeHb ;ﬁ;ﬁ?&?ﬁ cc;—n;"p%ﬁg:ﬁ oﬁ:nagr‘::::lﬁ ;
et BENNYMHBI X=Y=50 |
X Y X=X vov xR hrsy) ‘
MoHepensHuk | 52 61 2 11 4 121 :
BropHuK 54 | 40 4 10 16 100 |
Cpena 50 | 55 5 0 25 |
Yeteepr 48 50 -2 0 4 0 |1
MatHuua 46 44 -4 -6 16 36
Cymma 250 | 250 0 0 40 282

Ha npakTHKe 3TO O3HA4YaeT, 4TO BTOPoi paboumii mmeeT HecTabMJIb-
HYI0O IPOM3BOJMTEILHOCTH TPYJAa: B KaKkHe-TO AHHM paGoTaer He B HOJI-
HYIO CHJIY, & B KaKWe-TO HaBéPCTHIBaeT yIYILNEHHOe, YTO BCerja CKa3bl-
BaeTca Ha KadecTBe npoayknuu. OueBHAHO, UTO paborozaTesns HPEAIo-
yTéT B3ATH HA MECTO TOKapsA IepsBoro pabodero (y KOTOpOro cymma
KBaJI[paTOB OTKJIOHEHHMN OT Cpe/Heil IPOM3BOAHUTEbHOCTH MeHbIIIe).

Ecim 661 paboume paborasu pasHOe KOJHYECTBO JHEH M IIPOHU3-
BONMWJIA 3a JeHb B CpeJilHeM OJAMWHAKOBOE YHCJIO JeTajei, TO cTa-
6MIBHOCTh PabOTHI Ka’KJA0ro M3 HUX MOXKHO ObLIO ObI ONEHUTH IIO
BeJIMUMHE CpefHero apu@MeTHYecKoro CyMMbl KBAaJPATOB OTKJIO-
memmii. Takas BeJMuYWHA HasbplBaeTcs aucnepcumeit (or nar. disper-
sus — paccessHHBIN, pasbpocaHHBIH, pacchnaHHBIA) U obO3Ha4Yaercs
oykgoit D.
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[nsa cayqaitHO#M BennuuHbl X, npuaNManieil N pasJIuyHbIX 3HAYEHUT
U uMeloIed cpefHee 3HaveHue X, AUCHEPCHsA HAXOAUTCA 10 dopmyse

(5 -X)'+(x,~X)' + ..+ (%, - X)
= .

D=

(1)

3apaya 1. /Ira Tokapa BHITAUMBAJIM OJMHAKOBBLIE AeTanu. CBeneHus: 06
UX JTHeBHOH BBIpabOTKEe IpejcTaBlieHbI B Tabiauie:

AHeBHasa BuipaboTka

Henb Hepenn nepeoro BTOPOro
TOoKapsa (X) Tokapsa (Y)
MNoHenenbHUK 53 52
BropHuk 54 46
Cpepna 49 53
YeTteepr 48 49
Rsfrauna 46 - CpaBHUTBH CTaﬁf{JILHOCTH
paboTel TOKapeii.

» Haiiném cpennue 3HaYeHUs CAyYalWHBIX BeJudyuH X U Y:

% _ 53+54+49+48+46 250_50 1—,_52+46+53+49 __ 200

X =50.
5 5 4 4 i

OueBngno, X =Y. C nomompio Tabnunsl HAWAEM CYMMBI KBaJpaToB
OTKJIOHeHMH OT CPEeIHUX 3HAYEeHWH BeauduH X u Y.

3HauyeHune
cny4yanHoun
JeHb Hepenu | BenuumHbI

OTknoHeHwe KBagpart oTkK/I0OHeHus
OT cpeaHero OT cpegHero

X Y X-50 Y-50 (X-50)% | (Y-50)2
MNMonepensHnk | 53 52 3 2 9 4
BropHuk 54 46 4 —4 16 16
Cpega 49 53 -1 3 1 9
Yeteepr 48 49 -2 -1 4 1
Marauua 46 — -4 - 16 _
Cymma: 46 30
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Dx=%=9,2; DY=%=7’5' Dy > Dy.

OTseT. Bropoit Tokaps pab6oraer craGuibHee IepBOro. -

Ecau 3HadeHMA caydaiinoil BeamuumHbl X, X,, ..., X, mosropaoTres
¢ wacroramu M,, M,, ..., M, COOTBETCTBEHHO, TO AMCIEPCHUIO BEJIHYIM-
Hbl X MOXHO BBIUMCIHTE IO (hopmyie

- —\2 —\2
(x,- X M+ (X,- X) My+ ...+ (X,-X) M,
M+ My+ ...+ M, ’

D=

(2)

roe

X, M+ X, -My+...+ X, - M,
M+ My+...+ M, ’

X =
91y dhopMysIy, UCHOAB3YA 3HAK CYMMBI 2., MOYKHO BaIHCATH KOpOUe:

s ®M) s

» T. St

IM M

3apava 2. CnyuaitHas BenmdmHa X HMMeeT pacmpejesieHHe IO 9acTo-
Tam M, npencraBliieHHOe B Tabiuie:

x RS 6 12
M| 1 2 3 1

HafiTu eé gucnepcHio.

> 'IE= 2:1+5-2+6.-3+12-1 - 2+10+18+12 - 42

22 _ 6. Haitné z
1+2+3+1 7 7 G UM e

cuo 1o dopmynre (2):
s (2—6]2-1+(5—6)2-2+(6—6)2-3+{12—6)2-1 =

1+2+3+1
_ 16+2;0+36 =%z 7.7. <

3aMeTHM, YTO Pa3MepPHOCTEL AMCIEPCHH paBHA KBaJpaTy PasMepHOCTH
HceaeayeMol caydyaiHON BeJIMYUHBI.

YcTHble BONPOCHI M 3aAaHvus

1. Yro HaseIBaeTcs pasMaxoMm BEIGOpKuU?

2. Yro HA3LIBAETCH OTKJOHEHHEeM 3HaueHHUs CIydYalHOHW BEJIUYMHBI OT
cpenHero?

3. Yro Takoe aucrepcus BhIGOPKH?

4. Yro xapakTepuayeTr Aucrnepcus BbIGOPKHU?

198 Mnaesa V. Crny4aiHbie BENUHUHBI



BeoaHble ynpaxHeHus |

1. Haiitu Mozy, MeamaHy M cpegHee 3HaYeHHe BBHIGODKU:
1) 8, 12, 8, 5, 8; 2):8,. 1, 4,18, d.

2. Hailtu Mopy, mMeamaHy M cpegHee BLIGODKH 3HAUEHHIl CaydaiHOM
BeJimuuHbl X, 3aJJaHHOM pacrpejesleHUEeM II0 YaCTOTAM:

1)

[Z]aE] [ [ealea]ea
AERERE DEIEER

3. Haiit pasHOCTh HAMOGOJBIIEr0 ¥ HAMMEHBIIEro 3HAYEHMUIH BBIOOpKH:
1) 19 kr, 15kr, 17 kr, 13 kr, 18 kr;
2) 24m, 18mM, 21 M, 25 M, 19 M, 23 M.

YnpaxHeHus |

353. Haiitu pasmax BeIGOpKH:
1) 17, 12, 13, 15, 11, 16, 15, 18, 12;
2) 4, -2, 0, -1, 5, -8, 2, -1.

354. Haiitu pasmax BBIGODKM 3HAa4YeHHUH ciIydaiiHO#H Benwuusbl X, 3a-
JaHHOH YaCTOTHBIM pacIpegeleHUeM:

1)

x Bl 2| x5
Mlslslafr] [M]1]s]

T

355. [ns xaxpgoro asemeHra BeIGopkum: 1) 9; 12; 10; 11; 2) 18; ‘15:
11; 12, ma¥iTH OTKJIOHEHHE OT CpeHero 3Ha4YeHHusd.

356. MasBecTHO, UTO KaXJOe CBOE 3HAYEHME CJIydyalHAA BeIWuUMHA X
NPUHAMAaET OAMH pa3. 3aloJHUTHL TabIHILY:

| x-x [a-mt| 2[v] vr [o-wr
5 | e
8 5
j 1] 7
9 ) .
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357.

358.

359.

361.

362.

200

HaiiTu gucrepcuio BBIOOPKH:

1) 10cm, 12cm, 7cMm, 11 cm; 2 361, 14p, 131, 171;

3) 11¢c, 14¢, 11¢c, 12¢, 12¢c; 4) 5m, 13 M, 8M™, 12 M, 12 M.
Ha#iTH AMCIEPCHIO COBOKYIIHOCTM 3HAYEHWH CIy4alHON BeIudu-
Hbl X, 3a/laHHOM YaCTOTHBIM paclpefejieHHeM:

1)

x[2lafale] D|[x|al2]ala]|s |
m| 3| 2 3\ !M’3123_1I|

CpaBHHUTH AUCIIEPCUH ABYX BBIOOPOK, MMEIOIIUX OAMHAKOBLIE CPE-
HUAe 3HAYEHHA:

1) 6, 10, 7, 8, 9 n 8, 9, 5, 10;

2) 5,12, 7, 8, 18 u 17, 6, 11, 7, 9, 10.

CpaBHUTH JUCIEDPCHH BLIOOPOK, MMEIOIIUX Das3Hble CpefHHe 3Ha-
YeHHUA:

1) 4, 6,8,9,8u6,8, 10, 12, 9;
2)6,3,4,8,9u2,6,3,75,7.

IIByx (yrGoaucToB, y49acTBYIOIIMX BO BCeX HUIpax NATH CE30HOB
OHOTO YeMIHOHATa ¥ 3a0MBIIMX OAMHAKOBOE KOJIHYECTBO TI'OJIOB
(cM. TabiuIy), CPABHUTH IO CTAOMIBHOCTH Pe3yJIBTATOB.

YCNOBHbIA HOMEp ce30oHa el 3 4 5
Yucno ronos, 3abutbix 18 23 19 17 23
1-m dyTBoAMcCTOM
Yucno ronoe, 3abuTbix 19 16 22 23 20
2-m dyrbonucTom

IIByx ¢yTO0OJMCTOB, BTOPO# U3 KOTOPHIX y4acTBOBAJ BO BCEX Mat-
yaxX MATH WTPOBBIX CE30HOB, a NEePBBIA — BO BCeX MaT4axX IIecTH
HAIPOBEIX Ce30HOB (cM. Tabiuiy), CPaBHATE IO cpejHeil pe3yJbTa-
THBHOCTH W CTaOMJIBLHOCTH B 3a0MBAHMM T'OJIOB.

YCnoBHbI HOMEp Ce30Ha 1 2 3 4 5 6

Yucno ronos, 3abuTbix 17 21 20 16 15 19

1-m dyr6onucTom

Yucno ronos, 3abuTtbix - 17 20 18 21 14
|_2-u dyrbonucTom
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A\
b 4 Keaptunm

IIpodeccop, moMHHUTE, MBI paccMaTpHBanu B § 24 zamauy o ¢pu-

{:,;; rypucrax? Tam y onHo#l GHIypHCTKH ObLI ABHO 3aBBIIIEHHBIH,

.~ a y Apyroy — saHWIKeHHBIH Gayul. Pasfpoc ke OCTANBHBIX OIe-

HOK OBIT HE3HAYHMTENbHBIH W He CHJIBHO OTJHMYAKIIHKCIT OT CPEeIHHX
3HaueHUi. Bor 3T BEIGOpKH:

4,7; 4,7; 4,8; 4,8; 4,9; 4,9; 4,9; 5,2; 5,6 (1)
4,2; 4,9; 5; 5; 5; 5; 5,1; 5,1; 5,1. (2)

ITo naEHBIM, HAXOAAIIHAMCSH B IEHTPAJBHBIX YACTAX COBOKYIIHOCTEH
(A ¥X mOAYepKHYJ), cpady BHUAHO, YTO BTOpas (PUIYPHUCTKA BBICTYIIHJA
ayunte. Mosxer, TaKk U HYKHO ObLIO CPABHHBATH OTH BBIGOPKHT?

JeiicTBUTENILHO, B CTATHCTUKE HEPEAKO OLEHHBAIOT BHIGODKY He

ﬁlﬁ;i [I0 BCEM eé aJieMeHTaM, a JIUINGL [0 3HAYEHWAM, HAXOAAIMMCH

*  BO BTOPOIl M TpeThel uyeTBepTAX VIOPAJOYEHHOH COBOKVIIHOCTH.

Jlenenne BHIGODKH HA YACTH MOJKHO BBHINOJHATH C NOMOINBI0 Tak Ha-
3BIBAEMBIX KBapTHJIEH.

& A s 3Ha0, YTO O3HAYaeT OJHOKODEHHOe KBAPTHJIAM CJIOBO B MY-
‘2’ 4 seike. KBapra — 5T0 MHTepBaJl IIMPHHON B 4YeThIPE CTYIEHH.

ThIpE, & KBaPTHUJb — OT IIOXO0XKEero JATHHCKOIO cjoBa quarta —

ugerBepThb. B craTuctuke kpapTHiH (ux obosnavaor @, @,, Q) —
9TO YHCJIA, KOTODble HAXOAAT C NMOMOINbI0 3HAYEHHH CJYIAWHOW BeJH-
YMHBI TakuM obGpasom, uro 25% 5JeMEHTOB yNOPAZOYEHHOH BHIGOPKH
1o BeJIMYHMHEe MeHbIle Q,, 25 % 3akJyodeHsl MexAy @, u @,, 25 % — mex-
ny Q, u Q,, a ocranpHble 25% NIPEBOCXOAAT Q,.

To ects @, coBnasaer ¢ meauaHoi BHIGODKH, a @, 1 @, — C Me-
\4 " AMaHAMH TMOJOBHHOK, HA KOTOphIe @, AEJHT BCIO COBOKYITHOCTH?

@ Bcé BepHO. 9TO CIOBO NPOMBOILIO OT JAaTMHCKOro quarto — de-

Wwmenno tax! Hanpumep, B BhGopke (1), comepskarmieil aeBATH
3JIEMEHTOB,

4,7+ 4,8 4,9 +5,2
Q= Me=49, @ =222 - 415 g =222

MoxxkHO mONB30BATHCA (POpMyJIaM¥, MO3BOJSAIOIIAMH HAWTH MecTo
(monoyxkeHue) KBAPTHJIHA B DALY:

n+1 n+1 “n+1_3‘

= 5,05.

N, =

= N, ==
Q, 4’ Q, 2’ Q, 4
rie n — KOJHMYeCTBO BJIEMEHTOB BLIGODKH.
Jins cpaBHEHHA YIOPAMNOYEHHBIX BHIGOPDOK YACTO MCIOJb3YIOT XapakTe-
PHCTHKY Mepbl DacCesiHHsl 3JIeMEeHTOB IEeHTDPAJILHOH YacTH BBIGOPKH.

Ona HasbIBaeTCs KBAPTHJILHBIM Da3MaxoM M PaBHA PAsHOCTH @, ¥ Q.
Hanpuwmep, ans Buibopkm (1) Q,—-Q,=5,05-4,75=0,3.
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Ecnu BBl HaifiiéTe KBapTUIBLHEIN pasmax BeIOOpPKH (2), TO yBHAuUTeE,
YTO BJIEMEHTH! €€ cpellHeil YaCTH HMMEIOT MeHbIlle PACCeAHHHA, 4eM 3Jjie-
MeHTHI cpeaHeil wactu BeiGopk# (1). To ecTs Bropas (hurypucrka ume-
eT BCe XapaKTepuCTUKH GajIOBBIX OLEHOK Jydlle, YeM IiepBasd.

3aMeuy TOJBKO, YTO KBAPTHJBHBIM pasMaxoM OIleHHMBAIOT B cCTa-
TUCTHKE MaccoBhle BhIOODKHM, a He TaKue, KaKHWe DACCMATDPHBAEM MEI
B y4eOHBIX meJAX.

CpenHee KsaapaTU4HOe OTKJIOHEHMEe

Mue kKa)keTca He O4YeHb yAoOHBIM Mepy pasbpoca 3JeMeHTOB
BEIGODKM, HMEIOIIHX ONpeleJléHHYI pPA3MEpHOCTh, OLEHHBATHL
BEJIMYMHOMN, PA3MEDPHOCTh KOTOPOH OTJIHYaeTCA OT PA3MEpPHOCTH
HCCIeqyeMOii BeJUYHHEI.

i Tet abconmtorHo npasa. IloeToMy Ha NpPaAKTHKE [AJf OIEHKH

creneHu pas3bpoca JaHHBEIX HUCIOJB3YIOT XaPAKTEPUCTUKY TOM e

: pasMepHOCTH, 4TO M Hcciefyemas BenwdnHa X. OTa BeJMUYMHA
paBHa apudMeTHUECKOMY KBAAPATHOMY KODHIO M3 JHMCIEDCHH.

KopeHb KBaApaTHBIN M3 AUCIIEPCUH HA3LIBAIOT cpedHuM Keadpamuy-

HbiM OomHouleHuem ¥ 0603HAYAIOT rpedecKoil 6ykBoit O (cuzma ). Takum

obpasom © = JD.

To ecTh B XOJe pelmIeHHMs, HAOpuMep, ynpaskHeHua 357 (2),
B KOTOpPOM s moJyuuia orser D=2,5 r?, MOHO ObLIO HAWTH H

6=vD =42,5r~1,61?

% CoeepiienHo BepHO. ONHAKO B MAJEHBKHX, yieGHblx BBIOOpKax
5

(c KOTOpPHIMH BBl M HMeeTe JeJO NPH MepBOM 3HAKOMCTBE CO
L CTATHUCTHKOIT) TPYAHO NOHATH, KakUM 006pasoM cpejHee KBajpa-
TUYHOEe OTKJOHEHHEe XapaKTepH3yeT BCIO BBIGODKY. BBI moxa OOJIKHBI
TOJBKO MOHMMATH, YTO YeM MeHbINe AuclNepcHs (M COOTBETCTBEHHO —
cpeiHee KBaJpATHYHOE OTKJIOHEHHE), TeM ILIOTHee BCe 3HAYEHHS BEI-
GOpKH pacmosaraioTCA OKOJIO CPeJHero 3HAYEHHUHA.

B ) PAKHEHWSA K JABE V S

363. Ha crox GpocaioT ABa UIDaJLHBIX OKTadApa (puc. 53), rpaHH Kaxx-
IOT0 M3 KOTOPHIX 3aHyMeposaHhl ymciamu or 1 go 8. CocraButs
Tabauny pacrnpeiesieHusi IO BEePOATHOCTAM 3HAaYe-

HUH ciaydaiiHOM BeqmduHBI X — CyMMBI OYKOB Ha /f\\\
BEPXHUX IPaHAX OKTAa3pOB. P S ety

364. Ilns ompeaeNeHMs COOTHOINIEHMH pasmepoB pabo- <

uyMX XaJaTOB AJIA JKeHINWH, paforTaromux Ha pas- N

L
AP
JAYHBLIX TOPeJOpUATHAX Iopoja, BBIABUIN pasMe- /
pul ¥y 49 cayuaiiHbiM 06pa3oM BEIODAHHBIX KEHIUH h
KpynHeimero KoMOMHATA M COCTABMJIM TabiIUIy: Puc. 53

O
J
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365.

48 48 50 54 48 48 54
50 46 50 50 50 48 52
52 48 48 52 54 46 58
46 52 56 50 52 50 50
52 50 48 50 50 44 52 r
48 42 54 46 56 56 48
44 48 46 48 54 54 46 _JI

1) CkonbKO XanaToB KajKJ0ro pasMepa CleAyeT CIIUTb, eCJM ILIa-
HUpYyeTCs IIXTh IO OJHOMY XajaTy AJA KamAoh m3 paboTammmx
B npomaBojcTBe ropoga 73 500 xenmun? 2) Ha ocHOBaHHM AaH-
HbIX TA0JMIBI I[OCTPOUTH IOJUIOH YACTOT DPa3MEpPOB KEeHCKOH
onexnanl. 3) Halitu mMoxy, meamany, cpefjHee M pasMax BhIGODKH.
Jua xaxaA0i M3 TPEX COBOKYNHOCTEH, HmpeacTaBJeHHBLIX Tabiauna-
MH paclpefesieHHs, HaWTu cpeAHee, MOAY, MeAMAHY, pasMax H
JUCIIePCHIO.

X[#f2fale | v|2lolv|efal | z|Bl4ala
M| 2 1 3 M| 2 | 3 2 2 1 M| 1 313 1 '
366. Ha ocHoBaHMHM JaHHBIX TaGaul pacnpezeneHus (ympakaenue 365)
MOCTPOMUTH MOJIMTOHBI OTHOCHTEJbHBIX YacTOT 3HAYEHUH ciydaii-
HBIX BeJqmuuH X, Y, Z.
Bl NPAKTUHMECKUWE W NMPUKNAOHBIE 3A0AYMX

1. B rabauie npeAcTaBieHO pacrpejesieHHe 3HAYEHUH BeJUYMHBI X —
9HCJIeHHOCTH pabodyux Ha NPeANPHUATHAX ropoa (CrpynnupoBaHHBIX
[0 KJjaccaMm) IO KOJHMYeCTBY npeanpuaruin (M), HMEoIuX TaKyio

YHUCJIeHHOCTE:

Homep knacca o 2 i e 5_
Batoam et | Do 100 | 101200 | 201300 | 301400 | Bonee 400
i) 2 W | 50 35 20 10 5 |

|

IIpencraBuTe B BHIe NOJUIOHA paclupejesieHHe 3HaYeHME X mo ua-
CTOTaM.
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2.

IIpeacTaBUTH B BHAE AUArpaMMbI HH(OPMANUIO, OTPAKEHHYIO B Tab-
sane BHemHeroprosoro obopora Poccum 3a mepmox 2000—2006 rr.

fog, 2000 | 2001 | 2002 | 2003 | 2004 | 2005 | 2006

O6opoT, Mnpa
nonnapos CLUA 1499 | 155,6 | 168,3 | 212,0 | 280,6 | 368,9 | 468,4

3. Pacnpegenenue 1o yacroram (M) BO3pACTHBIX TPYII KUTeJEd MHO-
rokBapTupHoro goma (X) mpeacraBieHo B Tabaune:
X (Homep
1
Fpynnbl) 2 3 4 5 6 7 8
Yucno non- | 0—10|11—20|21—30(31—40|41—50|51—60 | 61—70| 71—80
HbIX NneT
M 24 21 38 54 46 30 25 12
CocraBuTh TAONHUIYy pacnpejieleHUsl 3HAYEHUNA CIy4YaifHOH Beudu-
BBl X II0 OTHOCHTEJbHBLIM YACTOTAM H Ha €€ OCHOBE MOCTPOUTH IIO-
JIUI'OH OTHOCHUTEJIBbHBEIX YaCTOT.

4. Pacnpepmenenme no dacroram M 3sHadeHW# BeauuuHBl X — 4YHCia 3a-
OUTBIX TIOJIOB KaKJBIM M3 JecATH HUrpoxkoB (yTOONBLHON KOMaHJbI
3a ImepMoJ] COPEBHOBAHMI HOKas3aH B TabJjuie:

X 0 1 2 3
M 4 2 3 1
Haiitu Moay, MeJuaHy, cpe/iHee, pasMax M JMCIepPCHUIO IMpeJCTaBJIeH-
HO#l B Tabymie BbIOOPKH.
5. Ilpomaser; o6yBu KMMeeT BO3MOKHOCThH BbIOpaTh, B KAKOM H3 JABYX

MecT (B Touke A WM Touke B) mocraBuTh TOProBylo majiatky. B mep-
BYIO Ouepejb ero WHTepecyeT OOBEM IPOJaX, a BO BTOPYIO — CTa-
OHUIBHOCTH €)KeJHeBHBLIX mpojask. IIpomaBer; IMPOBEN HCCJIENOBAHHE:
no pabouMm gHAM B sSHBape OH TOpProsajJ B Touke A, a B QeBpa-
ae — B Touke B. PesyibTarThl npojask (pUKCHUPOBAIKCH, MOCHE Yero
6LIJIA COCTABJIEHBI ABe TAOJHMIBI pacnpejesieHus BeJauuuHbl X,
BeJHUMHBLI X ; — KOJWYECTBA MPOJAHHEIX 32 JeHb map o0yBH B TOY-
kax A u B coOTBeTCTBEHHO:

X, [edengfeasl e tE X, [on jaaideanii aibis

M| 2|7 ]|7]|4]2 M| 3|5]|86]|5]1

Kakoil TOpPropoii Touke cleayeT OTAATh NpeArnodTeHue?

204  rnasa V. CnyyaitHble BENUYMHbI



6*.IlocTpouts amarpammy pasbpoca SHAYEHHI CAyYAHHBIX BeJIWYUH X
u Y, mpeacraBieHHEIX B Tabinune, ecad X — CTOMMOCTH B pybusax
KHJIOrpaMMa MINeHWYHOM MYKH, Y — CTOMMOCThL B pyOAAX KHJIO-
rpamma xJie600yJIOUHBIX HM3AEJUN U3 NIIEHHYHOH MYKH B TOM JKe

rony:
fon | 1998 | 1999 [ 2000 [ 2001 | 2002 | 2003 | 2004 | 2005 | 2006 | 2007 | 2008 | 2009
X |37|80(81|85]|80]|11,4(13,1|12,0|12,8|17,4|21,5|19,5
Y | 64 |11,0(122|13,7| 14,4 18,7 | 21,6 22,2 | 25,0| 30,7 | 39,3 | 39,7

OmnpenenuTs BHJ KOPPeNsSIHMH MeXXAy BeJIHIAHAMA X Hu Y.

7*. Ceasp uncna yyamuxcs X, ceNaBIIMX NPUBUBKY OT IPHIIIA, ¥ YUC-
Ja ygamuxcs Y, 3a60eBIIMX IPHIIIOM B Kaxkaou us 40 mxoJs paii-
OHA (MMEMIUX NPUMEPHO OAMHAKOBBIM COCTAB YUAIIMXCA), OTPasKe-
Ha B Tabamne:

X y X y X y X y
20 35 23 31 | 174 40 24 29
21 35 || a9 12 21 34 33 17
15 | 42 19 37 31 21 17 a1
T 38 31 22 27 28 28 28
36 16 25 23 30 26 7 | 15
35 17 20 33 25 23 19 35
40 12 38 14 36 18 34 20
16 40 35 19 23 30 29 27
18 36 26 28 32 20 20 34
2 | 31 32 19 22 30 38 15

[locTpouts nuarpammy pasbpoca 3HAYEHHH CHyYaWHBIX BeJWIUH X
u Y. OnopefleuTs BHJ KOPPeNANUM MexAy BeJuduHamMu X u Y.

MpakTuyeckne 1 npukiagHsle 3anayv
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B aTou rnaBe Bbl y3HaNM,

4TO0 TaKoe:

— CTATHUCTHKA;

— caydyaWHas BeJIMYHWHA;
— rabauna pacnpeiesieHUsl 3HAYEHHH caydallHON BeJIMYMHEI;

— IIOJIATOH YACTOT; IIOJIAI'OH OTHOCHTEJIbHBIX YacTOT;

— reHepaJibHAA COBOKYIHOCTH; BBEIOODKA;

— pemnpeseHTATHBHAA BHEIOODKA;

— BBIOOPOYHBIA METOH;

— IeHTpajbHBIE TEHASHIHMHU: MOJa, MeAuaHa, CPeJHee;

— wMephl pasbpoca: pasmax, OTKJIOHEHHEe OT CDPeJHero, AUCIepPCHsd;
KaK:

— YIOpALOYUBATH BBIGODKY;

— coCcTaBJAATH TAGJUIEI YaCTOT ¥ OTHOCHTEJBbHBIX YaCTOT 3JieMEeH-
TOB BBIOODKH;

— HaIMIAZHO NPEJACTABIATHL DACHpejelleHne 3HAYEHHH CIIy4aiHON
BeIMYMHEBEI B BHJE AUArPAMM H IIOJUTOHOB;

— OTJ;ImaTL pelnpe3eHTATHBHYI0 BBIOODKY OT HepenpeseHTaTHB-
HOH;

— HAXOAUTh MepEl NEHTPAJIbHBIX TEHAEHIMH M Mepsl pasbpoca
JaQHHBIX B BHIOODKE;

— TIPOBOAUTH IPOCTEHIINE CTATHUCTHYECKHE MCCIeNOBAHHUA.

1. CocraBuTh Tabaumbl pacnpeieieHuss mo dacroram M u or-
HOCHTEJBbHEIM dYacTtoraM W 3HadYeHHH CaydadHOH BeJHYH-
Hbl X — OIIEHOK 38 KOHTDPOJbLHYIO paboTy ydamuxcd OZHOTO
knacea: 2, 5, 4, 4, 3, 4, 3, 3,4, 4, 2,3, 4,3, 3,4,5, 3,
2, 4. IToCcTPOUTH MOJMUIrOH YACTOT 3HAYEHUMH BeJIUUYUHBI X.

2. HaiiTu cpegHee, MOAY, MEAUAHY U Pa3Max BbIGODKH 3HAYEHUN
caydaitHoil Benmumnw Y: -1, 3, 0, 5, 8, 6, 3, 7, -2, 1.

| ypoBeHb

3. C momoinbio TabGJIHITEL pacrpe- x| 23 a 5 6
fieJIeHUA 3HAUEHUN ciaydaiHOu | 2 et :
BeJIMYMHBI X HayiTu moay, Mme- | M | 2 6 T
AWaHy, CPeAHee M pasMax Bbl- -

Gopku. CocTaBuTh TABIMIy OTHOCHTENBHBIX YaCTOT 3HAYEHMI
BeJIMYMHBI X W IOJUIOH OTHOCHTEJbHBIX HYacCTOT.

4. Haiitn aucnepcuio Beiboprum: 23, 29, 25, 26, 22.

Il ypoBeHb
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5. Ilocrpouts auarpammy pasbpoca 3HaueHW BequuuH X u Y:

X Y X Y X y
12 6 15 4 14 8
16 5 19 6 20 4
10 9 18 6 13 7
22 4 12 8 22 3
14 6 14 7.5 15 5,5
18 7 16 7 17 6
23 2 10 8 18 4
12 9 20 5 13 8
20 2 15 7,5 24 3
21 3 13 6 17 4

OnpenenuTs BHA 3aBHCUMOCTH BeawuuH X u Y.

e
=
o
1]
o
Q
-

6. Ilonbaysace pesyibTaraMu pemieHus ympaskHenums 330 (Tab-
JUNeN pacrnpefieleHHA IO OTHOCUTENIBHBIM YacTOTaM GYKB
pycckoro angaBuTa B JHUTEPATYPHOM TEKCTE), IIPOBECTH pac-
INH(PPOBKY TeKCTa (B KOTOPOM KaskJ0e ABY3HAYHOE YHUCJIO CO-
OTBETCTBYET OJHOU OykBe pycckoro aJsdasura):

26 18 13 23 17 26 13 21 33 19 17 26

38 11 25 15 25 13 32: 23 17 26 16

18 15 11 31 35 22 31 33 25 13 27 —

36 15 31 35 27 37 31 15 32 20 18 20 19 25 35 27,

23 17 26 16

23 20 19 18 15 14 15 25 13 39 — 36 15 31 35 27

31 33 3238 1327 13 2317 26 16 20 23 35 26 15 —
36 15 31 35 27 32 20 18 16 38 13 27

(38 20 25 34 17 12 13 27).

7. HaiiTu cpejHee KBaJpaTUYHOE OTKJIOHEHHE (C TOYHOCTHIO o
0,01) BeiGopkM 3HaYeHwmit cayuaitHOM BenmumHbl X: 13, 18,
17, 16, 19, 16, 15, 14.
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9.

TEMbl MCCNEAOBATENIbCKUX PABOT NSNS

HWcTopusa HeMenKoi# onucaTeabHol crarucTuky (gaunHas ¢ XVII B.).
Hcropus aHTIUNACKON INKOJBI MOJUTHYECKHX apU(PMETHKOB.
A. KeTsie 1 ero BKJIaJ B CTAHOBJIEHHE TEOPETHYECKOH CTATUCTHUKH.

BkJaj B pasBUTHE MATEMATHYECKOM CTATUCTHKH AHTJIUNUCKUX, UTa-
JIbAHCKHUX, PYCCKHX YYE€HBIX.

Ilepenucu Hacenesusi B Poccuu; aHAIu3 pe3yJbTaTOB NEPENUCH.
CpaBHeHHe pe3yJbTATOB MEPBO¥ W MOCJEAHel Iepernucei.
KoMneoTepHble MPOTPaMMEL Il IIOCTPOEHHUS MOJXUIOHOB YacTOT H
AuarpaMm.

Koppensanusi. Bugsl KOppeasMOHHON 3aBUCHMOCTH BEJIHUYHH.
BbIGOpOYHBIE METOJALI HMCCJIE/IOBAHUSA 3HAUEHHHI cIay4auHOM BeJH-
JHHBI.

JIucKkpeTHbIE W HeIpepPhLIBHbIE CAy4YaidHbie BEJIMYHHBI.

10. 3aK0H HOPMAJBHOTO PACIHpPEJEeJNeHU:A U NPABUJIO TPEX CHUIM.
11. CraTHCTHUYECKHE HWCCAEJOBAHUSA B CONMOJIOTHH; B OHMOJIOTHH.
12. CraTucTHYecKHi aHAJM3 B IyMaHHUTapHBIX chepax AeATeIbHOCTH

208

JIONen.

Fnaea V. CnyyaiHble BENWMYUHDI



' MHOXecCTBa.
Jloruka

Bu 3HAKOMbl C pPasfiMyHbIMKU YUCNOBLIMWM MHOXECTBAMMU:
MHOXECTBOM HaTypasibHbIX YACEN, MHOXECTBOM LieNbiX yncen
) v Ap. B noBceaHeBHOW peun U B pasHbix y4ebHbIX npeamMeTax
Bbl 4aCTO MCMonb3yere TEPMUH MHOXECTBO: MHOXECTBO Oe-
peBbEB B Necy, MHOXECTBO TOYEK KOOPAWHATHOI MIOCKOCTH,
MHOXECTBO BWAOB HacekOMblX, MHOXECTBO peLUeHWiA Hepa-
BEHCTBa W ap.

B koHue XIX B. BblAAIOWMIACSH HEMEUKUIA y4éHbli . KaHTop
(1845—1918), BHECLUWIA CYLLECTBEHHbIN BKNAL B CTAHOBEHME
TEOpUU MHOXecCTB, Hanucan: «log MHoroobpasuem MnM MHO-
- KECTBOM sl NOHUMaI0 BOOOLLE BCAKOE MHOIOE, KOTOPOEe MOX-
' HO MBICNIUTL KakK eauHoe».

Teopus MHOXecTB okasana GonblIOe BAUSIHUE Ha pasBu-
TUe BCEX pas3fenos maTemaTtuku, ctana yHUBepcanbHbiM A3bl-
KOM MHOrUX OTpacner 3HaHui,
C pasnuyHbIMU KOHEYHLIMU U BECKOHEYHBIMM MHOXEeCTBa-
MW, HaCTAMWU MHOXECTB, B3aWMOCBA3SIMW pPa3HbiX MHOXECTB
@ 1 C MHOXECTBEHHO CMMBOJIMKOW Bbl MO3HAKOMUTECH B 3TOW
rnase. 3aMeTUM, 4TO C HEKOTOPOW MHOXECTBEHHON CUMBO-
NUKOW Bbl yXe 3HaKoMbl. Hanpumep, ¢ e nomMoLpio Bbl 3a-
NUCbIBAJIN MHOXECTBO pelleHuiA HepaBeHCcTBa X< 3 B Buae
{—o0; 3].
: TeopeTrko-MHOXECTBEHHbLIE MOHATUA UCMONL3YIOTCA B pas-
JINYHBIX TOTUYECKUX PacCyXAeHusax (MHorga B HEABHOM BUAE).
B aT0# rnase Bbl y3HaeTe O NOMMHYECKUX MPUHLMNAX KOHCTPY-
¥ UpoBaHua TeopeM. Hayuutecb dopmynuposats obpaTHble U
" NPOTUBOMONIOXHbLIE TEOPEMbI, BbIAENAA B UX HOPMYIMPOBKAX
7 YCNOBUSI 1 3aKNO4YEHUS.
3HaHue npasun NepexoAa OT OAHOr0 BbICKA3blBaHWUS K
APYromy, ymeHus nocTpouTb OTPULIAHWE BbiCKa3biBaHWUS, yCTa-
HOBWTb UCTUHHOCTL WU SIOXKHOCTb TOMO UM MHOMO BbICKA3bI-
BaHWA, KOPPEKTHO BbICTPOUTb UENOYKY PaCCYXAEHWIA uam
YMO3aklo4eHUn — BCE 3TWU 3HAHWUA WU AeNCTBUS HEeoBXoanMbI
1 MOBOMY rpPaMOTHOMY YESIOBEKY B MOBCEAHEBHON XWU3HUA W
| B NPaKTU4eCcKon AeATensHOCTU. C OCHOBHBIMU NOHSATUSIMUA J10-
rMKu (Hayku O NpaBubHOM MbILNEHWMM) Bbl NO3HAKOMUTECH
. B OTOi rnase W Hay4MTeCb C WX NMOMOLLBIO OBBLACHATL NPO-
LleCCbl pelleHnus ypaBHeHUn N HepaBeHCTB.



oXxXecTea

YacTo B peanbHON XU3HU 1 B HAY4HON AEATENbHOCTU NPUXOANTCA pac-
‘ cMaTpuBaTh COBOKYMHOCTU OAHOPOAHbLIX 3/1IEMEHTOB Kak eavHoe ue-
| noe. Ona onucaHus Takux COBOKYMNMHOCTEN W WU3Yy4eHns uX CBOWCTB
" 6bI10 BBEAEHO MOHATWE MHOXecTea. B aTom naparpade Bbl NO3HAKO-
|

MWUTECH C Pa3NNYHBIMK MHOXECTBAMU U MX 4acTsAMM, C B3aWMOCBA3A- |
MW OBYX MHOXECTB, C CUMBO/IMKO, NO3BOMAIOLLEN KPATKO 3anuckiBaTh
OTHOLLUEHUS MEXAy MHOXECTBAaMU U UX 3NeMeHTaMu.

Hy>XHO BCNOMHMWTD!

¥ TOHATHS HATYPAJIBLHBIX YHCEJ], IeJbIX YnceJs, PalHOHAJBHBIX UHCe,
JeHCTBUTEJbHBIX YHCE;

IIOHATHEe CUCTEMbl YDPABHEHUIl;

pelleHMe KBAAPATHBIX YPaBHEHMH M CHCTEM ypaBHEHUI; peleHue
ypaBHeHuil, B JIEBOM YacTH KOTOPHIX HAXOAWTCA IPOM3BEJEHHE HE-
CKOJBKUX MHOKUTeJed, a B IIPaBOil 4acTH — HYJb;

W ompejesieHUs NapaJjelorpamMMa, NPAMOYroJbHAKA, KBaApaTa.

1. MEOKecTBO M ero anemMeHTH. [flogfMHOMXeCTBA

[loHATHe MHOMKECTBAa B MaTeMaTHKe OTHOCHUTCHA K HeoIpeJesseMbIM
noaaTuaM (mogobHo, HATIpHUMEp, NOHATHAM 4YHcCiIa H Touku). [IpusBeném
OpuMephl MHOXKeCTB: 1) MHOKeCTBO sKuTeNell ropoja; 2) MHOMKECTBO
TOueK TJIOCKOCTHU; 3) MHOXECTBO HATYPaJbHBIX YUCed U T. . IIpeamMeTs!
MM TOHATHSA, U3 KOTOPHIX COCTOMT MHOMKECTBO, HA3LIBAIOT €ro 3JIeMeH-
ramu. Hanpumep, ducio 6 — dIeMeHT MHOKeCTBA HATYPAJBHBIX THCEI.

DyeMeHTHI MHOMKeCTBa dacTo 0003HAUaT CTPOYHBIMHA (mansiMu) OyK-
BAMH, 8 CAaMH MHOYKeCTBA — INPONHUCHBIMU (sarsiaBHBIMHM) OykBamMu Ja-
TUHCKOro ajdasura.

Tor ¢daxT, YTO JIEMEHT X ABJIAETCH JIEeMEHTOM MHOKecTBa A, 3a-
IMCHIBAIOT TaK: X € A (UMTaeTCA «X MPUHANJIEIKUT A», HIN ¢IJIEMEHT X
IPUHALIEIKAT MHOMKECTBY A», WJIH «X COAEPHKUTCH B A»). Banuch x € A
03HAUAET, YTO JJ€MEHT X He NPUHAJJIeKUT MHOKECTBY A.

Hanpuwmep: 42 € N, % ¢ N, rae N — MHO’K€CTBO HATypPaJbHBIX YHCEJ.

CunTaeTcs, YTO MHOJKECTBO 3aJaHO, €CJH [epPeYrCc/IeHbl BCe ero aje-
MEHTHI MJIM HA3BAHO XapaKTePHCTHYECKOe CBOMCTBO, IO KOTOPOMY MOXK-
HO CYAMTb, NPUHAMJIEKUT WU He NPUHALIEIKUT NAaHHBIH BJIEeMEeHT pac-
CMATPHBAEMOMY MHOIKECTBY.

IepeuncisgemMble J1eMEHTHI MHOKECTBA IPHUHATO 3aMHCHIBATL B du-
rypHBIX CKOOkax. Hampuwmep, {1; 2; 3; 4; 5} — MHOKeCTBO, COCTOsAIIee
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U3 MEepPBhIX NATH HATYPAJBHBIX YHCeJI. ITO e MHOKecTBO (0603HAUUM
ero M) moxxHO 3ammcars, cGOPMYJIHMDPOBAB €ro XapaKTePHUCTHUYECKOe
CBOMCTBO, HAIpUMep, CIeAyoIuM obpasom:

M={x: xeN, 1<x<5}. (1)

B aroit sanucu 3adukcupoBaHO, YTO MHOMKeCTBO M COCTOMT M3 3JIe-
MEHTOB X, 00JIafalolHX IIepeYrCaAeHHLIMY HOCe ABOeTOUMA CBOMCTBAMH
(xBOeTOUYME 3aMeHseT CJIOBAa «TAaKMX, YTO»). BalUCh (1) umraerca Tak:
«MHOKeCTBO COCTOMT M3 3JIEMEHTOB X, TAKUX, YTO KAXKABIA U3 HUX AB-
JAETCA HATYPaJbHBIM YHCJIOM U YA OBJIETBOPSAET HepaBeHeTBaM 1 < x < 5».

3apava 1. IlepeyucauTs 3JeMeHTH MHOXKECTBa
A={x: xeN, 2x>-Tx+38=0).
» Pemenue 3afauu CBOAMTCA K NEPEYMCICHHUIO HATYPAJBHBIX KOPHEH
1
ypaBHeHua 2x?—T7x+3=0. Kopau sroro ypaBHeHHS x = 3 x,=3,

M3 KOTOPBIX TOJBKO X, € N.
OTBeT. {3} <

Ecan 651 B 3agaue 1 BMecTo 3aJaHHOrO ypaBHEHHS GLLIO ypaBHEHHE,
He HMeloljee HaTypPaJbHBIX KOPHEN, TO B OTBeTe CJIe0Bajio 6Bl YKas3aTs,
49TO A — IyCTOe MHOXEeCTBO (He COAePYKUT HU ORHOro ajeMeHTa). Ily-
cToe MHOXKecTBO obo3Hayaerca 3HaxoMm .

MHoxKecTBa, COCTOAINNE M3 OAHUX M TeX Ke JIEeMEHTOB, HA3BIBAIOT
paBHbIMH. Ecim mMHOXMXecTBa A u B paBHBI, TO sanuckiBaioT A =B, Ha-
OpUMep, ecJiu

A={2;0; 3}, B={3;2;0}, To A=B.

Ecim xkaxablii aneMeHT MHOkecTBa B ABISETCS 3JIeMEHTOM MHOMKe-
cTBa A, TO MHOeCTBO B Ha3BIBAIOT MOAMHOKECTBOM (4acTb0) MHO-
smecrBa A u 3anmuchBalOT Bc A unu A o B. Takad 3aIuch YATaeTCH
KaK «(MHOeCTBO) B comep:kuTcs B (MHOMKecTBe) A» uiu «A cozmep-
KUT B».

Hanpumep, noamaOKecTBaMu MHOXKecTBa {a, b, ¢} ABIAITCA CJe-
AYIOIIHEe BOCEMBb MHOMECTB:

{a}, {b}, {c}, {a, b}, {a,c}, {b,c}, {a,b,c}, .
OrmeTum, uTo 10606 MHOMKECTBO SBISETCH CBOUM NOAMHOYECTBOM,
a IyCTOe MHOXKECTBO CYUTAIOT IOAMHOMKECTBOM JI060I0 MHOMKECTBA.
2. PasHocTh MHOMecCTB. JIONONHEHME N0 MHOMKeECTBa

ITycTes mMeloTcst ABa MHOMKecTBa A u B. DTy MHOKeCTBa Ha PHCYH-
Ke 54 yCJIOBHO M300paKeHbl YACTAMM ILJIOCKOCTH, HAXOAAIMIUMUCH BHYTPU
3aMKHYTHIX JIMHHNA M Ha3blBaeMbIMH Kpyramu OJitnepa. Muoxxectso C,
dJIeMeHTaMHM KOTOPOro SIBIAAIOTCA BCE JIEMEHTHl MHOKecTBa A, He NpHU-
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HajaJe;Kaljue MHOKecTBY B, HasbIBaioT pas-
HOCTBIO MHOKecTB A u B u 3anuchiBaioT
C=A\B (sa pucyHke 54 mmomecrBo C 3a-
KpalleHo).

Hanpumep:

1) eciu A={a, b, ¢}, B={a, b},

o A\B={c};
2) ectu A={a, b, c}, B={c, d},

To A\B=1{a, b};

3) eciu A ={a, b}, B={c}, o A\B={a, b};

4) ecru A={a, b}, B={a, b, ¢}, To A\B=0.

Ecau Bc A, 1o pasHocts A\B HasbIBa- 4
JOT DOIOJHEeHHueM MHO)KecTBa B [0 MHOMKe-
crBa A (Ha pucyHKe 55 Takoe [AOIOJHEHHE
3aKpalleHo).

3. YucnoBbele MHOXKecCcTBa

[IKONBHBIA KypC MaTeMaTHUKU HAYMHAET- Puc. 55
¢ C M3YYEeHHUSA MHOKECTBA HATYPaJbHBIX i
yucen N, T.e. uncen cuéra 1, 2, 3, 4, 5, ....
JlonoNHAA MHOKECTBO HATYPaJbHBIX uuces N HyJIEM U UuUCIaMH, IPO-
THBOIOJIOKHBIMI HATYPAJbHBIM, IOJyYaeM MHOKECTBO LeJBIX uncen Z,
T.e. yuucaa 0, £1, £2, £3, ....

JlOmONHAA MHOKECTBO IeJbIX 4Mces OOBIKHOBEHHBIMH ApPOGAMHM, IIO-

m
JiydyaeM MHOKeCTBO pallMOHAaJbHBIX HHCEJd Q, T. €. 4uceJl BHga —, rjge
n

m — LeJioe YHCJI0, n — HaTypajabHOoe umcio. Ilpu arom woboe nesoe
YUCJ0 M ABIAETCA PAIMOHAABLHBIM, TAK KaK MOKeT OBITh IIpeJCTaBe-

m
HO B BHJE T. HanomanM, uTo nroboe panvoHaJIbHOE YHCJIO MOMKET OBITH

3alMCAHO B BHAE DECKOHEUHOH MepUOAUUYeCKON AecATUIHOU Apodu.
JlomonHAA MHOKECTBO pPalHMOHAJNBHBIX YMCEJl HppaluoHAIbHBIMU

guciaaMy (6eCKOHEYHBIMHM HeNepHOJUYEeCKUMH JeCATUYHBIMHU APOGaMH),

roJiyuaeM MHOYKECTBO BCeX JeHCTBHTeJbHBIX

yuces, Koropoe obosHadaeTca Oyksoit R.
OnucaHHBIN BBIIIE IIPOIECC paclIMpeHHsd

MOHATHSA UUCJIa M300paskéH ¢ IIOMOMIBIO KPY-

roB Diinepa Ha pucyHKe 56. R
Vcnonb3ysa CUMBOJHMKY TEOPHU MHOMKECTB, Q

MOJKHO CKasaThb, 4To MHoxecTBo C=Z\N ecTb

JIOTIOJTHEHUE MHOJKEeCTBa HATypPaabHBIX UHUCeJI

IO MHOKeCTBa IeJbIX YHCeJ, T. e, ABJIAeTCHA

MHOKecTBOM uumcen 0, -1, -2, -3, .... Puc. 56
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4. [lepecedyersue u ob6befUHEeHUE

MHOJMECTB ‘

MHO%eCTBO, COCTOSAIIEe W3 BCEX TeX W
TOJBKO TeX B3JeMeHTOB, KOTOPbIE IPH-
HAQJUIeXKAT KaK MHOMeCTBY A, Tak u C=ANB
MHOXX€CTBY B, Ha3BIBAIOT IepecedeHHeM

Puc. 57
MHOKecTB A m B u oGosnauaor A N B.

3Hak (| HA3BIBAIOT 3HAKOM IepecedeHus. D
Ha pucynke 57 nepeceuenne MmuoxecTs A u B
3aKpanieHo. c

Hanpuwmep:

1) {1;2; 3} N{1; 3; 4} ={1; 3};

2) {a; b} N {c}=2; B

3) nepeceuenuem aydeir CA u BD Ha pu-
cyuke 58 sBiasierca orpesox BC.

Ecim ANB=Y, to mHO:kectBa A u B
Ha3bpIBAIOT HeNepeceKaln[MMHUCH.

OrmeTuM, 4TO 3HAK (PUIypPHOH CKOOKHM NP 3alMCH CHCTEM ypaBHe-
HUM ¥ HepaBeHCTB O3HA4YaeT, YTO NPUA DPEIIeHHH CHCTEM HYYKHO HANTH
IlepecevyeHne MHOYKECTB DellleHHH YPaBHEHUIl U HepPaBeHCTB, BXOMAIIUX
B CHCTEMY.

b

Puc. 58

x*+x-2=0,

x*+2x-83=0.

» {1; -2} — mHOxKeCTBO KopHeil ypaBHenus x2+ x — 2=0, {1; -3} — mHO-
JKeCTBO KopHell ypaBHeHus x?+ 2x — 3 =0. MHOeCTBO peIIeHUH Ccu-
CTEeMBI €CTh IepecedyeHne MHOKeCTB KODHeH BXOAANIMX B Heé ypas-
HeHmi, T.e. {1;-2}N{1;-3}={1}.

OTtBeT. x=1. <

Japava 2. Pemuts cucTeMy ypaBHeHUit {

M=uosxecTBo, cocTosllee U3 BCeX TeX U TOJBKO TeX 3JI€MEHTOB MHO-
KecTB A u B, KOTOpble NpHHAJLIEKAT XOTA Obl OJHOMY M3 3THX
MHOJKEeCTB, Ha3bIBAlOT o0beguHEHHEeM MHOXXecTB A u B u o6o3Ha-
yaor AU B.

Ha pucynke 59 ¢ momompio kpyros Ditrepa
n300paskeHbl BJIEMEHThl MHOXKecTB A u B,
a 3akpalneHo o0beIMHEHWEe 3TUX MHOMKECTB.

3uak U HaskIBaeTCH 3HAKOM o0 beIuHeHNA. l

Hanpumep: -
1) {1; 2} U{1; 3; 4} ={1; 2; 3; 4); i
2) {a; b; c} U {d; e} ={a; b; c; d; e}. Puc. 59
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3) oosenunenuem nayder CA u BD (cm. puc. 58) sBasercs mnp#-

maa AD;

4) MHOKeCTBO pemrenuit HepaBeHcTBa x? — 5x + 6 > 0 MoxHO 3anucaTh

B Buge (—oo; 2) U (3; +00).

Japnava 3. Pemuts ypaBHeHHe

>

(x2-x-2)(x2-4)=0. (2)
VYpasrernue x?— x — 2 =0 umeer kKopHU —1 1 2, a ypaBHEHUE x2-4=0—
KopHM —2 u 2. MuoskecTBo C KOpHe#l ypaBHeHus (2) — o0beAuHEHNE
muOMKecTB {—1; 2} m {-2; 2}, r.e. C={-1; 2} U {-2; 2} ={-2; -1; 2}.
OoTBeT. x;=-2, x,=-1, x3=2. <

BameuaHHue. Permedue ypaBHeHUA (2) CBOAUTCA K OTBICKAHUIO BCEX

3HAYEHUH X, KOTOphIE YAOBJETBOPHAIOT XOTHA Gbl OAHOMY U3 yPaBHEHUM

x2-x-2=0, x2-4=0. (3)
B aTOM ciydae roBOPAT, YTO ypaBHeHHe (2) MOXHO 3aMEHHTH COBO-

KYIIHOCTBIO ypaBHeHMH (3), KOTOPYIO 3alMCHIBAIOT C IOMOINBIO KBaAPAT-
HOM CKOOKH:

x?—x-2=0,
x¢-4=0.

COBOKYIHOCTH YpPaBHEHUI 4YaCcTO 3alMCHIBAIOT NEepevYMCc/IeHHeM 3THX

yDaBHEHMi, KaK 3TO CAeJIaHO, HANpUMep, AJIfA ypaBHeHUN (3).

Gt 00 bo =t

©®

10.
11.

12.
13.

ngue BOMPOCHI U 3aAaHus |

IIpuBecTy mpUMephl MHOYKECTB.

Yro HA3LIBAIOT 3J€MEHTAMH MHOXecTBa?

IIpounrars 3anuce: 7€ N; 0,3¢Z.

Kakoe MHOeCTBO HA3BIBAIOT IIYCTHIM?

B kaxom cayuae MHOKecTBO C AIBIfETCA IOJMHOKECTBOM MHOXMKe-
crea D?

IIpounrars 3anuce: Ac B; Pc@Q.

CKOJBKO IIOJMHOXKECTB MMeeT MHOKeCTBO, COCTOsAIIee U3 ABYX aJle-
MEHTOB; M3 TPEX 3JIEMEHTOB?

Kakue MHOMKeCTB& HA3LIBAIOT PaBHBIMH?

SIBIfieTCA J¥ HEKOTOPOe MHOKECTBO CBOUM IIOAMHOMecTBOM? SIB-
JSeTCA JIA IIyCTOe MHOXKECTBO ITOAMHOeCTBOM HEKOTOPOro MHOXKe-
crBa?

Yro HABHLIBAIOT Pa3HOCTHIO MHOKecTB A u B?

B kakom caydae MHOxecTBO C MOYKHO HOIOJHHUTE A0 MHOYKECTBa D?
Yro HasbIBaeTCs AONONHeHMeM MHOecTBa C 10 MHOMKecTsa D?
Onucarh DpOIECC PACIIMPEHUA YHUCIOBBIX MHOMKECTB OT MHOMKeCTBa
HATYPAJBHBIX 0 MHOXKECTBA AEHCTBHTENIbHBIX UMCes?

Yro HasbIBAIOT IepecedeHueM ABYX MHo:kecTB? Kaxkue aBa MHOXKe-
CTBa HA3BLIBAIOT HeIepeceKaroIumMucs?
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14. Yro HaswiBalOT 00beAMHEHUEM ABYX MHOKECTB?
15. Yro o3HadaeT 3HAK (PUrypHOH CKOOKH, CTOAIIEH CjlIeBa OT 3AIMCH

ABYX Mau GoJsiee ypaBHeHU?

16. Yo o3sHauaeT 3HAK KBaApPATHON CKOGKM, CTOAIIE CJ€Ba OT 3alUCH

AByX uJIH Oosiee ypaBHeHUi?

BeoaHble ynpaxHeHus |

1. 3anosHUTHL NPOIYCKM:
5= 2)13=; 3) 8= 47=2,

2. IlpeacraBuUTE B BHAE KOHEYHOH MJIM GeCKOHEUHON IIePUOINYECKOM

. 8, &, B8
JAeCATUYHON apobu: 25° 830 7

3. Haspare uppanuonanbubie uncia: 0,(3); %; J§; 7,65; %; J9.

4. Pasnenuts 00beKTHI Ha 3 Ipynnsl 0o UX o6IUM NMpU3HaKaM: Gepéaa,
MyXa, ONbXa, KOMap, posa, Jiuna, JUInudA, ACeHb, 0Ca, MaK, TBO3AUKA,
b6abouka. [lare HasBaHWe KaykJO# rpymnme.

YnpaxHenus |

367. BepHo s, yTo 5e M; 6 € M, i € M; -3eM, ecnn M ={2; 4; 6; 8)?

368. Ilycth A — MHOXKECTBO BceX HATYPAJIbHBIX AeauTeselt uumcaa 18.

Bepro /u, uto 1€ A? 2¢ A? 6¢ A? 8¢ A?

369. IlycTe B — MHOXXeCTBO BCeX HATYPAJBHBIX AejuTeseil yucaa 12.

Bepro s, yto 12€ B? 3e B? 4¢B? 10 B?

370. Banucare Bce NMOIMHOMKECTBA MHOKECTBA:

1) M={7; 8}; 2) N={1; 5};
3) A=(1; 2; 3); 4) B={4; 5; 6).

371. HaiiTu Bce ajIeMEHTHI MHOJKECTBA:

1) A={x: xeN, 2x<T};
2) M={a:an,—2%£a£3};

3) C={c: ¢ —6c+9=0);
4) X ={x: x?+5x+6=0)}.

372. Ha nyockoctu ormeveHsl Touku A u B. OxapaKTepusoBaTh MHO-

JKEeCTBO TOYeK M Ha IUIOCKOCTH, TAKHX, 4TO:
1) AM=3; 2) AM=MB.

373. Haiitu nonosHeHHe MHOMeCTBA A [0 MHOMKecTBa B, ecun:

1) A={-6;-4;-2}, B={-6;-4;-3; -2};
2) A={-2; 0}, B={-2;-1;0; 1; 2.
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374.

375.

376.

377.

378.

379.

380.

382.

383.

384.

Haittu A\B u B\ A, ecnn:

1) A={-4;5; 6}, B={-5;-4;-3;-2});

2) A={1;2;38}, B={-1;0; 1};

3) A={-1;0;1; 2; 3}, B={1; 2; 3};

4) A={5;6; 7}, B={-5; 5;—6; 6}.

IIycts N — MHOKECTBO HATYPAJIbHBIX YHCeN, Z — MHOECTBO Iie-
JIBIX umceli, @ — MHOKeCTBO PallMOHAJbHBIX 4Hceld, R — MHOKe-
cTBO meiicTBUTEenbHBIX uucesn. Hanru: 1) R\Q; 2) Z\N.

Haiitu ANB u AU B, ecau:

1) A={a; b;c}, B={a; b}; 2) A={a;b;c}, B={c;d};

3) A={a; b}, B=U; 4) A={a}, B={c; d; e}.

Haiitu ANB u AUB pgas MHOMeCTB, YKasaHHBIX B yOpayKHe-
HuH 374.

HaiiTi nepeceueHme u o0beJMHEHHUE YHCJIOBBIX OTPe3KOB [2; 7] u
[4; 9].

HaiiTn nepeceyeHHe M OObeAWHEHUE UMCIOBHIX OTPe3KOB [6; 8] u
[8; 71,

BanucaTh nepecedeHne U o0’beMHEHHEe MHOMKECTBAa KODHed ypas-
Herus x2 —4x — 12=0 ¢ MHO’KeCTBOM KOpHeii ypaBHenus x2—5x—14=0.

. BanmcaTh MHOKECTBO A HATYpaJbHBIX AesuTenei uyucaa 18 u MmHO-

skecTB0 B HaTypanbHBIX Aenureneir umcaa 45. Haittu AN B. Kak
Ha3bpIBaeTcA Haubojbllee U3 YHUCeJ, NMPUHAJIEKAIIUX MHOMKECTBY
ANB?

ITycts C — MHO’XECTBO HATYPAJbHBIX YHCeJ, KPaTHBIX uduciay 18,
a D — MHOXeCTBO HATypaJIbHBIX 4YHCeJ, KpaTHbIX umuciay 45. Oxa-
pakTepusosats MHOKecTBo CND. Kaxk HasbiBaeTcsd HauMeHbIIee
HU3 4Ymces, IpuHaaIexamee MHOKecTBYy C N D?

Haiitu AUB, eciu A={x:|x|<1l, xeZ} nu B={x:|x-1|<2,
x e N}.

Haiitu AUB, eciu A={x: x2—6x+9<0} u B={x:|x|<1, xeZ}.

Haitru AUBUC u ANBNC, ecan:

1) A={-2;-1;0; 1; 2; 8}, B={-1;0; 1; 2; 3; 4; 5},
C={0;1;2; 3; 4; -1; -2; -3};
2) A={x:x<1}, B={x:-1<x<1, xeZ}, C={x:-2<x<0}.

ITycts A, — MHOXECTBO BCeX KBaJpaTOB, A, — MHOMKeCTBO BCeX

216

IPAMOYTOJbHUKOB, A, — MHOECTBO BCeX pombGoB, A, — MHOKe-
cTBO Bcex mnapaJsuienorpammvon. HaiiTwu:

1) A\NA, 2) AJUA, 3) A,N Ags

4) A;,NA; 5) AjUA; 6) AUAUAUA;

7 ANA;NA,NA,.
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Knaccudpukauua

' ITomHEuTE, IpPH H3YYEHHH CIAYyIAHHBIX BEJIHYMH MBI T'OBODHJIH
s@l@r O TOM, YTO CXOXKHe DJIEMeHThI MOXXHO CPABHHBATH IO DPa3SHBIM

= d npusHakam. Hanpumep, po3sbl MOKHO CPaBHMBATHL IO I[BETY; IO
BesuuuHe OyroHa. Jliofelt MOKHO CpaBHHUBATL, HAIpPHUMEp, IO I'pyIIe
Kpopu. Ilpu TakoM cpaBHeHHMH BCA HONYJIANUA JIOAel pacupelelnTcs
mo 4eTelpéM Kiuaccawm: umewomue 1 rpynnmy, II rpyomy, III rpynmy,
IV rpynny xpoBH.

A ecyim A 3aX04Yy CpaBHHMBATH JIIOJEH IO peayc-(paKToOpy KpOBH,
TO OHH 00pasyloT ABa KJjacca: HMeIOI(ue IIOJIOXKUTENbHBIH H
HMeIOIHe OTPHIATeNbHBIN pesyc?

" ITpaBunbHO. IIpu 3TOM BBI, KOHEYHO, IOHMMAaeTe, YTO PH KJac-
g’l‘??a cuuranuu Jojei, HanpuMep, N0 Tpynne KPOBH KOHKDPETHBIH
“7 4yeJOBeK He MOYKeT HMeTh Dojiee OJHOM Ipylnbl KPOBH, HO OJHY

oH uMeetr obsazarenbHo. Ha sA3bIKe TEOPHHM MHOKECTB 9TO O3HAUYAET CJie-

Aylolee:

IIpn knaccupHUKAIHE MHOMKE-
CTBO DJIEMEHTOB TIeHepaJIbHOH COo-
BOKYIHOCTH OeJHTCHA Ha NOIMHO-
’KecTBa, NPHUYEM OTH IOJMHOMKE-
cTBa He ImepecekawTcda (TouHee:
nepecedeHue JIOOBIX JBYX IOJ-
MHOJKECTB — IIYCTOE MHOXKECTBO),
a o0beINHEHNe BCeX 3THX IOAMHO-
SKeCTB pPABHO HCXOJHOMY MHOMKe-
CTBY.

IlpuBeguTe, noxxkanyiicra, HWHTEPeCHBIM NpPUMEp KJaccuPHUKaIUU
CXO03KHUX OOBEKTOB N0 pasHbLIM IPHU3HAKaM (OCHOBAHHUAM).

Hamnpumep, Bce aBTOMOOHJIN MOXXHO KiIaccH(pHIHpOBaATH IO Ta-
§ 4% kUM ocHOBaHHMAM: 1) MO NPUHAAJIEIKHOCTH K T'DY30BBLIM WM IIac-
- CAYKHUPCKUM; 2) IO YHCJY BeAVIOMX KoJéc; 3) IO THIIAM JBHra-
Tensi; 4) mo mapaMerpam mnpofera M T. 1.

’ Ornuunslil npuMep. ToJBKO Honpasiiio Te0ss B HA3BAHUH IEePBOM
\GE knaccupuranuu. Hanmpumep, MalInHbI CKOPO# IIOMOIIH HMJIH T0-
W77 HOYHBIe MANIMHBI HE OTHOCATCA HM K TDY30BEIM, HHM K Iacca-
JKHUPCKUM. YIYCTHJ IeJoe MOAMHOYKEeCTBO aBTOMoOHJIeil, KoTopoe ye-
JIOBHO MOKHO Ha3BaTh CIEIHAJIbHLIMH.

™, A Moil mpuMep u3 reoMerpuu. Hampumep, Bce TPeyroJbLHHUKH
_/ MOMKHO KJaccupHIupoBaTh: 1) 0 BeIMYMHAM YIJIOB (TOTIa MHO-
e= JKEeCTBO BCEX TPeyroJibHHKOB pas3obpéTcAd Ha 3 KJjacca: OCTpO-
yroJibHbIe, IPAMOYIOJIbHEIE W TYIOYIOJbHbIE TPEYrOJbHUKH); 2) IO co-
OTHOIIIEHHIO CTOPOH (pPaBHOCTOPOHHHWE; paBHOOeJpeHHbIe, He SABJISHIIH-
ecsi PABHOCTOPDOHHHMH; PA3HOCTOPOHHHE).
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Toxe oueHb xopomuii mpumep. IlompobyiiTe caMoOCTOATE A B-
HO JaTh Kjaccudpukamuio: 1) muHeHHBIX M KBaJZpaTHBIX ypas-
HEeHHH 10 YHCIy WX KOpPHeil; 2) B3BAaMMHOIO DACIIOJIOMEHHMSA ABYX
NpAMBIX. A TakKe NpUAyMaiiTe, IO KAKAM OCHOBAHMAM MOXHO KJac-
CH(HUIIMPOBATE: TOBApPH; ILeHHBIe OymMaru; coToBhle TesedOHEI.

ByneaH

Ilpn usyuyenmm maparpada BBl COCTABJAAM BCe IOAMHOXKeCTBA
MHOJKeCTBa M3 ABYX dJeMeHTOB (MX oKasanock 4), Bce HOAMHO-
JKecTBa MHOKeCTBA M3 TPEX 3JeMeHTOB (MX okasanock 8). Mo-
JKeTe JIM Bbl BBICKA3ATH NPEAIOJOXMEeHHEe O TOM, CKOJIbKO IIOJMHOMKECTB
MMeeT MHOXKEeCTBO M3 711 3JIeMeHTOB?
e f emé mory mo6aBHTBH, 9YTO Y IIYCTOrO MHOMecTBa (T.e. Y MHO-
43 @ >xecTBa, He WIMEIONETO HM OJHOTO BJIEMEHTa) BCEro OMHO MOJA-
"~ MHOMKECTBO — OHO CaMO; ¥ MHOKECTBA, COCTOAIIEro M3 OIHOrO
aJIeMeHTa, IIOJMHOXKECTB /JBa: OHO CAMO M IIYCTOE MHOYKEeCTBO.

@ B3aKOHOMEpPHOCTh IIPOCJIEeIKUBAETCA. BHABUHY TIHIOOTE3Y:

)

V MHOxHecmea M,, codepicauiezo n 3NeMEHMO8, YUCLO NOOMHO-
Jdcecme paeHo 2",

Tsoa rumoresa BepHa. 3aMedy, UTO MHOMKECTBO BCeX IIOAMHO-

JKECTB KOHKDETHOI'O MHOJKECTBa HA3LIBAKT ero Oyxearom. To

ecTh MBI XOTHMM HAWTH YHUCJIO dJieMeHTOB OyJieaHa, cOCTaBJIEHHO-
To M3 MOAMHOXMeCTB MHOkecrtBa M . JlokakeMm Halle NpeANOJOMKeHHe
MEeTOAOM MATEMATHYECKOH MHAYKIHMH.
1) Eciiu n=0, T.e. My=C, To y HEro TOJAbKO OIHO IOJMHOMKECTBO —
OHO caMO W MHTepecyiomee Hac uucio pasao 2°=1. IIpu n=1, kak MbI
y’Ke TOBODHJIM, TOAMHOXeCTB 2, T.e. 21
2) Ilyere Hame npeanoJioKeHHe BepHO IJA Hekoroporo n==£k, T.e.
nycrs a060e MHOMKeCTBO M, cojepskaliee £ 3IeMEHTOB, UMEET 2* non-
MHOKecTB. JloKa)keM, 4TO NMPEeAIoJIoXKeHHe BepHo U ansA n=k+1, T.e.
uro jgioboe MHO:MecTBO M, . ,, cocTosmee u3 k+ 1 31eMeHTOB, uMeer
2k+1 mogmHOMKECTB.
@ Vpanum BpeMeHHO M3 MHOXecTBa M 4.1 ONHMH ero IPOUBBOJILHBIN
anement a. ITosyuum muOMecTBO M, ,\{a}, cocroamee n3 k anemen-
roB. Ilo mpeanosoKeHNIO Y 3TOr0 MHOKecTBa 2* MOAMHOMeCTB, KaxJoe
M3 KOTOPBIX, OYEBHAHO, ABJAETCH U IOJMHOKECTBOM MHOXKecTBa M, ,.
3amMeTuM, 4TO A00aBIeHHE K KaYKAOMY H3 IOJYYEHHBIX MMOJMHOMKECTB
BPEeMEeHHO YAAJEHHOTO 3JeMeHTA d NMPUBOAUT K IIOJYYeHHUIO HOBOTO IIOA-
MHOKecTBa MHoxectBa M, ;. Tem cameim oGpasyercs eiié 2* mogMHO-
JKeCTB M oblllee YMCJIO MOAMHOMKECTB MHOKecTBa M,  , CTAHOBHUTCH pasB-
HbiM 284+ 28 =2K(1+1)=2%.2=2"*1 uro u TpebBoBasoch JOKasaThb. ()

Taxum obpaszom, MBI JOKa3aj#, 4TO J0G0e MHOMECTBO, COCTOMAIee

u3 n saeMeHToB (n=0), umeer 2" MOAMHOMKECTB.
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Ka3biBaHuA. Teopembl

. Mbl 4acTo NpPOM3HOCUM pasnnyHbie $passl, BbICKa3blBaAHVA. UcTuH-
HOCTb WU NOXHOCTb OTAENbHbIX BbICKA3blBAHWIA O4YE€BWOHA, a APYrux
He o4yeBuaHa. Pasgen matemaTuku, HasbiBaeMblA JIOMMKOW, 3aHUMaeT-
CA YCTaHOBNEHMEM WCTUHHOCTM BbiCKa3biBaHW, WU3y4eHWeM B3auMOo-
CBSI3e1 UCTUHHbIX U JIOXHbIX BbICKA3blBAHWIA, HAXOXOEHUEM MHOXECTBA
| UCTUHHOCTU NpEeasioXeHns C NepemeHHom un ap.

B aTtom naparpade Bbl MO3HAKOMUTECH C A3bIKOM M CMMBOJIMKOW NO-
MKW, NMOUMETE NMPUHUMUMNLI KOHCTPYMPOBAHUS Pa3fINYHbIX BbICKa3blBa-
HWA, B YACTHOCTM NPSAMbIX U 0OpPaTHbLIX TEOPEM.

Hy)>XHO BCNOMHWTD:

W TOHATHA M CHUMBOJBI 00beUHEHHSA MU IlepeceyeHUs MHOIKECTB;

B ofo3HauyeHMA: NPHHALJIEIKHOCTH 3JIeMEeHTA MHOKECTBY; IIYCTOI'O MHO-
JKecTBa; IMOAMHOXKECTBa; PA3HOCTH MHOKECTB;

[ OOHATHUSA MHOMKECTB HATYDPAaJbHBIX, HeJbIX, PAalUOHAJBHBIX M JAeil-
CTBUTEJIBHBIX YHCEJ; B3aMMOCBA3bL ITHX MHOKeCTB (uM3obOpaskeHue
9TOM B3AaMMOCBSI3H C IIOMOINBLI0 KpPYroB Jiljepa);

® (GopMYJIHMPOBKM OCHOBHBIX TeopeM ajre0pbl ¥ IeOMeTPHH.

1. BeickaseslBaHU A

JIro6oe yTBep:kJeHHE, 0O KOTOPOM HMMEET CMBICJ IOBOPHTH, YTO OHO
HCTUHHO (BepHO) HJIM JIOJKHO (HEBEpHO), HA3LIBAETCH BBICKa3bIBAHHMEM.

Hanpumep, BHICKAa3bIBAHUAMHN ABIAKTCA CHEAVIOIINE YTBEDPKIACHUA:
1) «umcno —30 sBIAeTCA IEJNBIM YHUCJAOM» (3TO YTBEPIKAEHHE MCTHUHHO);
2) «Boara Bmagaer B Kacnwmiickoe mope» (MCTUHHOE YTBEpIKIeHUE);
3) «5>T» (10kHOE yTBEpP:KIEHHE).

W3 xam/J0ro BBICKA3BIBAHUA U MOXKHO IIOJIYYNTH HOBOE BBICKa3bIBa-
HUe, OTPHIAad ero, T. e. YTBep:KJasd, YTO BEICKA3LIBAHUE U HE BBIIOJI-
HAaeTcsA. Ero Ha3bpIBAIOT OTPHIIAHHEM BBLICKABLIBAHUA U M 0003HAYAIOT
U (4uTaeTcs «He U» WM «U C YepTOM»).

Hanpumep, [is BBEICKas3bIBAHUA U: «9HUCJO0 7 UETHOE», BBHICKA3LIBA-
HUE U MOKHO c(hOpPMy/JIHMPOBATH CIEAVIOIMM 06pA3oM: «Uucao 7 Heuér-
HOe» WM «4YHUCI0 T He ABIAeTCH UYETHBIM». 3aMETHM, UYTO 37eCh BhI-
CKasblBaHME U — JIOXKHO, & BBICKA3biBaHME U — MCTHHHO. M B Apyrux
cayuasix, ecjid OfHO M3 BHICKA3BIBAHUN U WJIM U MCTHHHO, TO JPYyroe —
JI03kHO. B Tabiuie npuBeseHBEl NPUMepPhl BHICKA3BIBAHUM U M UX OTPHU-
OaHUi U, BalMCh KOTOPHIX WCIOJbL3YeT MATEMATHYECKYIO CHMBOJHKY.
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v v I
4+6=10 (UcTHUHHO) 4 +6+# 10 (noxHo)
2>3 (noxHo) 2 <3 (MCTUHHO) ;
-10 € Z (UCTUHHO) —10 ¢ Z (noXxHO) _
Z c Q (ncTrHHO) Z z Q (noxHO) |
ZNN=N (uncTuHHO) ZNN=N (noxHo) |

2. IpegnoKeHuss ¢ NepeMeHHBIMHA

MaTemMaTHKa 4acTO MCHOJIb3YVET YTBEpP:KJEeHUs, 3aBUCAIIHE OT Iepe-
menHo#. Hanpumep: 1) x>0; 2) x e N. OueBuaHO, 9TO JJid OAHUX 3HAa-
YeHH# X B THX IpHMepax cQOopMyJHPOBAHHBIE YTBEPIKIEHUA UCTUHHEI,
a OadA APYTHX JIOYKHBI.

Vreep:kaeHUA MOAOOGHOTO pOJa HASHIBAIOT MPENJIOKeHHAMH C Iepe-
MeHHOH X W o0o3HauawT p (x), a B ciay4yae 3aBHCHMOCTH OT JABYX Iepe-
MEHHBIX X M Y OpeAjioKeHus 00bYHO obGozHauaioT p (x;y). Ilnsa xax-
JIOTO TPEeAJIOKEeHUsA ¢ IIePEeMEeHHON NPUHATO yKa3blBaTh, Ha KaKOM MHO-
xxecrse X OHO 3ajaHo. EciauW Ke DOHATHO, O KAKOM MHOMeCTBe HIET
peub, TO ero OOBIYHO He yKasbiBaloT. Hanpumep, mpejjoskeHue p (x):
3x2+5x—2=0 sBIfeTCA YpaBHEHMEM, KOPDEHb KOTOPOIO IIpeJIojaraer-
CA MCKATh HA MHOYKECTBE MEeHMCTBUTEJbHBIX 4YHceJ (ero KOPHAMH SABJIA-

1 -
I0TCA X, = 3 x,=-2). Eciu 661 TpebGoBasioch, Hapumep, HAUTH TOJBKO

IeJIOYHCJEeHHBIE KOPHH 9TOr0 ypaBHeHHMsA, TO 3ajada Oblma Obl cop-
MyJHApOBaHa caeAylomuMm obpasom: 3x2+5x—-2=0, xeZ (pemeHuem
3TOTO0 YPaABHEHMA SABJISAETCA X =—2).

Muoskecrso X, Ha KOTOPOM 3aJaHO IIpPeAJOKeHHe p (X), MOKHO pas-
6HMTh Ha [ABa IOAMHOMKECTBA: OAHO COAEPIKUT Te 3JIeMeHThl X, AnA
KOTOPBIX MpeAsoKeHue p(xX) HCTUHHO (ero Ha3bIBAIOT MHOKECTBOM
HCTHHHOCTH), IPyroe — I8 KOTOpsIX p (x) noxHO. Ecam nepsoe u3 1moj-

MHOYKeCTB 0003HAUUTL A, To BTOopoe Oyzer muoxectBoM A. flcHO, uTO

KajkJoe M3 MHOXKeCcTB A um A sBIfeTCA AOIOJHEHHEM JAPYyroro A0 MHO-
skecrBa X. Hampumep, MHOXeCTBOM HMCTHMHHOCTH A HepaBeHCTBa

x2—-1<0 sBasierca uHTepnBan (—1; 1), a MmHOKXecTBOM A sABIfAeTcH IO-
IIOJTHEHHE 3TOT'0 MHTEPBAJIA 0 MHOMKECTBA BCeX AeHCTBUTEJIbHBIX UHCeJI:
(—o0; —1JU[1; 4+ o).

IIpennosxenue p (x) (onpeneséHHOE Ha MHOMKecTBe X) Ha3bIBAIOT OT-
PMIaHHEeM NpeAIoKeHHs p (x) (ompeneslEHHOrO Ha TOM K€ MHOMKe-
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crtBe X), ecam OHO oOpamjaercs B UCTHH-
Hoe (J103KHOe) BBICKA3bIBaHHE IJs TeX H
TOJBKO TeX 3HAYeHWil X, OIS KOTOPBIX
p (x) noxHO (MCTHHHO).

Ecnu A — MHOKeCTBO UCTHMHHOCTH IIpej- A
noxeHus p(x), To A Oymer MHOMKECTBOM

HCTHHHOCTH Ipemioxkenus p (x). Ha pucyn-

ke 60 ¢ momMoI B KPyros Jiijepa moxasa- AUA=X,ANA=0
HO COOTHOIIEHHE MEMXAY 3JeMEeHTAMU MHO-
xecTB X, A u A. Puc. 60

3. CuMBOJIB OOIIHOCTHM M CYyL[€eCTBOBaHHUA

Eciu B MaTeMaTHKe XOTAT CKas3aTh, YTO HEKOTOPOe HpeyoKeHHue
p (x) BepHo mns Bcex x € X, To samuceiBaioT Tak: (Vx)p (x).

3mak obmmocTH V — mepeBépHyTas IiepBas 3arjaBHas OykBa aHr-
auiickoro ciosa All (Bce) sameHseT cJI0Ba «AJsa a060ro», «Iad BCeX»,
«LJIS KaMKI0TO» .

Eciu XoTAT cKasaTh, 4TO HpeIoKeHUe p (X) UCTHHHO XOTA Obl AJs
onxHoro sHaveHus x € X, To sanuceBaioT (3x)p (x).

3HaK CymecTBOBAHMA I — 3ePKAJLHO OTpa’KEHHAA NepBas 3arjaB-
Hasa OykeBa aHrauickoro cioBa Exists (cyuiecTByeT) — 3aMeHAET CJIOBa
«CYIIeCTBYET», «HAHIETCA», «XOTA OBl OOUH».

Kaspoe us BeickassiBanuit (Vx) p (x) u (3x) p (x) moxker 6u1TH a160
UCTUHHBIM, JHU00 JIOMKHBIM.

Hanpumep:

1) ecnu mpeasoxkerueM p (x) ABIAETCA HepaBeHCTBO |x|>0, To uc-
TUHHBIMH OVAYT Kak BbicKaseiBaHue (VXx) p(x), Tak ¥ BBICKas3bIBaHUE
(3x) p (x); 2) ecniu npeanoxkeHueM p (x) sABIsieTCs HepaBeHCTBO x2>1,
10 (3x) p (X) — UCTHHHOE BHICKA3BIBAHUE, TAK KaK, HAIIDUMEDP, IIPHA X = 2
npejoxenue p (x) meruano: 22> 1; BeickassiBanue ke (Vx)p (x) J10xK-
HO, TAK Kak, Hanpumep, npu x=0,5 npennoxkenue p (x) JOMKHO.

OrMeTnM, 4YTO JJIS OIPOBEp;KeHHuA BbICKasbIiBaHUA BuAa (Vx)p (x)
JAOCTATOYHO TNPUBECTH KOHTPIPHMEP, T. €. IPHUMED HEBBIIIOJHEHUSA BBI-
cKaspiBaHUA p (x) XoTd OblI Aas ogHOrO X € X.

T'unoressl (IPeANOJIOKEHUA) MOI'YT PACCMATPHBATHBCA KaK IIPEAJIo-
JKeHHdA ¢ IepeMeHHBIMH. [[oKasaTejibCTBO I'MIIOTE3 OCYIECTBJIAETCHA
pasHbeIMU criocofaMu, a UX ONPOBEp:KeHHe YacTo NMPOMCXOAUT C IOo-
MOIIBI0 KOHTPIpHUMEpPA.

Wcropus MaTeMaTHKH 3HAET CJAYYall BBIABUIKEHUS I'MIOTE3EI O TOM,
uro (popmynoit n®+n+41 npu gwobom ne N 3ajmaércs NpPOCTOE YUCIIO.
HeticrBurensHo, npu n=1; 2; 3; 4; 5 U Ap. 3HAYEHUs BLIPANKEHHUA
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n?+n+41 — npocrele uncaa. Ho, HanpuMep, npHu n =41 3HaueHHe 3TOTO
BBIPAKEHUA — COCTABHOE YMCI0. J3HadeHue n =41 — KOHTpOnpuMep,
OIIPOBEPTAIOIINH BBIABHHYTYIO TUIoTedy o GopMyJie IPOCTOrO YHCJIA,

4. IIpamas u o6paTHasds TeopeMBI

M=Horue TeopeMbl B MareMaTHKe (DOPMYJHUDPYIOTCA IO CJIEAVIONIei
cxeme: «Jlma moboro asnementTa x € X M3 npeanokeHus p(x) caepyer
npeanoxeHue ¢ (x)» MJIA KOPOTKO:

(Vx)p(x)=q(x), xeX, (1)
rue 3Hak caedosaHus = 3aMEHSeT CJI0BA <«OTKYy[a CJIEAYeT», «Torgas,

«ECJIH..., TO...».
Yacro sanuck (1) sameHAwT Gojiee KOPOTKOM:

p (x) = q (x). (2)

IIpepnoxenue p (x) B yrBepskaesun (1) HaswIBaeTcHa ycrosuem meo-
pembt, a Npeajiodkenue ¢ (x) — 3axiloueHuem meopemobl.

PaccMOTpMM HECKOJIBKO IIPUMEPOB.

1) B reopeme Ilndaropa ycnoue p (x) MoKHO chOpPMYJIHPOBATE TAK:
«X — TIPAMOYTOJBHBIA TPEYrOJNbHUK»; 3aKjoueHue ¢ (x): «B Tpeyroiuas-
HHKEe X CyMMa KBaJpaToB [BYX MeHBIIMX CTOPOH paBHa KBaJApaTy Tpe-
TheH CTOPOHBI».

Hcnonpayss TEPMUHOJIOTHIO JOrMKu, teopemy Iludaropa MoKHO
chopMyJINDOBAThL, HAIIPUMED, TaK: «ECIM HEKOTODBI# TPEeYroJbHUK NPHA-
MOYTI'OJIBHBIN, TO CyMMa KBaJpaToOB IBYX €ro MEHBIIMX CTOPOH paBHA
KBaJpaTy TPeTbel CTOPOHBI».

2) Teopema «BucceKTpHUCE TPEYTIOJbHUKA II€PECeKalTCA B OJHON TOY-
Ke» #ABIAeTCA KpaTkou (ymobHOH aia saydywBaHudA) (HOpMYyJSIHPOBKON
reopembl «Ecnu ¢urypa x — TpeyrojibHUK, TO OMCCEKTPHCHI €ro YIJIOB
IepeceKalTcs B OJHON TOYKe». 3[1eCh YCIOBHEM TeOPeMEl AABJISAETCH Ipe-
noxeHue: «dPurypa x — TpeyroabHuK (1000 TPEYTOJbHHK)», a 3aKJIIO-
YeHHEeM SABJAETCA NpeJoyKeHHue: «BucceKTpHChl yrioB GUryphl X mepe-
CeKaroTCsA B OTHOM TOUYKE».

3) B Teopeme Buera <«Ecim x;, M X, — KODHH ypaBHEHHSA
x%+px+q=0, To cunpaBeguBLl GOPMYJIBL X, + X, =—P, X, X,=(» yCIO-
BHEM fABJAETCA IPeAJIOKeHHe «X, U X, — KODHHM KBaJpaTHOTO ypaBHe-
HuA x2+px+qg=0». 3axkjgOUeHNEM TeOpPEeMbI SBJSETCA IIPe/AJIOXKeHue
X+ Xy=—P, X, X,=(».

Teopemsr p (x)= ¢ (x) u ¢ (x)= p(x) HassIBaoTCs B3auUMHO 0Opart-
HBIMH Teopemamu. VMHOrza ogHy M3 9THX TeODeM Ha3bLIBAIOT NMPAMOM,
a apyryio — obpartHoii. ficHO, uTOo NMI00YI0 M3 ABYX B3aMMHO OGpPATHBIX
TEOpEeM MOXKHO NPHUHATH 3a NPAMYIO.

W3 onpenenenus B3aMMHO 00paTHBIX TeOPeM CJenyeT, YTo ecau B ¢op-
MYJIHPOBKe IIPAMOM TeOpeMbl IOMEHATh MeCTaMU yCJIOBHE U 3aKJIIYeHHe,
TO moay4durcsa dhopMynaupoBra obpaTHoil Teopembl. Hanpumep:
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1) reopemy, ob6paruyio reopeme Iludaropa, MoKHO chOPMYIHPOBATH
Tak: «Ecam cymMMa KBaApaToB JBYX CTODOH TPeyroJlbHHMKa pDaBHa KBaj-
pary TpeTheil CTOPOHBI, TO 3TOT TPEYrOJbHHUK IPAMOYIOJbHBIH»;

2) B reopeme Buera, noMeHAB MECTAMU YCJIOBHE U 3aKJIOUEHUE, UMe-
eM YCJIOBHe X, + X,=-p, X,X,=(g» U 3aKJIOUeHHe «X,; U X, KODHH KBa-
APATHOTO ypaBHeHHS X°+ px+¢q=0».

TpagunuonHo Teopema, obparHas Teopeme Buera, opmynupyercs
rak: «Ecam uuciaa x,, X,, p ¥ ¢ TAKOBBI, YTO X, + X,=—P U X,X,=(, TO
YMC/Ia X, M X, ABIAIOTCA KOPHAMM ypaBHeHUA x?+px+q=0».

Ba)xHO 3HaTH, YTO CpeAM Iap B3aMMHO oOpaTHBIX TeopeM ofe MOIryT
ObITH BepHBIMH (Kak, Hanpumep, aas TeopeMm Buera u Iludaropa); obe
MOryT OBITh HEBEDHBIMHU; OJHA U3 HUX MOKeT ObITH BEDHOM, a Apyrasa —
HEeBEPHOM.

Hanpumep:

1) npamas Teopema «Ecau HaTypajbHOe UMCJIO OKaHYMBaercsa Lup-
poit 0, To oHO menutcs Ha 10» u el obparHas «Eciau HaTypalbHOE YHC-
Jgo genurca Ha 10, To oHO oxkaHuuBaeTcda mudpoit 0» ABIAIOTCA BEpHHI-
MH (HCTHHHBIMH);

2) HEBEDHBIMU SABIAIOTCS U IPAMAA TEO-
peMa «Ecim MHOrOyroJbHHK X — TPEYIOJb-
HHUK, TO CyMMa ero yrJjos paBHa 360°» m e
obparnas «Ecium cymma yrioB MHOIOYroJib-
HUKa x paBHa 360°, TO 3TOT MHOrOyroJjb-
HHUK — TPEYI'OJIbHUK »;

3) Teopema «Juaronanu mawboro pomba

B3aMMHO NEPHeHAUKYJIAPHBI» BepHa; obpar- Puc. 61
Haa e el Teopema «Ecim amaroHaau de-
THIPEXYTOJBHUKA B3aMMHO IIePHEHAUKYJIAPHBI, TO 3TOT YeTHIPEXYIOJb-
HUK #ABIfAeTcA poMOOM» HeBepHA, TAK KaK MOXXHO IIPHBECTH IIPHMEp
YeTHIPEXYIOJBbHIKA C B3AMMHO HePHeHAUKYJIAPHBIMH JUATOHAJNAMH, HE
Apaameroca pomoéom (puc. 61).

5%, HeoOxoxaumMble M AOCTATOUYHBIE YCIOBHUA

Ecnu Teopema p(x)= ¢ (x) BepHa, TO eé ycioBHe p (X) HASLIBAIOT
JOCTATOYHBIM YCJIOBHMEM [JIsI 3aKJI04YeHud ¢ (x), a 3axkyjodeHue q (x) Ha-
3BIBAIOT HEOOXOXMMBIM ycCJaoBMeM IJs p (x).

Hanpumep, Teopema «IIuaromanu pomba B3aMMHO HepPIEHAMKYJIAD-
HBI» BEpHAa, 3HAYHUT, €€ ycyioBHe P (Xx) «YeTHIPEXYTrOJBLHHUK X — pPoMO»
ABJSETCA AOCTATOYHBIM YCJIOBHEM A 3arjioueHus ¢ (x) «Iuaronanu
YEeTHIPEXYTOJBHAKA X B3aMMHO NEPHEHAUKYIAPHBI». Takum obGpasom,
418 TOro 4TOOBI AMAroHANHN UeTHIPDEXYTOJNbHHUKA OBLIW NepHeHAUKYJIaAp-
HBI, JOCTATOYHO, 4YTOOBI 3TOT YETHIPEXYIOJBHHUK OBLI poMOoOM. 3aKjio-
YeHUe 9TOil TeopeMhl ¢ (x) sABaAeTCS HEOOXOAMMBIM AJs YCJIOBUS 3TOH
TeopeMbl p (x). MoHO CKasaTsk, UTO, AJIA TOrO YTOOE UETHIPEXYIOJBHUK
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ObL1 pomMOOM, HEOOXOAMMO, YUTOOBI €ro AMATOHAJH ObLIW HepHeHIUKY-
JISIPHBI.

Eciu BepHA He TOJNBKO TeopeMma p (x)= g (x), HO u e obOparHasn
q(x)=p(x), To p(x) sABIAeTca HEOOXOAMMBIM M XOCTATOYHBIM YCJO-
BHeM A1A ¢ (x), a ¢ (x) sBaAseTca HEOOXOJUMBIM U JOCTATOYHBLIM YCJO-
BUeM aus p (x).

Hanpumep, BepHBIME ABAAKTCA Kak Teopema I[ludaropa, Taxk u eé
obpaTHas, 1MoaToMy cHOPMYJIUPOBATE €€ MOMHO Tak: «J/ljs Toro urobOnI
TPEYIrOJBbHHUK OBII IPAMOYTIOJIbHBIM, HEOOXOAMMO M AOCTATOYHO, YTOOBI
cyMMa KBaJIpaTOB ABYX €ro CTOPOH ObLIa paBHa KBaJApaTy TPeThbeii».

3aMeTHM, YTO CJIOBA «HEOOXOAUMO M JOCTATOYHO» B (OPMYJIMPOBKAX
TEOpeM YaCTO 3aMEHSAIOT CJOBaMHU <«TOTZa, M TOJNBKO TOrjga», «B TOM,
B TOJBKO B TOM CJydYae», «Te, H TOJBKO Te».

6*. IDOTUBONONOMHEIE TEOpPEMEl

Teopems! p (x) = ¢ (x) 1 p(x) = ¢ (x) HA3BIBAIOTCA B3AUMHO IPOTHBO-

MOJIOKHBIMH.

Hanpumep, ma teopeMbl «CyMMa BHYTPEHHHX YIVIOB TPEYTOJIBHH-
Ka pasHa 180°» mpoTuBONONOKHON OyzeT Teopema, B KOTOPOH BMeCTO
YCJIOBUMSA U 3aKJIOUeHHUs OyyT cHOPMYIUPOBAHBI UX OTDUIAHUA: «Y MHO-
TOYTrOJIbHUKA, He SABJIAIOLIErocs TPeyroJbHUKOM, CYMMa BHYTPEHHHX
yryoB oraudHa or 180°». Obe aTH TeopeMbl BEDPHEI.

BreiBaioT ciaydam, KOrja OJJHA U3 B3AUMHO MIPOTHUBOIIOJOMKHBIX TEOPEM
BepHa, a Jgpyrad Her. Hanpumep, A TeopeMbl O IePIeHAUKYIAPHOCTH
JuaroHajeit pom6a IpPOTHBONOJIOMKHAA efl TeopeMa He BepHA.

Ecnu teopema g (x) = p (x) obpaTrHasa gia TeopeMsl p (x) = ¢ (x), To

Teopema ¢ (x) = p (x) Ha3bIBaeTCS NMPOTHBOIMOJIOMKHONH oOpaTHOI.

HaBecTHO, uTO mapsel Teopem: 1) p(x) = ¢ (x) u q (x) = p(x) (npamas

M IIPOTHBOIOJOMHAA obpaTHoit); 2) ¢ (x) = p (x) u p (x) = ¢q (x) (obpaTHas

¥ TPOTHBOIIOJIOMKHAS) — BCErJa ONHOBPEMEHHO HCTUHHBI MM JIOMKHBI.

Hanpumep:

— npaMag TeopeMa «BHCCeKTpuCHl BHYTPEHHMX YIJIOB TPEyTroJIbHU-
Ka IepeceKaloTcsi B OJHOW TOYKE» UCMUHHA;

— oOpaTtHasn eil Teopema «Ecam OHCCeKTPHUCHI BHYTPEHHUX YIJIOB
MHOI'OYI'OJIbHUKA IIepeceKarTcs B OJAHOH TOYKe, TO 3TOT MHOTOYTOJBHUK
ABJSAETCSA TPEYrOJBHUKOM», J0JdHa (Hanpumep, y pomba, ABIAIOIIEroca
YeTBIPEXYTOJBHUKOM, OMCCEKTPHUCHI BHYTPEHHHUX YIJIOB IepeceKkaioTcs
B OJHOM TOUKeE);

— NPOTHBOIOJIOMKHAN Teopema «EcaM MHOTOyroJbHUK He ABJIAETCH
TPEeyroJbHUKOM, TO OHMCCEKTPUCHI €ro BHYTPEHHUX YIJIOB He IlepeceKa-
I0TCSA B OGHOM TOUYKe» JONHA (KOHTpHpumep — pomb);

— TeopeMa, MPOTHBONOJOKHAA o0paTHOI, «Ecin 6ucceKTpUCH BHY-
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TPEHHUX YIJIOB MHOTOYI'OJIbHUKA HE HepeceKalTcs B OJHOH TOYKe, TO
9TOT MHOTOYTOJBbHHK He SABJIAETCH TPEeYyroJbHUKOM», UCMUHHA.
Hepenko noxasaTesibCTBO NPAMON TeOpeMbl ObIBaeT 3aTPYAHUTEIBHO
(B aTOoM yuamuecs ybeauiamch B Kypce nmiaanuMmerpuun). Torma npuberaior
K ZIOKa3aTeJbCTBY METOAOM OT IPOTHBHOTO, KOTOPOe 3aKJ/04aeTcd B JO-
Kas3aTeILCTBE BMECTO MPAMOM TeopeMsl p (x) = ¢ (x) TeopeMbl, IPOTHUBO-

moJioyKHOM obpaTHO¥ ¢ (x) = p (x).

YcTHbie BONPOCHI U 3apaHus |

1. Kaxoe yTBep:KAeHHe Ha3bIBAIOT BHICKA3bIBAHHEM?

2. IlpuBecTH IpHMEp BBICKA3bIBAHWA W €ro OTPHUIIAHHA.

3. Kaxue yTBep:KIEHUS HAa3BLIBAIOT MNPEAJOKEHUAMH C IIepeMeHHOH
(c mepemenubiMu). [IpuBecTH NpUMep IPeAJIOKEHUA C IePeMEeHHOH.

4. Yro Ha3LIBAIOT MHOYKECTBOM HMCTHHHOCTH IPEIJIOKEeHUA ¢ IepeMeH-
HOI?

5. Kax cBsi3aHbl MHOKECTBO HCTHUHHOCTH A IIpeaIosKeHus p (xX) ¥ MHO-

JKeCTBO MCTUHHOCTH A mnpemioxeHus p (x), ecau p (x) u p (x) onpe-
JeqeHsl Ha MHoKecTBe X7

6. UYro obosuHauaer sanuck (Vx)p (x); (3x)p (x)?

7. Kaxkum criocoboM MOKHO OINPOBEPrHYTH BEICKA3bIBaHHE BHJA
(Vx) p (2)?

8. [IIpoumrars sanuck: (Vx) p(x)=¢q(x), xe X; (Ax)p (x) = q (%), x € X.

9. Kax B CHMMBOJHUYECKOH 3amucu TeopeMhl p (x) = g (x) HasblBaeTcs
npepsoxkenue p (x); npepnoxkenue q (x)?

10. Kax HasbIBalOT TeopeMy Buaa ¢ (x) = p(x) mo OTHOIIEHUIO K TeOo-
peme Buzaa p(x) = q(x)?

11% IlosscHUTE B UYEM COCTOHT CMBICJ AOKA3aTeJbCTBA TEOPEeMbl MeTOHA0M
OT HPOTHUBHOTIO.

BaoaHsIe ynpaxHenus |

1. Ha#tu pomonHeHHe MHOMKecTBa M 10 MHOXKecTBa BCeX JeHCTBH-
TeJbHBIX YHCEJI, eCJIH:
1) M={x:x<3, x€R}; 2) M={x:x>5, xe R}.

2. Haijitu cymMMy M npousBefeHHEe KODHell ypaBHeHHA:
1) x2-Tx+12=0; 2) x2+x-12=0.

3. Haiitu x, +x, u x, - x,, €CIU U3BECTHO, UTO X, U X, — KODHU ypaB-
HeHUA:
1) x2+ mx—-6=0; 2) x2-3x+n=0.

4. B npamoyroasHoM Tpeyronsauke ABC yron ACB — upsimo#. Haiitu:
1) AB, eciu AC=4cm, BC=3cm;
2) AC, ecnu AB=Tcm, BC=3cwMm.

5. Ccpopm%nnfo%a'rb NpU3HAK JEeJUMOCTH HATYPAIBHOTO yucjaa Ha: 3;
5; 9; 10; 4; 8.
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YnpaxHeuus |

387.

389.

390.

391.

392.

393.
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ChopMysMpoBaTh BBICKA3LIBAHHE U, €CJIM M3BECTHO BBHICKA3bIBA-
HUe U:

1) /=71 2) 452 3;

3) n00oe HaTypaJIbHOE UYMCJIO SABJIAETCH LEeJbIM YHCJIOM;

4) y 3eMJIM TOJBKO OJUH €CTECTBEHHBLIW CIYTHHK.

HaiiTu MHOKeCTBO MCTHHHOCTU IIPEIJIOMKEHUS:
1) n — HarypanbHBINA geauTes b uyuciaa 42;
2) k — HaTypaJbHOe YMCJIO, KPAaTHOe YMCIy 5, Ho MeHbIIee, uem 30;
2_ <
3) 5<x<1, xeZ; 4){"" 2x+1<0,
x> 0.
HajiT MHOKeCTBO HCTHHHOCTH AJISi IPEAJIOXKEeHHus p (X), ecau AaHo
npeajoxenue p (x):
1) 4<x<2; 2) x e(—o0; 2) U (3; +c0);
8) x%-3x+4=0; 4) x?+9<0.
Jna Kaxmoro ua3 npemyoKeHui p (x):
1) Vx = 6; 2) |x|>-3; 3) x2+8=0; 4) x2-7>0
ONpeJAeNIuTh, MCTUHHBIM WJIM JIOXKHBIM SABJIAETCA BBICKA3BIBAHHE
(Vx) p (x); (3x)p (x).
OnpenenuTb, MCTHHHBIM WM JIOXKHBIM SBJIAETCA BhICKA3hIBAHHE
(Vx) p (x); (3x)p(x) ana KaxAOro M3 NpemsIoKeHHH p (x):
1) TpeyronsHUK X — paBHOGEAPEHHEIH;
2) mapasniesorpaMM X SBJISeTCA KBaJApaToM;

3) meHTpaJBHBINH Yroa x paBeH Ayre, Ha KOTOPYIO OH ONMpPAETCH;
4) cyMMa YIUIOB BBIITYKJIOI'O YETHIPDEXYTOJBHHKA paBHa 360°,

BeimenuTe ycnoBHe UM 3aKJIOUEHME TeopeMbl; CHOpPMYJIHPOBATH
TeopeMy, OOpaTHYIO HaHHOI:

1) ecniu cymma unudp uYuciaa AeJUTCHA HA 3, TO M CAMO YHCIO
JOeJATCA Ha 3;

2) KaKaBId 4ieH apu(MeTHYECKOH IporpeccHH (HauwHAas CO BTO-
poro) paBeH IMOJYCYMMe COCeIHUX C HUM UJIeHOB.

ChopmysmpoBats TeopeMy, o6paTHyio faHHON. UeTUHHOMK Man 105%K-
HOM ABJIAETCA KakKaasd U3 3TUX Teopem?

1) cymMmMa IPOTMBOMOJIOMHBIX YIVIOB YeTHLIPEXYTOJbHHKA, BIOHCAH-
HOT'O0 B OKDPY!KHOCTb, paBHa 180°;

2) ecim gBe mapaJlielibHBIE IIPSAMBIE II€pecedYeHbl CeKyimel, To
ofpasoBaBIlIneCs HAKPECT JiedKallue YIJVIbl PaBHBI;

3) okoJI0 JM1060r0 MPAMOYTOJBHHKA MOYKHO ONMCATH OKPYIKHOCTb;
4) nuarosHanb NapajjeJorpaMMa JeJUT ero Ha IBa DPaBHBIX Tpe-
YTOJBHUKA.
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394. IIpuBecTH KOHTPIPHMED, ONPOBEPraioliuil yTBep:KIAeHUe:
1) B n11060#1 4eTHIPEXYrOJBHUK MOYKHO BIHCATh OKDYYKHOCTD;
2) gna npdoro TpeyroJbHMKA CyMMa KBaJpaToB JBYX €ro CTOPOH
paBHA KBAAPATY TPETbeil CTOPOHEI;
3) cymma umceJl ¢ Pa3HLIMHM 3HAKAMM €CTh YHCJIO OTPUIIATEeJILHOE;
4) B paBHOOEAPEHHOM TPEYrOJLHHUKE OAUH YIOJ TYHOH.

JoxasaThk WJIX ONPOBEPrHYTH BHICKA3bIBAHME:
1) cymMMa JBYX IIOCJIEAOBATEJBbHBIX HATYPAJIbHBIX YHCEJ €CTh YHC-
JI0O YETHOE;
2) cymmMa TPEX MOCJeZOBATENLHBIX HATYDPANbHBIX YHUCEJ AeJUTCH
Ha 3.

3aMEeHHTb MHOTOTOUME CJIOBAMH «HEOOXOAMMO», «AOCTATOYHO» MU
«He0DXOAMMO M JOCTATOYHO» TAKMM 00pasoM, 4TOOBLI MOJIyUYeHHOE
yTBep:KAeHUe ObLIO UCTHUHHBIM!
1) gna Toro urobbl cymMMa ABYX HaATYpaJbHBIX 4YHCeJ [IeIMjlach
Ha 2, ..., 94TOOBI YHcaa OBLIM UETHBIMH;
2) pnsa Toro urobbl wmcao Aeamsiock Ha 9, ..., 4TOOBI cymMMa ero
uudpp meaunacs Ha 9;
3) ana Toro 4robbl umMciaa X, U X, ObLIM KODHAMHU ypaBHEHUA
x2+px+q=0, ..., 4TGB! X,X,=q.

Noruyeckue cBA3KM U Tabnuua MCTUHHOCTMU

3anuck MHOTHX BBICKA3bIBAHHM B JIOTHKE OCYIIECTBJIAETCHA C IIO-

'j MOIIBIO CHelMaJbHbIX 3HAKOB, YaCTh M3 KOTODBIX BAM yXKe 3HA-

= koma. D10 Tak HasblBaeMble Keanmopwl: ¥V — obmHocTH (¢ANISA

Bcex») M J — cyIecTBOBaHUs («CYIeCTBYeT», <«HaiiféTcsa»). 3HAK cle-

AoBaHUA = (3aMEHSAINIUN CJIOBA «€CJH..., TO...») HA3BIBAETCHA UMMNIU-

Kayueil, 3HAK — WJIM YepTa HAJ CUMBOJIOM BBICKA3BIBaAHUA 0D03HAYAIOT
OTpPHIAHME BEICKA3LIBAHUA («He») W HA3BIBAETCHA UHEBepcuell.

™ A ¢ KAKMMH 3HAKAMHM MBI €lé He 3HAKOMBI?

> Brl He 3HAKOMBI eIlé ¢ JIByMs OCHOBHBIMH JOZUYECKUMU C6A3-

9 Kamu (MHOrZA WX HASBIBAIOT ONEpayuAMuU). A — KOHBIOHKUUel

- (3amMeHAIOmIEH COI03 «HM») U VvV — JudsWHKYUel (3aMeHAOMEN

coiod «uau»). C uX nmomoinsio o6pasyior caoxcHbie BeicKassiBaHuA. [lo-

IyCTHM, AaHbI BhICKA3bIBaHHE p (x): «Ymciao x pmenurTcs Ha 2» M BBI-

ckaseiBaHue ¢ (x): «UYwmeno x pmenmres Ha 3». Torzga BeICKaskEIBAHME

p (x) A q(x) 6yner rakum: «Yucno x genures ¥ Ha 2, u Ha 3». Bricka-

3uiBaHMe p (x) v g (x) 6ynmer crepymoommum: «Yucio x genuTcsa XoTa Owr

HA OJHO M3 4yuces 2 MJIM 3» MIM KOPOTKO: «Ymcino x gmenurcs Ha 2
MK Ha 3».
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228

B noruke BhICKA3BIBAHHMM uccjenyercd MCTHHHOCTL HJH JIOMHOCTH
KOHBIOHKIIUM W AM3BIOHKIMM JBYX BbICKA3bIBAHHH B 3aBHCHMOCTH OT
TOro, KakKkMMH (HCTHHHHMH HJIH JIOHBIMH) ABJIAIOTCA CaMH BEICKAa-
3bIBAHHA. Hanpumep, BBICKa3blBaHHEe P A (¢ HUCTHHHO TOrJa H TOJIBKO
TOra, KOrja MCTHHHEI 00a BBICKA3BIBAHHSA P U g, ecJH XOoTH 661 OHO
H3 HHX JIOM¥HO, TO JIOMHa M HX KOHBIOHKIHHA.

1 mpoBepuJ cOpaBeJIMBOCTH BAIller'0 YTBEPIKACHHA 0 KOHBIOHK-
(3,‘} UM BHICKA3LIBAHHUM, CBA3AHHBIX € AEJAHMMOCTHIO YHMCJa X B Ha 2,
. 1 Ha 3. A Kak Belér cebAa NU3BIOHKIIMA JIBYX BbICKA3BIBAHHI?

> IIpeasaraio BaM pacCcMOTpeTh TaK Ha3bIBAEMYIO Maliuyy uc-
GE® * muHHOCMU, B KOTOPOH MOKa3aHO — UCTHUHHBIM (M) HJIH JOMKHBIM
 (s1) 6yzer CKOHCTPYHMPOBAHHOE CJIOMKHOE BhICKasbiBaHWe (B 3aBH-
CHMOCTH OT MCTHHHOCTH COCTABJAIOINIMX €r0 BBICKABBIBAHUIT):

1 p q pPAgQ pvq p=q p |
1 7] ] " " n |
2 7] n n " n ]|
3 n " n " " " |
4 n n n n "

ey, S xouy ybenuThes B cipaBeJIMBOCTU 2T0# Tabuuinbl, 6epa B Ka-
. 8 - s

4,4 4JecTBe BHICKA3BIBAHWM P ¥ ¢, HANPUMED, IPOCTEHIINE YHCIOBbIE
HepaBeHCTBa (BepHble W HeBepHwe): 3>1, 3<1, 5>2, 5<2
B T.I.
Cpenaem npoeepky. Hanpumep, BBICKA3bIBaAHHE

p: «3>1» (mcTuHHO), ¢: «5<2» (10KHO),

TOT/A:
pAag: «3>1 m 5<2» (JIOIKHO);
pvq: «3>1 nnu 5<2» (MCTHHHO);
p=q: «eciu 3>1, To 5<2» (J0KHO);

p: «3F1» unu «3 < 1» (103%HO).
Pe3yabTaThl COBOANM C AAHHBIMM BTOPOM CTPOKH TabIMIIBI.

ey, IIpodeccop, s BUIKY CBASH KOHBIOHKIIMH € IlepecedyeHHeM MHO-
*': JKECTB MCTHHHOCTH [[BYX BBICKA3LIBAHWIH, 8 JU3BIOHKIMHA — C HX
g obbeIUHEHHEM.

Ter abconorHo npasa. MoKHO, HAaIPpUMep, CHCTEMY YpaBHEHUWM
%E—" paccMaTpHBaTh KAK KOHBIOHKIIWIO BEICKA3bIBAHUH — ypaBHeHUH
= CHCTeMBI, 8 COBOKYIHOCTh YPABHEHHIl — KAK HX AUIBIOHKIIHIO.
IMoGaBiaio, 4TO CJAOBO «KOHBIOHKIHMA» IPOMIOIILIO OT JaT. conjunctio —
CB#3b, COIO3, & «JAU3BIOHKIHUSA» — OT JaT. disjunctio — pasjaudue.
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AOoBaHue U PpaBHOCW/IbHOCTDb

B npegbiaywem naparpade Bbl NO3HAKOMUAMCL C PasNn4YHbIMW Bbi-
CckasblBaHUAMU. 3HAETe, 4YTO Takoe MHOXECTBO WUCTUHHOCTU Npeasno-
XEeHus ¢ nepemeHHor. PaccmoTtpenu npumepsbl cnenoBaHus OOHOro
npeanoxenua u3 gpyroro. B atom naparpade Ha npumepax KOpPHEW
ypPaBHEHUN U PELUEHWNIA HepaBeHCTB (Kak MHOXEeCTB MCTUHHOCTU COOT-
BETCTBYIOLMX YPABHEHWIA W HEPABEHCTB) Bbl NMO3HAKOMUTECH C MOHA-
TUAMU PaBHOCUJIbHBIX YPABHEHWI W HEpPaBEHCTB, a TaKXe C ypasHe-
| HUAMW U HEepaBEHCTBaMW-CNeACTBUAMU.

Hy>XHO BCNOMHWUTD:
¥ MOHATHUA MHOXKECTBa M €ro 8JeMeHTOB, IIOAMHOKEeCTBa JAHHOI'O MHO-
JKecTBa;

N moHATHA O0BEeIUHEHHS M IiepecedyeHUs] MHOXKECTB, [JONOJIHEHHUHA Of-
HOT'0O MHOZKeCcTBa J0 APYroro;

IOHATHA CHCTEMEI YPAaBHEHHMH W COBOKYIHOCTH YPaBHEHHH C TOUKH
3peHUs TEOPHU MHOIKECTB;

IIOHATHUA KOPHEH ypaBHEHUHA M pellleHWH HepaBeHCTBA;

GOpPMYJIBI COKPAUIEHHOTO YMHOYKEHHA;

MOHATUS NPEAJIOKEHUSA ¢ MepeMeHHOH M MHOYKeCTBa HCTUHHOCTHU
IpeaJIoKEeHUsI ¢ IepeMeHHOM.

E

HER

1. CregoBasve U PAaBHOCHIBLHOCTH

C nomsTHEM cllefjOBaHUA OAHOIO NpeajioeHHdA H3 APYIroro BbI IIO-
S3HAKOMHJIMCE B IIpeIbIAVIIEM uaparpacpe, Korjga ycjJoBHe M 3aKJIYeHHe
TeopeMEbl pacCMaTpHBalIl KaK onpe,uenéﬂﬂme npempjoxxeHud C IepeMeH-
HBIMH.

1 IIpepyoskenue ¢ (x) sBAAETCH CJHENCTBHEM IIPeAIOKeHUda p (x), ecan
BCerza, Korja NCTHHHO IpeijioKeHue p (x), oKkassiBaeTCa MCTHHHBIM
U npepioxxkenue ¢ (x).

Taxum oOpasom, ecam ¢ (x) — ciencTBUe IpeioyKeHUA p (x), TO
MHOK€CTBO MCTHHHOCTH MpeJIoKeHus P (x) ABIAIOTCA IOTMHOMKECTBOM
MHOKECTBA HMCTHHHOCTH mpemjioskenusa ¢ (x). Eciu MHOXKecTBO HMCTHH-
HOCTH npemiokeHus p (x) oboszHauutrh P, a MHOXECTBO HCTHHHOCTH
npemioxkeansa ¢ (x) obosHaunts @, To PC Q. Tor dakrr, uyro ¢ (x) aB-
ngercda ciaeAcTBHeM p (X), 3aIHCHLIBAIOT TAK:

P (x)= q (x).
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3aMeTHM, UTO €C/IM MHOXKECTBA MCTHHHOCTH IIPEAJIOKeHu p (x) 1 q (x)
COBII&AIOT, TO KarKJ0e U3 HUX ABJIAETCS CJeACTBHEM Apyroro. PaccMor-
PHM IIPHMEpPHI:

1) Ilpepnoxxenue ¢ (x): «4UCIO X AeJMUTCH HA 2» SABIAETCH CJEACTBU-
eM IIpefJIOMKeHHdA p (X): «4uucyo x genurcss HA 6», Tak xak Jgoboe umc-
Jo, mensameecsa Ha 6, meaurcs u Ha 2.

2) Ipepnoxenue q (x): «x2=9» ABAAETCA CHEACTBUEM IIPEATOMKEHUT
p(x): «x=3», Tak kak P={3}, a @={-3; 3}, r.e. Pc Q.

Ilpegnoxernus p (x) u q(x), 3afaHHBIe HA OJHOM H TOM K€ MHOMe-
CTBe, Ha3bIBAIOTCA PAaBHOCHJIBHBIMH, ecsu p (x) = g (x) 1 g (x) = p (x).

Mmnoxcecmea ucmunnocmu paéHoCUnbHbLX pednoxcenull p (x)
H q (x) coenadarom. Tor dakT, yro npenoxkeHus p (x) u ¢q (x) paBHO-
CUJIBHBI, 3aIMCHIBAIOT TAK:

p (x) < q (x).

IIpuMepsl PABHOCHJIBHBLIX MPEJIOMKEeHUI:

1) p(x): «HarypanbHOe uncao x genurca Ha 3»; ¢ (x): «Cymma mudp
HaTYpaJbHOTO YHCJIA X JEeJUTCA Ha 3»;

2) p(x): «x?<4»; q(x): «| x|<2», Tak KaK MHOKECTBOM MCTHHHOCTH
U IpeJioKeHHud p (x), ¥ npeAnoxeHHuA ¢ (x) ABasgeTca oTpe3ok [-2; 2].

2. PaBHOCHIBbHBIE YPDABHEHHUS UM CUCTEMBLI YPABHEHHH.
YpaBHEeHUA-CIEICTBUSA

ypaBHBHHS-I H CHCTeMEI YpaBHEHHﬁ SABJIATCA IIpegJoXeHHAMH C IIe-
pPeMeHHBIMH.

PaBHOCHJIBHBIMH YpaBHeHHAMHM HAa3bBIBAKT YpPaBHEHHHA, HMeEIOIIHe
OJHHAKOBbBIE MHOXXeCTBa HCTHHHOCTH. HUuaue TroBOpA, YpPaBHEHMA
PaBHOCHJIBHBI, €CJIH MHOJKECTBA MX KODHEeH COBHIAAaloT.

Hanpumep, paBHOCHJIBHBIMH ABJIAIOTCA YPaBHEHUA:

1) Jx? =5 u | x|=5, Tak xak {~5; 5} — MHOKeCTBO KOpHe#l KakIo-
ro U3 HHX;

2) x*=-1mn Jx = -3, Tak xax MHOKeCTBO KOpHEHN KayXJaoro us HuxX —
IIycTOe MHOXKecTBO (00a ypaBHEHHMA He MMEIOT KOpHel).

IIpuBenéM npuMephl Npeo6pasoBaHMil, NMPUBOAAIIUX K PABHOCHUIb-
HBIM YPaBHEHHHAM, [IPUMEHHMOCTb KOTOPBIX MBI ODOCHOBBIBAJIM paHee
(ccptafich Ha CBOWMCTBA BEPHBIX UYHMCJIOBBIX DPABEHCTB).
® 1) JIxo6oe cnaraemoe MOYKHO IIEPEHOCHTHL M3 OJHOI YaCTH YpPaBHEHUS
B IpPYryi0, M3MEHUB ero 3HAK Ha IIPOTHUBOIIOJIOMKHBIN,

Hanpumep, ypasaerus 3x%—5x=7 u 3x?—5x — 7=0 paBHOCHIbHEI.
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® 2) OGe uacTu ypaBHEHHA MOXKHO YMHOMKATh (MM JEJIUTH) HA OXHO
¥ TO )Xe, OTJIMYHOEe OT HYyJIf, YUCJIO WK HA BhIpDAYKeHUe, He obpamnarlee-
CA B HYJb HHU IIPM KaKUX 3HAYEHUAX HEU3BECTHHIX.

6x 7

1+2%2  1+x2

Hanpumep, paBHOCUIbHEI ypaBHeHusa 15x =3 u 5x=1;

ubx="7.

1

CucreMs! ypaBHeHMIT DAaBHOCHJIBHBI, €CJIM MHOKECTBA MX DelNIeHHUH
COBIIAIAIOT.

Hanpumep, cucTeMbl ypaBHEeHUI {

- g -p
x+ty=5 _ {x ¥*=5 Lasxo-

x-y=1 x—y=1
CHJIBHBI, TAK KaK pelleHHeM KaxJI0l M3 HHUX ABIAETCA eJMHCTBEeHHAS
napa uyucesa (3; 2).

ITpusesém npumepsl npeoGpasoBaHMil CHCTEM ypaBHEHWH, NPHUBOMIA-
IUX K PaBHOCUJIbHLIM CHCTEMaM.

® 1) OgeOo M3 ypaBHEHHM CHCTEMBI MOJXHO 3aMEHSTh DPABHOCHJIbHBIM
eMy ypaBHEHHEM.
2x -y =3, {2x_y:3’5 PaBHO-

Hanpumep, cucTeMBl ypaBHeHU#H {Gx +dy=10"8x+2y =

CHJIBHBEI.

® 2) B ogHOM M3 ypaBHEHUIl CHCTEMBI MOJKXHO 3aMEHATH OJHO HEus-
BECTHOE €ro 3HaueHWeM MM BBIDAXKEHHEM 4Yepe3 [pyrue Heu3BecTHEHIe,
HOJIyYEeHHBIM M3 JIPYroro ypaBHeHusd (3T0 nmpeoGpasoBaHUE JIEKHUT B OC-
HOBe pelleHMs CHCTeM ypPaBHEHHUH CII0CO6G0M IOICTAHOBKM).
3 =2x-1 y=2x-1
Hanpumep, cucremsbl asrernit { Y > u 2
p P, yp x—-y=3 x-(2x-1)=3

PAaBHOCHUJILHEI.

® 3) OmgsO M3 ypaBHEHHMIl CHCTEMBI MOXXHO 3aMEHfTh YDaBHEHUEM, SB-
JAIINMCA CYMMOW ABYX ypaBHEHHUil, KaykJOoe M3 KOTOPHIX MOJYYEeHO
YMHOKEHMEeM NaHHBIX YpaBHeHMH Ha 4YHCIa, OTJIMYHBIE OT HYJAS (3TO
npeobpasoBaHue JIEXKUT B OCHOBE DEIIeHUsl CHUCTEeM ypaBHeHui cmocoGom

CJIOKeHHu ).

Hanpumep, paBHOCHJIBHBIMM ABJIAITCA CHCTEMBbl YDAaBHEHUIA:
x—-3y =35, x=-38y =9, x—8y =35,
2x+y=4|-8, |T6x+3y=12 7x = 17.

T =4

Pemas B 7—9 knaccax ypaBHeHUs, BBl JeJaJ{ IPOBEPKY MOJyYeH-
HbIX KOpHe#, TaK KaK B XoJe NpeoOpa3oBaHUl B psAje CIAy4YaeB IIOSAB-
JISJIUCh MOCTOPOHHME KOPHH. JTO NPOMCXOAMJIO, KOTAa mnmpeofpasoBaHue
IPHBOAMJIO K YPaBHEHHIO-CJENCTBHIO.
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IIpuBeséM npumepsbl npeobpasoBaHUM, NPUBOAAIMX K YPaBHEHHUIO-
CJIeICTBHIO.
@ 1) YmHOxKeHHe 00eHMX yacTel ypaBHEHHUsI HA BhIDA’KE€HHE C HEH3BEeCT-
HBIM IPUBOJUT K YPaBHEHHIO-CJIEJCTBHIO.

: x*-6 x
Hanpumep, yMHOKas 00e 4acTH ypaBHEHUS = (umeronie-
x+2 x+2

ro KopeHs Xx=3) Ha [ABy4YWIeH X+ 2, OOJYYHM YypaBHEHHe-CJeACTBHEe
x%—6=x (umeromero ABa KOpPHA X, =—2 M X,=3, OJUH U3 KOTOPBIX —
IIOCTOPOHHHUI AJIA MCXOIHOT'O VpPaBHEHUA).

@ 2) BosBegenme o0enx yacTel ypaBHeHHMA B KBajpaT IPHBOAUT
K YPaBHEHHIO-CJIEACTBHIO.

HanpumMep, BO3BOAA B KBaapaTr obe 4yacTH ypaBHeHHSA VO +4x = —x
(MMeIoImero KopeHb X =—1), MOJyYuM ypaBHeHue-ciejcTsue 5+ 4x = x?
(umeromero KopaEu X, =-1 u x,=5).

IIpu HEKOTOPHIX Mpeofpa30BaHUAX MOXKHO IOJIYYUTH YPAaBHEHHE, JJIA
KOTOPOr0 HCXOJHOE ypaBHeHHWe Oy[eT cJeACTBHEM IOJYy4YeHHOro, T. e.
MOKeT IPOHM30MTH moTeps Kopusa (uau kKopHeit). Hanpumep, ecau obe
yacTu ypaBHeHus x°>—1=x-1, umeroniero kopeu x,=0 u x,=1, pas-
JeJuTh Ha x— 1, To monyuurcs ypaBHeHue X+ 1 =1, KOpHEM KOTOpOro
Aensgerca Toabko x=0 (T.e. mpousoHaér noreps KopHsa x=1).

Jlenenne obeux UacTeil ypaBHEHHs Ha BbIpaKeHUE C HEU3BECTHBLIM
MOJKeT IPUBECTH K IOTepe KOpHA.

3. PaBHocHIbHBIE HepaBeHCTBA

IIpu pemeHMH ypaBHEHHUII mepexo] K ypaBHeHUAM-CJIe[ICTBUAM OCTaB-
JiAeT BO3MOYKHOCTH IIPOBEPUTH HAWJAEHHBbIE KOPHHM M BBIABUTHL IOCTOPOH-
HHE KODHH.

PemenusaMY HEPABEHCTB YACTO ABJAIOTCA NPOMEXKYTKH U3 OecKoHeU-
HOI'0O MHOXKECTBA YHCeJ, ¥ OCYIIeCTBUTh IIPOBEPKY HAaWAeHHBIX PenleHun
ObIBaeT HEBO3MOKHO. I1103TOMY HpPH pelIieHWH HePABEHCTB BBINOJHSAIOT
TaKHe npeobpasoBaHUs, KOTOPhIE IPUBOASAT TOJNbKO K PABHOCUJIbHBIM He-
paBeHCTBaM (HepPaBEHCTBAM, MMEIOIMM OJHHAKOBble MHOKeCTBa MCTHUH-
HOCTH).

PaBHOCHJABHBIMH HAa3BIBAIOT HEPABEHCTBA, MMeKOIIHe OJWHAKOBBHIE
| MHOKeCTBa pelleHHH.

HanmoMHUM HEKOTOpbIE IIpeoOpa3oBaHMUfA, KOTOPHIE IPUBOAAT K pasB-
HOCHUJbHBIM HEpaBeHCTBAM (OHM OCHOBAHBI Ha CBOHCTBAX BEePHBIX UMC-
JIOBBIX HEPABEHCTB — CTPOTHMX H HECTPOTHX).

1) Jlro6oe ciaraemoe MOKHO NEPEHOCHUTH M3 OJHOM YacTH HepaBeH-
CcTBa B APYIVIO, U3MEHHUB €ro 3HAK HA IMPOTHUBOIOJJOMKHBIH.
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Hanpumep, HepaBeHCTBO 3x+ 7<2—5x PaBHOCHJIBHO HEPaBEHCTBY
3x+bx<2-1.

2) OGe wacTi HEepaBeHCTBA MOKHO YMHOYKATh (MJIH AeJUTH) HA OJHO
U TO Ke IOJIOYKUTEJNbHOe YHCJI0 MJIH BhIpa’keHWe, IPUHUMAIOIIee TOJb-
KO IOJIOKUTENbHbIe 3HAYEHUS, COXPAHASA IIPH 3TOM 3HAK HepaBeHCTBA.

1
Hanpumep, paBHOCHIBHBEIMH SABJIAIOTCA HePaBeHCTBA: % x<4unmx<l12;

8x > T .
x2+5 x%+5

3) ObGe uacTH HepaBeHCTBA MOKHO YMHOXXAaTh (MJIM AeNUTH) HA OJHO
M TO K€ OTPHUILATEeJIbHOE YMCJIO WJIH BhIDAsKeHHe, IPUHUMAIOIIEe TOJbBKO
OTpHIIATEJbHBIE 3HAYEHHA, MEeHAA IIPH 3TOM 3HAK HepaBeHCTBA HA IIPO-
THUBOIOJIOMHBIHA.

Hanpumep, paBHOCHJILHLIMU SABJAIOTCA HepaBeHcTBa —2x 2 6 1 x <-3;
9x<2u 9x(—|x|-5)>2(-|x|-5).

8x=2Tmn

YCTHbIEe BOMPOCHI U 3afaHus

1. B kaxkom ciayuae npepnoxkenue ¢ (x) sABAsieTcs CIEACTBUEM IIpeJ-
noxernust p (x)?

2. [IlpuBecTH npuMep NpPEAJIOKEHHS, ABIAIOIIETIOCS CJIEJCTBHEM IIpel-
JIOKEHHAA «YUCIIO X JeJUTCA Ha H».

3. Kaxwue npexnoxxenus p (x) u ¢ (X) HA3LIBAIOT PABHOCHUJILHBIMH?

4. TIlpuBecTH HpPUMEDP MNPEAJTOIKEHNS, PABHOCHUJIHLHOI'O NPEAJIOKEHUIO
«wx? — HEOTPHIATEJbHOE YHCIIO».

5. Kaxwme ypaBHeHHs HA3BIBAIOT PABHOCHJIBLHBIMU?

6. IlpuBecTu mpumepsl IpeobpasoBaHWil ypaBHEHUS, NPUBOAAIIUX K
PaBHOCHJIBHOMY YDPaBHEHMUIO.

7. Kaxkwme cucTreMbl ypaBHEHHUH HAa3bIBAIOT PABHOCHJIbHBIMH?

8. IlpuBecTm npumepsl npeobpasoBaHUil CHCTeM YpPaBHEHHH, IPHBO-
AANIMX K PABHOCHJIBHOM CHCTEeMe ypPaBHEHMM.

9. Kax cBfizaHbl MHOYK€CTBa KOpHEH YDaBHEHHUA W YPABHEHHS, SBJISA-

IOIIErocsi CIeJCTBHEM HMCXOJHOI0?

10. IlpuBectu npuMeps! npeoOpasoBAHWN YpaBHEHHS, IIPHUBOAANIAX K
YPaBHEHUIO-CJIEICTBUIO, HEPABHOCHJIbHOMY HCXOJAHOMY yPaBHEHHIO.

11. ITpuBecTy npuMep MpeodpasoBaHUA YPaBHEHHUS, KOTOPOE MOYKET IIPH-
BECTH K IIOTEepe KOpHeii.

12. Kaxue HepaBeHCTBA HA3BLIBAIOT PABHOCHJIbHBIMM ?

13. IlpuBecTn npuMepsl IpPeoOpPa30BAHWII HEPABEHCTB, IPUBOIAAIINX
K PaBHOCHJIBHBIM HepaBeHCTBaM.

BBOAI_'IHQ __y_l'l_E&iI(HeHEI_ :

1. HassaTs MHOKECTBO MCTHHHOCTH IMPEIJIOKEeHU:
1) marypainpHOE YHCIO X KpaTHo 5 u MeHbIne uucia 30;
2) x2-3x+2=0; 3) x2>16; 4) |x|<T.
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Haiitu AUB u AN B, ecau:

1) A={5;7;9}, B={1;5; 10}; 2) A={1;2}, B={3;4; 5).
HailiTu of0beiuHeHHEe M NepeceyeHue OTPE3KOB:

1) [-1;1] n [1; 2]; 2) [-3;2] m [-1; 1];

3) [-5; 2] u [-2; 6]; 4) [-4; 0] = [1; 2].

Haiit o0benuHeHNe U IIepecedyeHue MHOYKECTB KOpHel ypaBHeHHH
x2+T7x+12=0 u x*-2x-3=0.

HaitiTu o6beguHeHNe U IIepeceyeHue MHOKECTB pellleHUil HepaBeHCTB:
1) x>5 u x<6; 2) |[x|<25 n |x|<3.

anaxueuu_gj

397. fBnserca au BTOpOE INpPENJIOMKEHHE CJIeJACTBUEM I[epBOro:

1) yraet A u B — cMeixHBIe; cymMMma yriaoB A u B paerHa 180°;
2) cymma yrioB A u B pasua 180° yrael A u B — cMeXXHBIE;
3) cymma nudp uucia X AeauTcA Ha 9; umcno x genuTcda Ha 9;
4) yucno x penutca Ha 9; cymma mudp uyuciaa x jgeaurcs Ha 97?7

. fABiAIOTCA M PABHOCUIBLHBEIMM IIPEJIOKEHHA:

1) unucio x OoKaHYMBAETCH HYJEM; umciao x gexurcs Ha 10;

2) cymmMa BHYTpPEHHHMX YIVIOB MHOrOyroJisHuka x passHa 180°; muoO-

TOYroJbHHUK X — TPEYTrOJbHUK;

3) X — NOJIOKHUTENBHOE YHUCI0; X2 — HOJIOMUTENbHOEe YHCIIO;

4) upcsao x KpaTHO yucay 36; umcnao x KparHo umciaaM 6 m 9?

O6BbACHUTH, MOYEMY PABHOCUJIBHBI YpaBHEHUS:

1) 5x—-3=4—-Tx u 5x+Tx=4+3;

B 1 e
2) §x+1— - u 2x+9=3;
3) —42+6x=24 u T—x=—4;
4) 0,02x-5=0,3 u 2x-500-30=0.

. O6BACHUTH, TOYEMY DPABHOCHJIBHBI CHCTEMBI YDABHEHWIA:
1 {2x—9y =1, _ {2x—9y =1,

3x+9y =5 bx = 63
2){—4x+y=7, . {—4(2y—1)+y=7,
x=2y-1 x=2y-1.
. O6BsACHUTEL, MOUEMY DPABHOCHJIEHBLI HEDABEHCTBA:
1) Z-2>x-5u5-2>2-%; 2)§x—1ssu2x~35so;
3) 4-0,3x22 u 3x<20; 4) -18x+11<-Twm x—-1>0.

VCeTaHOBUTEH, ABJIAETCS JIM BTOPOEe YPaBHEHUE CJIeJICTBHEM I1ePBOro;
PABHOCHUJIBHBI JIA 3TH ypPaABHEHUSA:
1) 2x-3=0 u 2x2-3x=0; 2) 5x2-2x+1=0 u x*+4=0;

14r-156 _ . 2
3) Sy =8 m l4x—15=8(2x"+1).
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403. [TokasaTh, 4TO He ABJISAIOTCH PABHOCUJIBHBIMU YPABHEHUS:
1) 1 +x2=64+—1_ u x?=64;
x-8 -8
2) 3x2-9=0 u x++/3 =0;
) Vx+2=xu x+2=x2
404. PemuTh ypaBHEHHE, O0BSCHSS, K KAKOMY YPABHEHHUIO (PaBHOCUJIb-
HOMY MJIM CIEACTBHIO) HIPUBOAUT Kakjoe npeobpasoBaHue:

1) 55— (x +2)3 + (x — 1) + 92 = 10; 2) JTx-18 =1;
I - 2 s

3) X 2"4 8+":’c"412=13; 4) V15 + 2x = —x.
x— —

[405.] YcranosuTh, npuM KaxoM 3HAYEHWYM @ DABHOCHJIBHBI yDABHEHMUSA:
1) 2x—a-7=0 u 3x+2a=0;
2) x+3a+4=0mum a-5x+12=0;
3) ax—Tx+4=0 u ax—-3x-4=0;
4) dax-x-3a-1=0u 2x-a=0.

406, VcranosuTs, npu Kakux 3HAYEHUAX @ ¥ b PABHOCHJILHBI CHCTEMBI

VPaBHEHUH:
1){(0—4)x+2y=4, {8x+3yzl,
6x+b+3)y-3=0 5x-y+8=0;

2) 3x+(a-2)y =12, 5 Tx + 2y = 10,
G+D)x+2y=6 9x + by = 8.

L‘ HoBoe paBHOcCunbHOe npeo6GpasoBaHue

Co Bcemu npeoGpasoBaHMSAMY, DPACCMOTPEHHBIMM B 3TOM mapa-
+* ' rpade, MBI yxke BeTpeuasuchk. [lonb30BaNNCsE UMM [P pelIeHUH
- YPaBHEHMI M HepaBEeHCTB, He HA3BIBAA WX PABHOCHJILHBIMM HJIH

OPUBOAAIIMMHU K caeacTBHi0. HaBepHoe, CyIIecTBYIOT Apyrue mpeobpa-
30BAHHUSA, O KOTOPBIX MEI eIé He 3HaeM?

CE B crapmux Kiaccax Bel, KOHEYHO, y3HAeTe X HEKOTODLIE ADyIUe

N pPaBHOCHJIbHBIE mnpeoOpa3oBaHUA YpaBHEHUH M HepaBEHCTB.

b s A ceffuac A MO3BHAKOMJIIO BAC C PABHOCHJBHBEIM IpeoGpasoBaHu-
eéM HepaBeHCTB OH]JEIEEJIéHHOI‘O BHOA, KOTOpOe NMOMOMeT pPeNIaTh HeKO-
TOPEIE CJIOXKHEIE HEepaBeHCTRBA:

Ecnu ¢pysxknmum f(x) u g (x) ompegenensl Ha MHOMecTBe E, To He-

pPaBeHCTBO

[f(x)|<|g(x)] (1)
PABHOCHJIBHO KayXIOMYy H3 HepaBeHCTB HA MHOMKecTBe E:

2 (x) < g* (x), (2)

(7 (x) + g (x)) (f (x) - g (x)) < 0. (3) :
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Jymalo, uTo 3T0 npeobpasoBaHHe JIETKO 0DOCHOBATEH € IMOMOIIBIO
+*7 cpoiicTBa 0 8038edenuu 6 Keadpam obeux wacmeil HepageHcmea
= ¢ HeompuyameJibHbiMU 1e60oil u npasoil wacmamu. Hepasencrso

se (3) merko mosydaercs U3 HepaBeHCTBa (2) mocie mepeHeceHHA g2 (x)
B JIEBYIO YACTh M pasnoxeHus f2(x)—g?(x) Ha MHOKHUTENTH MO (opmy-
Jie PasHOCTH KBaJpPaTOB.

Ter abconrorHo npas. Tebe M pemars clefyrlee HepaBeHCTBO:
|x2-Tx+6|>|x2-x-2

Tax xaxk gaHHOe HepaBeHCTBO umeeT BHJ (1), TO OHO PaBHOCHJIb-
c+*’ HO HepaBeHCTBY BHa (3):
: (x2=Tx+6)+(x®—x—-2)) (x> - Tx+6)— (- x-2))>0,
KOTOpoe MOHO sanucath Tak: (2x2—8x+4)(-6x+8)>0 unu B BHIE

{x2-4x+2)[x—i]<o. . ¥
3 - + - +
KpanpaTtabiit Tpéxwien x?-4x+2 22 4 2442 X

umeer KopHH X, =2-V2 m x,=2+2,

a x—%=0 opm x = % IIpumensas MeToJ HHTEpBaJOB (CM. pHcC.), Ha-
XOlUM pellleHHWe IOocJeJHero (a 3HAYUT, ¥ HCXOJHOTO) HepaBeHCTBAa:
(~o0; 2-\/§)U[%:2+~/§).

Mounogen. IlonpobyiiTe Tenepsr pelldTh M TaKHe HepaBeHCTBAa:
1) |x2-2x-3|<|x+1]; 2) Jx+18 <2-1x;

3) J1-x2 +1 < 3—x%; 4) Jx?2-8x-4 <x-2. b

{ Ho B Tpéx mocnejHUX HepaBeHCTBAX OTCYTCTBYIOT 3HAKH MOMY-
L neit. C moMoOIBI0 KakHUX NpeobGpasoBaHUM MOMKHO WX peImuTh?

> Hanpumep, CPaBHHTE C HYJIEM JIEBYIO M IPaBYI0 YacTH BTOPOrO
>’ mepasencrsa \/x +18 <2 — x. Bripaskenue |/ x + 18 numeer cMbICH

npu x>-18 u mpu STMX 3HAYEHMAX HEUIBECTHOTO /x+18 >0

(o onpepeneruio KopHsA). Ilo yCIOBHIO 3TOT KOPEeHb MeHbIIe, 4YeM 2 — X,
sgauyuT, 2-x>0. Takum obGpazom, npym —18<x<2 mMMeeT MecTro He-
PaBeHCTBO C HEOTPHUIATEJILHBIMHM JIeBOH ¥ mpaBoii uyactamu. Obe ero
YACTH MOYKHO BO3BeCTH B KBaJpaT M HepedTH K paBHOCUJIBHOMY He-
paBeHCTBY Ha MHO;KecTBe [—18; 2).

Ilockaky ¥ OTBeTHl K 3ajaHHBIM HepaseHcrBam: 1) {-1}U[2; 4];

2) [-18;-2); 3) [—1; —%J U (@, 1]; 4) [4; 8).
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~ YpaBHeHue OKPYXHOCTU

B atom u cnepywwmx naparpadax pedb NONaET O NpPemsnoXeHUsx
C ABYMS NEPEMEeHHbIMW, 3aJaHHbIMU B BUAE YPaBHEHWIA, CUCTEM WU
COBOKYMHOCTEI YpaBHEHWIA B BWAE HEpPaBEHCTB WU CWUCTEM Hepa- ‘

o S ]

BeHCTB. B paHHOM naparpade 6ynet BbiBeaeHa dhopmyna, no3Bonsio-
Las HaxoAuTb pacCcTosiHUE Mexay ABYMS TOYKaMW KOOPAWMHATHOW Nno-
CKOCTW, eCnn U3BECTHbl WX koopauHatel. C NOMOLWbLIO 3TOU dOopMynbl
OyneT BbIBEOEHO YpPaBHEHME OKPYXXHOCTW, OMUCHLIBAIOLLEE MHOXECTBO
TOYEK MJIOCKOCTWU, pPaBHOYAANEHHbIX OT OAHOWM TOYKU (LLEHTPA OKpPYX-

HyXHO BCNOMHWUTDL:

IIOCTPOEHHE TOYKH C 3aJaHHBIMH KOODAMHATAMH HA KOODAHMHATHOMN
ILJIOCKOCTH;

reopemy Iludaropa;

MOHATHE MOAYJA 4YHUCJA; TOKAECTBO vVa’ =|al;

HaXO0XKJEHNE DACCTOSHUA MEXKJAY JBYMs TOYKAMHU HA YUCJIOBOH Nps-
MO}

omnpejieJleHUe OKPYIKHOCTH;

IIOCTPOEHHE NEePIeHAUKYIsapa K NPAMO, MPOXOAAIIEero yepes 3ajaH-
HYIO TOUKY.

1. PaccToAaHHe MeXAYy ABYMSA TOUYKaAMH

ITycts Ha KOOPAMHATHOH NJIOCKOCTH 3afaHbl JABe TOYKH A (x;Y,)
B (x5 y,) 1 Xy # Xy Y1 # Yy HaiigemM paccrodgHMe MeXAY TOYKaMu
u B (r.e. Haiiém juiuHy oTpeska AB).

ITposeném uepes Toukum A u B npsaMble, NePHEHAUKYIAPHBIE OCAM

abecnucce u opauHaAT. TOUKH mepeceyeHUs 3TUX NMPAMBIX C OCAMH 0003HA-
uum A, (x,; 0), B, (x,; 0) m A, (0; y,), B, (0; y,) coorBeTcTBeHHO (pHcC. 62).

Touxka C npM [AHHOM PpPACHOJOKEHUU vA

TO4eK A M B — TOYKa IepecedyeHus nps- )

meix AA, u BB,. Ax; )

Torga BC=B A, =|x,—x,|, a AC= 4:(0;y,) \

=A,B,=|y,-y,|- Ilpumensas reopemy L

IIudaropa Kk NPAMOYTOJIBEHOMY TPEYTOJb- . B (%, ,)

HUKY ABC, nmonydum B,(0;y,)| |C %
AB2=(x, -2+, -y, )% (1) 0] |Aux;0) |B, (xz;ff}
AB = \/(xz* %)+ - ). (1) Puc. 62
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dopmyna (1') paccrosHMA MeKIY ABYMA TOYKAMHM BBIBEJeHA W3
NPeANOoIOMeHNsA, UTO X, #X, U Y, #Y,. OnHAKO OHA BepHA U B ciyuae,
KOrjia CIpaBeJJIMBO XOTsA OBl OZHO M3 PaBEHCTB X, = X,, Y, =Y,. Hanpu-
Mep, eCHM X, =X, U Y, #Y, T0 AB=|y,—y,|. Oror e pesymbrar maér
u dopmyna (1'):

AB= 02+(y2_y1)2 =|y2_yl"

Zapava 1. Haiitu paccroanme mexay Toukamm A (=2;3) u B (-5; -1).

» TIlo ycnosuio x,=-2, y, =3, x,=-5, y,=-1. Cornacao dopmyie (1')
HMeeM
AB = |J(x,— x,)+ (Y~ ¥,)? = (-5 - (-2))*+(-1-3)* =J9+16 =5.
OTtBeT. AB=5.

Japava 2. Ha ocu opauHAaT HAUTH TOuky M, pABHOYZANEHHYIO OT TOUYEK
N 4;-3) u K(-1;0).

b A6cmucca Touku M paBHa Hymo. O6o3HauHM e€ OpAMHATY 4epes Y.

3Hasd, 4To paccroanua or Touku M (0; y,) mo Touex N u K paBHBHI,
Ha ocHOBaHHUM (opmynsl (1) sanumem ypaBHEHHE

(0-4)*+(y,+3)2=(0+1)*+(y, - 0)%,
16 +y2+6y,+9=1+y2,
6y, =-24, y,=—4.

OTtBeT. M (0;-4). <
2. YpaBHeHHUEe OKDYXMHOCTH

YpaBHenue ¢uUrypsl Ha KOODAMHATHOH IJIOCKOCTH — 3TO ypaBHeHHe
¢ AByM# NepeMeHHBLIMH X # Y. ['oBOpAT, 4To purypa P 3anaHa B Ops-
MOYI'OJILHOM CHCTeMe KOODAMHAT JaHHBIM ypaBHeHUEM, ecau (ury-
pe @ TpPUHAIEKAT T€ M TOJIBKO T€ TOYKHU ILJIOCKOCTH, KOODAUHATHI
KOTOPBIX YAOBJIETBOPAIOT 3TOMY YPABHEHHIO.

HupiMu caoBaMu, durypa @ safaHa KOHKPETHBIM ypaBHEHHEM, KO-
raa BBINOJHAIOTCA JBa YCJIOBHUA:

1) ecau Touka A (x; y) npuHAAIEKHAT GuUrype &, To € KOOPAUHATHI
VAOBJIETBOPAIOT JaHHOMY YPaBHEHHIO;

2) ecsim umcsa X U Y YAOBJETBOPHAIOT JaHHOMY YypPaBHEHMIO, TO TOUKAa
A (x; y) npusaanexxur purype .

Bropoe npeasoskenue MOMKHO BBIPA3UTH MWHA4YE: KOOPAMHATHI J1060i
TOYKH A (x; y), He npuHaanexameilt purype @, He yA0BJIETBOPAIOT JaH-
HOMY YPaBHEHWUIO.

3ameuanue. ChopMyIupoBaHHBIE TPEAJIOKeHUsA 1 U 2 BeIpaKarmT
HeoOXOoZMMOe U JOCTATOYHOE YCJIOBHA TOro, YTO HeKoTopada (urypa @
3afaéTca OIpEeAeIEHHBIM YDPABHEHHEM.
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. TEQOPEMA v aBHEHMe 7
d A@x:)
(x-m)*+(@y-n)t=r? (2)

ABJIAETCA YPABHEHHEM OKPYHOCTH

C IeHTpoM B TouKe M (m;n) pa-

auayca r.
® 1) Ecau Touxka A (x; y) npUHALIEIKUAT
paccMaTpUBaeMoO# oKpy:kHOCTH (puc. 63), >
TO PAaCCTOSHUE OT Heé JO IEeHTpa OKpyx- O o

Hoctu M (m;n) pasHo r, T.e. AM=r.
Cornacro dopmyne (1) mMoKHO 3ammUcaThb Puc. 63
(x—m)2+(@y—-n)’=r% wuro cosmagaer
¢ ypaBHeHueMm (2).
2) Ecnu KOOpAWHATHI TOYKX A (X; ) YAOBIETBOPSAIOT ypaBHeHUIO (2),
TO 3TA TOUYKA IPUHANNEHKUT OKPYKHOCTH, TAK KAK PACCTOAHHE OT Heé
JO ILeHTpa OKpyXHOocTH M pasHO T.
3amMeTHM, UTO eCaU To4yKa A (x; y) He NPUHAJIEKUT OKPYKHOCTH,
TO AM #r U eé KOODJAMHATHI He YAOBJIETBOPAIOT ypaBHEHUO (2).
Takum obGpasom, ypaBHeHue (2) fABIAETCA ypPaBHEHHEM OKDPYIKHO-
cty.
Ecnu meHTPOM OKpPY’KHOCTH SABJIAETCA HAYAJO KOODAMHAT, TO eé
aBHEHHE HMEeT B
e N ¥4yt =,
dapavwa 3. 3anucaTh ypaBHEeHHME OKDPYKHOCTH C IEHTPOM B TOYKe
M (-2; 5) paguyca r=3.
» AGcnucca Touku M paBHa m=-2, a eé opauHara n=>5. [Ipumenss
dopmyiry (2), 3anuineM ypaBHeHUe OKPYKHOCTH (x — (—2))2 + (y — 5)2 = 32,
OtBeT. (x+2) %+ -5)2=9. <

Japava 4. 3BanucaTb ypaBHEHHE OKDYKHOCTH C IEHTPOM B TOYKe
M (6; 1), npoxoxgameii uepes Touky A (3;—4).

» Ilo dopmyne (1) paccTosHHMS MeKAY ABYMS TOYKAMH HMeeM r2=
=AM?=(3-6)>+(-4-1)>=9+ 25=34. Coraacuo dopmyne (2) ypas-
HEHWe OKPYKHOCTH MMeeT Buf (x —3)?+ (y+4)?=34.

OtBeT. (x-8)?+(y+4)?=34. <

Sapava 5. OnpemenuTs BuA OUrypsl, 3afaHHON ypaBHeHHeM

x2+y?’-6x+4y+5=0.

» Ilpeobpasyem sajaHHOe ypaBHeHUe K BuAy (2):

(2 -6x+9)-9+(y2+4y+4)-4+5=0, orkyzna (x—3)2+(y+2)2=8
OTBeT. OxpyxHOCTH ¢ IeHTpoM B Touke M (3;-2) u paguycom

r=+8=242.
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YCcTHbIEe BONPOCHI U aap.auml!

s

IIpounTaTths GOPMYyJSTy PACCTOAHUSA MEXKAY ABYMA TOYKAMHU.

2. Yro Ha3HIBAIOT ypaBHEHHEM (UI'ypH Ha KOODAMHATHOH IJIOCKOCTH?
3.
4

ChopmyauposaTs Bce yCJIOBHA 3agaHus (UIypsl @ KOHKPETHBIM
YPaBHEHHEM.

. Yro Takoe ypaBHeHue okpyrxHocTu? Kakoit BUJ MMeeT ypaBHeHHe

OKPY?KHOCTH C IIEHTDOM B Hayajie KOOpAMHAT?

BeoAHbIE ynpaXHeHus

1. Ha xoopauHaTHOM IJIOCKOCTH OTMeTHTh Touku: A (—5;0); B (0; -2);
C (-3;-2,5); D(0,5;—4).
2. Haiitu paccrosHHe MexJy TouKkamMu A U B, jgexamumMu Ha nps-
Mo Ox, ecin:
1) A(0), B(4); 2) A (-8), B(0); 3) A(-2), B(-3);
4) A (-3), B(6); 5) A(18), B(1); 6) A(12), B(-7).
3. HaiiTu rUnmoTeHy3y NPAMOYTOJBHOTO TPEYTIOJbHUKA, KaTeThl KOTOPOTro:
1) 4cm u 3 cm; 2) 5ecm u 12 cm.
4. Bpruucaurs: 1) {/16900; 2) /0,04; 3) 1%; 4) J1,44.
ynpaxHeHus |
407. HaiitTu paccTosHue MexIy ToukamMmum A u B, ecin:
1) A(0;-2), B(4;0); 2) A(-4;0), B(0; 2);
3) A(-1;-3), B(1;2); 4) A(3;1), B(-2;-1);
5) A (4;-5), B(-3; 2); 6) A (-3;6), B(3;-2).

408. 3anucars ypaBHEHUE OKPYMKHOCTH C IIeHTPOM B Hadaje KOOPJAHMHAT

U pajgHycoM I, eCJIH:
1) r=6; 2) r="1.

409. BoiacHUTH, Kakue u3 Touek A (=3; 4), B (5; -1), C (-2; -3), D (7; 6),

E (0;-5), F(11;-2) npuHAjgIeKaT OKDPYHOCTH, 3aZaHHON ypas-
HEeHHeM:
1) x?+y?=25; 2) (x—1)%+(y +2)*=100.

410. 3anucaTh ypaBHeHUe OKDPYKHOCTH C IEHTPOM B Touke M u pajam-

yCOM 7, eCJIH:

1) M (0;-2), r=3; 2) M (-3;0), r=2;
3) M (-1;3), r=1,5; 4) M (-2; 4), r=0,5;
5) M (-2;-1), r =1 %; 6) M (-3;-2), r =1 %.
411. Ha okpy’»kHOCTH, 3aaHHOi ypaBHeHHeM (x +4)? + (y — 5)? = 36, Haii-
TH TOYKH:
1) ¢ abecumccoii, paBHOH —4; 2) ¢ opauHATOH, paBHOH 5.
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412. laau Touku A (x;y,) m B(x, y,), u nyers C (x; y) — cepesunaa

X+ x +
orpeska AB. Jlokasats, uro x = 12, y=7Y2

2
413. Haiitu xoopauHarsel Touku C — cepeAuHsl oTpesxka AB, ecnm:
1) A (2;-5), B(2;-3); 2) A(0;4), B(-3;1);
3) A(2,5;6), B(-1,5; 5); 4) A (-8,5; 2), B(0,5;-7).
414. Ha ocu opauHAT HaTH TOuKy K, DaBHOYAAJEHHYIO OT TOYEK
M wu N, ecnu:
1) M (2;3), N (-3; 1); 2) M (1;-2), N (3; 2).
415. Ha ocu aGcmuecc HailTy Touky P, paBHOVAAJEHHYIO OT TOYEK
M u N, ecian:
1) M (-4;-1), N (-2; 3); 2) M (2;-1), N (-3;-5).

416. 3anucare ypaBHEHHE OKPY’KHOCTH C I[€HTpOM B Touke C, Impoxo-
AAIIYI0 dyepe3 Touky D, ecam:

1) C(-5;2), D(1;-1); 2) C(2;-3), D(-1;1);
3) C(3;0), D(-3;-3); 4) C (-4;-4), D (0; 2).
417. 3anucaTe ypaBHEHHE OKPYKHOCTH ¢ auamerpom AB, ecim:
1) A(-4;0), B(2;-6); 2) A (-6; 1), B(0; 3).
418. OnpezenuTts BHA GUryDphl, 3aJlaHHON ypaBHEHUEM:
1) x>+ y%?+10x -6y + 18=0; 2) x2+y?-8x-12y—-12=0;
3) x(x—-2)+y(y—4)=0; 4) x(x—6)+y(y+2)=0.

/7™ IIpodeccop, MOKHO 1M CYMTATh, YTO YpaBHEHHe ¥ =X2 HWIH
@ y—x2=0 — 210 ypaBHEeHHE napabGoabl ¥ 9TO OHO 3aJjaéT KBajpa-

THYHYIO0 QYHKOHIO?
Tak kxax ¢ momompo ypasHeHHs napabonsl y=x? ycraHaBIm-
BAeTCsA COOTBETCTBHE: KAaKJOMy X eJAMHCTBEHHOEe 3HAYEHHE Y,
TO MOKHO T'OBOPDHTBH, UTO 3TO ypaBHE-

HHUEe 3a7a8T PYHKIHIO. v
A kak mo rpadEHKy TOro MJIH HHOIO
VDABHEHHS Y3HATH — SABJAETCHA JH OH h “\

rpabukom GyHKIANA? q

OcoberHOCTBIO rpadura n0bOH DyHK-

'8 nuu y=f (x) ABnAeTcA TO, 9TO Karaasn
npaMas, NPOBeléHHAR NAPAJUIENBHO /

ocu Oy, nepecekaer rpaduk GyHKIEE He GO-
JNee yeM B ofHOH TOouKe. O6 OoKpy’KHOCTH Ta- Yy ]
Koro He ckaxemsb. Hanpumep, snauenmio x,
(cM. pHC.) COOTBETCTBYIOT ABAa 3HAYEHHA V- T

Yy, A yy.
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ABHEHMEe NPAMON

B atom naparpacde Gymer CTporo [okasaHo 4TO rpadukom ypasBHe-
HUA BUaa ax+by=c Cc ABYMS HEW3BECTHbIMW X W Yy ABNAETCA npsamMas
nuHuA. Bynet BBeOEHO NOHSATME YrnoBoro koadduuueHTa npsamon u

nokKas3aHo, Kak C MOMOLLLK 3TOro MOHATUSA yCTaHaBnuBaTb B3auMHOE
pacnosioXeHne AByX NPSAMbIX.

HyXHO BCNOMHWTL:

nocrpoeHEne rpadpuka JTUHEHHOH (YHKIIUH;

TOHATHUA NAPAJJIEJbHOCTA ¥ MEePHeHIUKYIAPHOCTH IPAMBIX;
TMOHATHE CEePEeANHHOrO HEePIeHJUKYyIApa K OTPe3Ky;

HaXOKJeHHUe 3HAYEeHUH BRIPDAYKeHUH IIPDU 3aJlaHHBIX 3HAUYEHUSAX BXO-
AAIIUX B Hero OYKB;

¢dopMysIBl COKPAIEHHOTO YMHOXEHHUH;

BhIpa)KeHHe OJHOr0 HeM3BEeCTHOIO uepe3 APYyroe U3 JMHEHHOIro ypas-
HEHHUA C JABYMSA HEH3BECTHLIMH;

TIOHATHE TaHreHca OCTPOro yrja B NPSAMOYTOJBHOM TPeyTOJbHHUKE;
CBOMCTBO PABEHCTBA COOTBETCTBEHHBIX VIJIOB, OOpa3OBaHHBIX IIPHU
IepeceuyeHUH MapajjieibHBIX NPAMEIX CeKyIleil.

1. YVpaBHeHHEe OPAMOWH

B 7 Kjacce mMpu pellleHWW CHCTEM JIMHEHHBLIX YPaBHEHMH HA OCHOBE
HaImVIAZHBLIX IPEACTABJIEHUNH MBI IIOJIAarajd, YTO rpauxKoM ypaBHEHUA
ax+by=c (rpe x U y — HeusBeCTHHIE, @, b U ¢ — 3a7jaHHbIEe YHCJA, IPH-
yéM a u b OJHOBPEMEHHO He paBHbI HYJW) sBiserca npamad. OxHako

crporo aToT GaxkT He AoKaseBaicA. Temepb y HAC eCThb BO3MOXKHOCTH
JIOKa3aTh 3TO YTBED’)KJEHUe.

l 0o _] YpaBHeHHE

i ax+by=c, 1)
‘rme a, b U ¢ — 3amaHHBle umcia, npudém a’+b?#0, ABAAercA
| yPABHEHUEM NPAMOIi.

® IlycTs m — NpOM3BOJIBHAA HNpAMAas KOOPAMHATHOM mockocTu. OTme-
THM HA IJIOCKOCTH TOUKHM A, (x;¥y,) u A, (x,; y,) Takue, 9TO npamMasa m
ABJISIETCA CePeMHHBIM NEPHeHAMKYJIAPOM K OTpe3ky A,A, (puc. 64).
1) Ecum Touka M (x; y) nexuT Ha mpamoit m, o A, M =AM n (A M)*=
=(A,M)? a 3HAYUT, KOOPAMHATEI TOYKU M YAOBJIETBOPAIOT yPABHEHHIO

(x—x)2+ (W -y’ =(x—x,) +(y—y,)> (2)
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Ilocne BosBefeHMA B KBaJApaAT BhIPAXKEeHUN Ai(x3y,)
B CKOOKaxX ¥ NpUBENeHHUA NMONOOHBIX YJIEHOB
ypaBHeHMe (2) MOYKHO 3amucaTh B BHUIE
ax+by=c,

rae c=x3+yi-xi-yi, a=2(x,—-x,),
b=2 (y1 = yz)'

HUrak, ypaBHeHHE J1000H NpAMOH MOMKHO
sanucaTbk B Buje (1), rae mo kpaiineii mepe Ag(x,3 1)
OJlHO M3 4YHCeJ a, b He pAaBHO HYJIIO.

2) Ecnn xoopausaTel Touku M yHoBJeT- Puc. 64
BOPAIT ypaBHeHHIO (2), a ciiegoBaTesILHO,
u ypaBHeHuo (1), To A\M = A,M. Oro 3HAYMT, 4TO TOYKa M JeXKUT HA
CepeIMHHOM NepHeHJUKYJIspe K OTpe3Ky A;A,, T.e. JIeXKHUT Ha Inpd-
Mot m. Takum o6pasoM, MOKHO yTBep)KAaTh, 4TO ypaBHeHMe (1) aBasa-
eTcsd ypaBHeHMeM IIpAMOM. [

M(x;gi_

3apava 1. 3amucaTh ypasBHeHHMe NPAMOH, IPOXOAANeH dUepe3 TOYKH
C(1;-2) m D(-1;1).

» Vpasuenwe npamoit CD samumem B Buge ax+by=c. Iloacrapnas
KoopauHaTsl ToueK C u D B 91O ypaBHeHHMe, nosydaem a - 1 +b - (-2)=c,
a-(-1)+b-1=c, orryna

a-2b=c,
—-a+b=c.

W3 arux ypaBHeHMH (IIOHMMAad, YTO ¢ — HEKOTOPOE YMCJIO) BHIPA3HM
a u b gepes ¢, nmonyuum a =-3c, b=-2c. IlogcTaBuB 3TU BHIpAKEHHUA
BMeCTO a U b B ypaBHeHHe IPAMOMH, HOJYYUM

-3cx - 2cy=c. 3)
3ameruM, uTo ¢#0, Tak KaK B IPOTHBHOM ciydae (T.e. mpu c=0)
u a=0, u b=0, T.e. He OygerT BBHINOJHEHO YCJOBHE TEOPEMBI

a2+b2¢0 IToaTomy, paspenus o6e uacTu ypasHeHus (3) mHa c#0,
MOJIYyYUM MCKOMOe ypaBHeHHe npsamoi —3x—2y=1. <

2. YrnoBo#t KodpPUIMEeHT NPAMOM
Ecau B ypaBHeHUHU npaMoit ax + by = ¢ koaddunuest b# 0, To ypas-

HeHHe MOXHO 3alucaTh B BUJlEe [ = —%x-!—i- HJIX B BH]e
y=kx+l, (4)
a c
e k=—-—,1l=—,
A b b

BoseméM Ha mpsaMoii (He coBmasamoINei ¢ OCbI0 OPAUHAT) ABE TOUKHU
A (x3y)) m A,(x, y,), Takue, uTO X,>x,. KoopamHATEI 3THX TOUeK
y,n;oxmeTaopaIOT ypaBHeHHIO (4), T.e. y,=kx, +1l u y,=kx,+ . Berunras

§ 30. YpaBHeHwe npsimoi 243



a) yA 6) v\
A (xy,)

- ‘/, \\

Yi— ,\‘la [] Y, Aﬁ;yl)
_'// A (x3y) Y, 1 '\.A"z(xz;yz)
P
/Ea -llu}\\ =

s 0] * Xy X Xy X

Y

=Y
(=)

Puc. 65

HNOWIEHHO U3 B'roporo paBeHCTBa IepBoOe, MOJYYHM Y, — Y, =k (x,—x,),
Yo~ Uy

xz X

Ecmu y,=y,, TO npsMasi napajieJbHa OCH aﬁcuucc WJIA COBIIAZaeT

orkyaa k =

¢ meit u k=0. Ecau y,>y, (puc. 65, a), To k=%"Y% _ tg0>0. Ecm
xz" 1

Yo—u _ —Wh—-ys) _
Xy — X Xy— X

QueBHAHO, YTO OT yrja MeXAy IpAMoi u ochkio abcmucc 3aBHCHT
3HadYeHHe KoaddummeHTa £, HA3BIBAEMOI'O YIJIOBBIM Ko puuueHTOM
IpAMO, YpaBHeHHMe KOTOpPOH 3amucaHo B Buje (4).

IlycTs naHBl ypaBHEHHS JABYX HpaMBIX y=Fkx+1, y=Fk,x+1,. He-
C0HO ybeauThes B TOM, 4To: 1) npu B, =k, u l, =1, npamMeie coBOaja-
1ot; 2) npu k, # k, npaMsie nepeceumo'rca (HMe!OT ogmy 0bImIyIo TOYKY);
3) opu k, k " l # 1, IpsiMble NapajleNbHbl (He UMET 06IuX TOYEK).

y,<y, (puc. 65,0), To k = —-tga<0.

3apava 2. YCTAHOBHATH B3aHMHOE PACIOJIOMKEHHe NPAMBIX X +3y=2 u
2x —y=-3.

58 1 2
IlepBoe u3 MaHHBIX YPABHEHHWI 3alHINeM B BHJE Y = i + 3 BTO

poe — B BHuzie y=2x + 3. Yriosbie KO3(GUIUEHTH NepBOi U BTOPOMH

W

NPAMBIX COOTBETCTBEHHO DaBHBI k= —% u k,=2. Tak xak k,#k,,

TO OpAMEIe IlepeceKaroTcd.
OTBerT. IIpsiMble mepeceKaloTCa.

YcTHble BONPOCH! 1 3an.auusJ

1. Kaxoli BHJ HMeeT YpaBHEHHE MIPSIMOM?
2. Yro Takoe yrioBoii KoadpduumeHT npamoi?
3. C noMompbi0 NOHATHS YIJIOBOro KoadduOHUeHTa NPAMOM chopmynu-
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pPOBaTh yCJaOBHA: 1) nmapajiensHOCTH ABYX HPAMEIX; 2) coOBmajeHUs
ABYX TPAMEIX; 3) mepecedYeHHA JABYX IPAMBIX.

. Kakum obpasom 3HaK yriioBoro Koa®dHUIMeHTa NPAMONA CBA3aH C eé

PacnoJyiodKeHueM OTHOCHTENBHO OCH HGC]J.HCC Ha KOOpﬂHHﬂTHOﬁ niao-
cxocTH?

_BBopHbie ynpaxHenus |

1. TlocrponTts rpadux pyaxmun: 1) y=-2x+5; 2) y=%x—3.
2. INocTpouTh CepelMHHBIN NEpHeHAUKYJIAP K oTpe3ky AB, eciu:

1) A(4;0), B(-2;0); 2) A(-3;1), B(4;3).

3. YcraHOBHTH, NPHMHANJIEKUT N TO4Ka A rpaduMKy ypaBHEHHS

6x—5y=2, ecnnu:

L. 1] 1
I)A[-—z-, 1}. 2)A(3,1].

A _!Ep_axueuuﬂ_’

419. BanucaTe ypaBHEHHE NPAMOH, MPOXOAAIIEll depe3 HAYAJIO KOOp-

AUHAT ¥ TO4Ky M, ecnm:
1) M (2; 3); 2) M (4;2); 3) M (-6; 1); 4) M (2; -5).

420. 3anucaTh ypaBHeHWe NPAMOH, TPOXOAAINeH depe3 To9kH A u B,

ecim:
1) A(0;2), B(1;-1); 2) A(2;0), B(-1;-1);
3) A (-5;6), B(4;-5); 4) A(8;1), B(-2;-17).

421. 3anucaTh ypaBHEHHs NPAMBIX, NNAPALIEIbHBIX OCAM KOOPAHHAT

¥ IIPOXOASAINAX 4Yepe3 TOUKY:
1) M (-5; 6); 2) N (4;-7).

422. Haiita yriioBo# kodddunuesT k NpsAMOii, 3aJaHHOH ypaBHEHHEM:

1) Tx-y=3; 2)4x-y=5; 3)3x+2y=1; 4) bx+2y=2.

423. (YerHO.) YCTAaHOBHTH B3aMMHOE PACHOJIOKEHHEe NPAMBIX, 38JaHHBIX

YDPaBHEHUSMU:

1) y=3x—-Tu y=Tx-3; 2) y=5x+4 1 y=2x-6;

3) y=—2x+3 u y=—2x+5; 4) y=—x+6 1w y=6—x;

5) y=-5x+1 u y=1-5x; 6) y=6x—-1 u y=6x+3.
424. YcTaHOBHTH B3aMMHOE DACHOJOYKEHHMEe NPAMBIX, 3aJaHHEIX ypaB-

HEHUAMH:

1) 4x-3y=2 n 8x-6y=>5; 2) 3x—-2y=Tu 6x—-4y=9;

3) 2x+5y=10 u 3x—4y=8; 4) -4x+3y=6 u 5x—-6y=12;

5) 6x—4y=10 u 3x—2y=>5; 6) 3x—-2y=-Tu—-6x+4y=14.

425. HaiiTin KOODAMHATHI TOYKY [E€PECEYeHUs MPAMBIX, 3aJaHHBIX yPaB-

HEHHUAMHA:
1) 2x+y=1, x+2y=28; 2) x-2y=8, 2x+3y=09.
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H3BecTHBI KOODAMHATEI BePIIMH TpeyroabHuUKa: A (2; 5), B (3; -1),
C (-2; 1). Hanmcars ypaBHeHHe IPAMOM, cojepykamiedl MeauaHy
rpeyronbHUKa ABC, mpoxoasamiei uepe3d Bepmuny: 1) A; 2) B;
3) C.

H3BecTHBI KOOPAMHATHI BepHIUH TpeyroasHuka: A (6; 0), B (0; —4),
C (—4; 4). HanucaTh ypaBHEHUdA IPAMBIX, COJAePKAIIHUX CpPeJHHE
JIMHUMA TPeyroJibHUKA.

HaliTy KOOpJUHATHEl TOYEK INEPEeCceuYeHUA C OCAMHU KOOPAMHAT Tps-
MOM, 3aJaHHOHM ypaBHEHUEM:

1) 2x-3y=5; 2) 3x+4y=2.

Haiitu KoabdunuenTsl @ ¥ b B ypaBHeHHUH npAMOi ax +by=3,
eCJM H3BECTHO, YTO OHA NIPOXOLHUT Yepe3 TOYKH:

1) A(0;-1), B(2;3); 2) A(-4;2), B(3;0).

Iansl KoopauHaThl BepmuH Tpanenun: A (0; 2), B (4; 0), C (0; -4),
D (-2; 0). Banucars:

1) ypaBHeHUs NPAMBIX, COAEpKallluX AUaroHajly TpPaneluy;

2) ypaBHeHHe NPAMOM, coleprKamieil CPeHION JMHUIO TPanenuH.

Ycnosue nepneHauKynsapHOCTU ABYX NPAMbIX

IIpodeccop, A MOHAM, YTO C IOMOIIBIO YIJIOBBIX KO3(h(MUIMEHTOB
ca®’ MOMKHO YyCTaHaBJMBATL B3aMMHOE pAaCIOJOeHHe IPAMBIX Ha
" nnockocru. Her nu yao6HOro crocoba HaxXOoKJAeHHUA yrjia Mexny

OBYMS NPAMBIMHA?

C nomomibio GOpPMYJ TPHTOHOMETPHH (C KOTODHIMH BhI ITO3HAa-
kKoMmuTecs B 10 Kiacce) MOKHO BbIBeCTH (QOPMYNY BeJIHYHHBI

yria Me;Jy NPsAMBIMH, 8 TaKiKe MOXKHO [AOKAa3aTh CJIeAYIOIIYIo
TeopeMy (KOTOpyio MBI mpuMmeM Ges3 AOKa3aTe]bCTBA).

-1 IOna Toro wrobel mpamele y=kx+1l, 1 y=kx+1,

6BLIM B3aMMHO MEePHNeHJHKYJIAPHBIMH, Heo6X0oAMMO M [AOCTATOYHO,
4yTOGBI BBINOJHAJOCE ycjoBue k- k,=-1.

Bameuy, 94TO B KypCé reOMETPHHM B3aMMHYIO NepHeHANuKYJIAPHOCTH
NPAMBIX MO’KHO JIETKO ODOCHOBATH C MOMOIIBIO CKaJfPHOTO NPOH3Be-
JeHUs BEKTODOB.

HagaliTe mpoBepuM, HanpuMmep, 6yAyT U nepHneHAUKYIAPHBIMHA
npameie 2x—-3y=T7 u 3x+2y=4.

4*7 BBIIO BHIABUTHL yrioBble koadduuuents! k, u k, Ilepsoe ypas- |
HeHHe 3alHMIilleM B BHJE

—gx—j—('re k=EJ
y=3*3\"*"73g)

g CnepBa mpejacTaBuM ypaBHeHUs B BHAe y=kx +1l, uTobbl nerde
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a BTOpOe ypaBHEHHE — B BHJE

g%+ 2(re ba=-3)
=——x+2|T.0. Rg=——].
Y 2 2 9
IIpsiMble MepNeHAMKYIADHBI, TaKk Kak k, - k,=-1.
Pemum emé sagauy: «3anucars ypaBHeHHe IPAMOMA, IPOX0oaa-
€ et yepes ToYKy (—1; 2), mepuneHAUKYJIAPHO OPAMOM y=3x +4».

b Ilycrs k, — yrioBoit Koa@HUIMEHT HCKOMOMK mpsiMoit. Yrio-
Bo#l KoaddunMeHT 3anaEHON mnpamon k,=3. Ua dopmynwr k, -k,=-1

HaxXoaum £k, = —7{1— = —%. YpaBHeHne MCKOMOH mNpAMOHN 3anuimem
2
B BHIE Y = ——%x + 1. Tak Kak arTa nHpaMas OPOXOXHT dYepe3d TOYKY
1 5

(-1;2), o 2 = —E—(—l) + 1, otkyza | = 3

1 5
OtBeT. y=——2x+—. <

S

Tenepr caMOCTOATENBbHO B3aNUIINTe YpaBHEHHE IMPAMOI, Ipo-
xonamei yepes Touky (5; —2), MepneHAUKYJIAPHO npamoit y=-6x+ 13.

I0XKecTBa To4ek
KOOpPAWHATHOW NNIOCKOCTHU

B npepbiaywimx naparpacdax paccMaTpuBaiMCb ypaBHEHUA OBYX Ou-
ryp: OKPYXHOCTU U npsamoi. lNMpueeném ewg HecKoNbko NpUMEepoB
ypaBHeHun ¢puryp, 3Hakombix M3 Kypca anrebpbi:

y—_-X2, y=X3, y — J;, y:%

Durypy Ha naocKoCTU MOXHO TakKXe 3adaBaTb CUCTEeMOM MU COBO-
KYNHOCTbIO YpaBHEHWIW (HepaBeHCTB) C ABYMSA HEM3BECTHbIMW. Hanpu-
mep, To4ky O (0; 0) koopAMHATHOM NIOCKOCTM MOXHO paccMaTpuBaTh
Kak nepecevyeHne euryp, 3agaHHbix ypasHeHusMu x—y=0 un x+y=0,
T. €. CUCTEMOWN ypaBHEeHUIA

[X = Y= 0:

x+y=0.
B atom naparpade 6yayt paccMoTpeHbl ¢urypbi, 3agasaemMble C no-
MOLbIO YPaBHEHUI W HEPaBEHCTB, CMCTEM M COBOKYMHOCTEW ypaBHe-
HUA M HepaBeHCTB. MHOXecCTBa WCTUHHOCTU NPEASIOXEHWUA C ABYMSA
nepemMeHHbiM1 ByayT MNAIOCTPUPOBATLCH MHOXECTBAMMU TOYEK Ha KO-
OpPOWHATHOW MIOCKOCTHU.
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HY)>XHO BCNOMHMUTL:

Il YpaBHEHHA NPIMOA M OKPY>XHOCTH;
1 mocTpoeHre rpadHKa ypaBHEHHA NPAMOMH;
¥ IOCTPOeHHe HA KOOPAMHATHOH ILIOCKOCTH OKDPY’KHOCTH IO €€ ypas-

HEHHIO}
§ TIOHATHA CHCTEMBI M COBOKYIHOCTH HpEJJIOKEHHH ¢ IIepeMeHHBIMH;
ai k
» rpaduxm QyExnmi: y=x2, y=x%, y=Jx, y= =5 y=|x|.

1. Purypa, 3ajaHHAd YyYPDaAaBHEHHEM HJIH CHCTEMOH
VPaBHEHHH C JBYMSA HEH3BECTHBIMH

Zapava 1. OnopegenuTts (hurypy, 3aJlaHHyl0 YpaBHEHHEM
(y—1)%+(x+3y)*=0. (1)

» Hmeem (y—1)°20 u (x+3y)’>0, a cymMmMa ABYX HEOTPHIATENbHBIX
yHceJl paBHA HYJIO TOTZAa M TOJBKO TOIAA, KOIJA KayJ0oe H3 3THX
qg@ucesl paBHO Hynw. Takum obpasom, ¢urypa, 3ajjasHasi YPaABHEHH-
em (1), moker OBITH 3a/laHA U CHCTEMOH ypaBHeHUH

y-1=0,
{x +3y =0. (2)
Cucreme (2), a 3aynT, ¥ ypaBHeHHIO (1) yaOBIeTBOpAET €HHCTBEH-
Has napa 4mcesn x=-3, y=1, ompejensiomas Todky (—3; 1) Ha Ko-
OPAMHATHOM ILIOCKOCTH.
OtBeT. Touka ¢ KoopauHaTam| x=-3, y=1. <!

Haobpaxenre HA KOOPAWHATHOM ILJIOCKOCTH BCeX TO4eK (PHUTYDHI, 3a-
JaHHO# C TIOMOINLI0O YPABHEHWH, B DPAJe CAydYaeB IOMOraeT HAWTH pe-
IMeHus 3TUX YPaBHEHWH (CHCTEM; COBOKYITHOCTe# ypaBHEHHH) WIM IO
KpailHe#l Mepe CAejaTh IPeANOJIOKeHHe O KOJNHWJYeCTBe MX DelleHHi.

Janaua 2. OnpenenuTs GUrypy, 3aj]JaHHYIO CHCTEMOH ypaBHEHHMH

y=—-x+1,
{(x+2)2+ y:=9. 3

> @urypsl, 3a/jlaHHbIe YDABHEHAAMH CHCTE-
MBI (IpsiMasi ¥ OKPYXKHOCTB), H300paxke-
HBl Ha pHcyHKe 66. OHm nepecekaroTcs
B Toukax A u B. IlopcTaHOBKO# B cucTe-
My (3) sHadeHuM#d x=-2 W y=3 MOMKHO
ybeaguThca B TOM, 9TO TOuKa A HMeeT
xKoopauHATEl (—2; 3). AHasormuHO y0Oex-
JAaeMcsi B TOM, 9TO TO4Ka B mMeeT KooOp-
muaater (1; 0).
OTBeT. Purypa COCTOHT H3 ABYX TOYEK
A(-2;3) u B(1;0). - Puc. 66
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Zapnava 3. Ha KooOpAWHATHOH TIJIOCKOCTH
uzobpasuts purypy &P, 3ajaHHYIO0 ypas-
geameM x2—y?=0.

b BanuimeM JaHHOE ypaBHEHHe B BHJIE

(x-y)(x+y)=0. (4)
durypa, 3afaHHas ypaBHeHuem (4), om-
pellesisieTcsi COBOKYIHOCTBIO ypaBHEHHMH
x—y=0mu x+y=0. Ha pucynske 67 uso-
6paxkena uckomasi durypa .

OTBeT. @ COCTOHT H3 [ABYX MNPAMBIX
y=x u y=—-x. < Puc. 6

Ry

d

2. Purypa, 3ajjlaHHAd HEPABEHCTBOM HJH CHCTEMO#H
HepaBeHCTB C ABYMS HEHM3BECTHBIMH

TosopsT, uro ¢urypa @ 3agaHa B NPAMOYTrOJbHOM CHCTeMEe KOOpP-
AWHAT JAHHBIM HEPABEHCTBOM, eciu (urype @ mpUHAAJEXKAT Te U
TOJBKO T€ TOYKH IJIOCKOCTH, KOOPAMHATHI KOTOPBIX YAOBIETBOPAIOT
3TOMY HEPaBEeHCTBY.

Hanpumep, HepaBeHCTBOM x =1 3ajmaércsa mpasas IIOJYILIOCKOCTb,
orpanuuenHas npamoii x = 1 (puc. 68, a); sepasencTBoM x? + y% <4 3ajan
KkpyT ¢ nearpom B Touke O (0; 0) u paguycom 2 (puc. 68, 6); HepaBeHCTBOM
x?+y?>4 sagaBa 4acTh IUIOCKOCTH, ABJAIOIIASCS AOIIOJIHEHHEM Kpyra
¢ HeHTPOM B Haydajle KOODAMHAT M paguycoM 2 0 Bceil KOODAMHATHOMR
niockoctu (puc. 68, 8).

Ecim durypa sagana ypasHeaueM F (x;y)=0 m aBideTca JUHHEH,
pasbuBaroIeil IIOCKOCTh Ha JBe YacTH, TO B OHON M3 4acTed Oynaer
BHINONHATHCH HepaseHcTBo F (x;y)>0, a B Apyroi — HepaBeHCTBO
F (x; y) <0. Yr0o0BI OnpesesnTh, KAKOe U3 9TUX JBYX HEPaBeHCTB BbI-
NOJHAETCA B KOHKPETHOM YaCTH IIOCKOCTH, HYMKHO B3ATH IPOHU3-
BOJIbHYIO TOYKY B OTOM YACTH IJIOCKOCTH C KoopAuHaATaMu (X, Y,)
M BBIACHHUTH 3HAK F (x,; y,)-

a) YA 0) YA B) YA
2] 2|
E 7~ 2o 7 i ks
; / / X
- { - - ! -
o 1 X \ 0 12 x \ 0 P %
| X - X /
| \_ﬁ/ - O I b4
Puc. 68
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], A(x,39,)
v D 8 78 1Y
/ \
/ TN ISp
/ \\ 4‘7‘-—( J
EI L 2 \t e \\
— 4 -1 0 12 X Y, B(xl;yz)
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Hanpumep, [ OKPY»KHOCTH, 3afaHHON ypaBHeHueM (x +1)?+y%=9,
BBIACHUM 3HaK F (x;y)=(x+1)’+y%2-9. Iaa rtoukm O (0;0), mpu-
Hajaje:xameil (II0 OTHOIIEHUIO K OKPY?KHOCTH) BHYTPEHHEH 4YacTH ILIO-
ckoctu, umeem F (0; 0)=(0+1)>+02-9=-8<0. 3gauur, HepaBeHCTBY
(x+ 1)+ y? -9 <0 (crepoBaTensHO, 1 HepaBeHCTBY (x + 1)% + y? < 9) yaoB-
JIETBOPAIOT TOYKM Kpyra (6e3 rpanuner) ¢ meHtpom B Touke (—1; 0) pa-
zuyca 3 (puc. 69).

IIpamas y = kx + | Taxkxe pasOGUBaeT IJIOCKOCTEL HA ABE YACTH — MOJY-
niaockoctH. Ty M3 HHUX, KOTOpas cofep:xur, Hanpumep, Touky (0; [+ 1),
Ha3oBEéM BepxHeil. BozbMéM B BepxXHEHN MOJYIJIOCKOCTH IPOU3BOJbLHYIO
TOUKY A (x,; y,) ¥ 4epe3 aTy TOYKY NPOBEAEM IPAMYIO, IePIeHAUKYIAD-
HyI0 ocHu abecnucce (puc. 70) u mepecexaoilyo NpaMyio y=kx+1 B Touke
B (x,; y,). KoopaunaTsl Touku B yJOBJIETBOPAIOT YPAaBHEHHUIO 9TOH MIpPs-
moii. Tak kak y, >y, (cm. puc. 70), To paa mw000i TOYKM A BepxHei
TIOJIYIIJIOCKOCTH BHINOJIHAETCA HEPaBeHCTBO Y > kx + 1, a nusa mwoboit Tou-
K4 (x; y), Jexaimedl Huxe npaMoit y=kx + [, — HepaBeHCTBO Yy < kx + L.

a) ) YA 0) YA /
\'\\ / }?\'
\
/ﬁn}"
\*\2 /S
T1 .\'\‘ /
; N, - 4 r -
0 1 2 \“'\\ ¥ 0 1 ’2 x
N\ ‘?9\ /
N /
A / "
X }" =
AL
' / Puc. 71
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apnava 4. M306pasuTh MHOKECTBO TO- YA

YeK ILIOCKOCTH, YAOBJIETBOPAIOIIUX \
HEPaBEHCTBY:

1) ys2-x; 2) y>2x-4.
1) HepaBeHCTBY y<2—Xx YAOBJET- o / {
BOPAIOT KOOPAMHATHI BCEX TOUEK IIO- 0
JYIJIOCKOCTH, JIeKAIUX HHUXKe IpHA- '_ 1 \v/
Mot y =2 —x (Ha pucyHke 71, a arta ol 1 %5
MOJIYIIJIOCKOCTh OTMedYeHa IITPHXOB- /
KOif), 1 TOYEK CcaMOM 3TOH NIpAMOii.
2) HepagenctBy y > 2x — 4 yposier-
BOPSAIT KOOPAMHATHI TOUEK IIOJIY- 4 .
ILUIOCKOCTH, JIMKAIUX BBIIIEe IIpS- / \
Mot y=2x—4 (9Ta MOJYILIOCKOCTh b 4

oTMeuYeHa INTPUXOBKOM Ha pPHCYH-
Ke T1, 6; cama nmpaMasa B 3TO MHO-
JKECTBO He BXOJMT.)
OTtBeT. 1) Puc. 71, a;

o

2) puc. 71, 0.

Zapava 5. Ha KooOpAMHATHOM IIJIOCKOCTH H300pasUTh MHOXKECTBO TOYEK,

x+y<2,
YAOBJIETBOPAIOIINX CHUCTEMe HEpPaBeHCTB j, . ° gk
Ilpeo6pasyemM HAaHHYIO CHCTEMY K BHUAY

y<2-x,
y>2x—4.

Ha xoopauHaTHOH miockoctu (puc. 72) 0OTMETUM IITPAXOBKOM MHO-
JKeCTBa TOYEK IUJIOCKOCTH, YAOBJIETBODAIIIHUX KaxJOMy M3 Hepa-
BEHCTB cucTeMbl (cM. peiuenue 3agaum 4). ToukM KOOPAMHATHOH
IIJIOCKOCTH, YAOBJIETBOPAKINNE KaK IepBOMY, TAK M BTOPOMY Hepa-
BEHCTBAM CHCTE€MBI (TOYKH TOH YacCTH ILIOCKOCTH, I'je HITPUXOBKH
IepecexkarnTcs, ¥ TOUKU IPAMOR Y = 2 — x), YAOBIETBOPAIOT 3aXaHHON
cucreMme.

OTtBeT. Pucynor 72. <

~ YCTHBIe BONPOCHI M 3a8aHUs |

1.
2.

CkoysbKO ODIIMX TOYEK MOrYyT HMMETH OKPYXXHOCTH M IpAMas, IIO-
CTPOEHHBIE B OJZHOM cHCTeMe KOOpAMHAT?

Kax BeirasauT ¢urypa, safasHas CUCTeMOMH (COBOKYIIHOCTBIO) ABYX
JIMHEHHBIX YPaBHEHUN C IBYMA HEU3BECTHBIMH, €CJIM YIJIOBble KO3(]-
buIHeHTsl 9TUX NPAMBIX PA3JHYHBI?

Kakas ¢urypa sagaérca sepaBeHcTBOM: x> 1; x2+y2<4; x2+y?>4?
Kakue TOYKM KOODAMHATHOM IIJIOCKOCTH YIOBJETBOPSAIOT HepaBeH-
cTBY y<2-x; y>2x—4?
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~_ BBopubie ynpaxHenus

H306pasuTe Ha KOOPAHHATHOHM ILUIOCKOCTH MHOKECTBO TOYEK, YAOB-
JIETBOPAIOIINX YPaBHEHMIO:

1) x=3; 2) y=-4; 3) x+2y=6;

4) 2x-y=5; 5) x2+y?=4; 6) (x—2)%2+(y+3)°=09;

T y=|x|; 8) y=|x|-2,5; 9) y=|x+1|-3.
Vnpaxueumrj

431.

432.

435.

436.

437.

Ha xoopaumHATHOH NJIOCKOCTH u300pasuTh GUrypy, 3afaHHYIO
yvpaBHeHHeM (431—432).

Dy=x% y=Jx:i Yy="; Hy=x% 5 y=22-05;
6) y=(x+42-1; Ty=Jx+3; 8 y=vJx-2;
9)y=—1——; 10)y:——:1;+3; 11) y=(x-2)% 12) y=x2+2.

x+1
1) (W+2)%+(x—-y)*>=0; 2) (x+y)P’+(x-3)2=0.

C nmomompio rpadu9ecKoi MIIIOCTPAUH ONpeAe]UuTh (PUrypy, 3a-
JAaHHYIO CHCTEeMOI ypaBHeHUU (433—434).

x2+ y*= 36, x*+ y*=16,
1){x—y:3; 2){:|c+y=2;
y =|x|, 2+ (y-202=14,
. {(x 1+ y*=9; » {y=|xl-
y= -J;, 2 y= xa,
1){y=x2; ){y=~/;-
Ha xoopAMHATHOH IJIOCKOCTH uU300pasuTh GUrypy, 3alaHHYIO
YPaBHEHHEM:
1) 4x2-y%=0; 2) x2-9y%=0;
3) 25x2—4y%=0; 4) 16x2—36y%=0.

Ha koopauHATHOM MJIOCKOCTH IITPHXOBKOH IOKAas3aTh MHOMKECTBO
TOYEK, YAOBJIETBOPAKIIUX AaHHOMY HepaBeHCTBY (436—438).

1) y=20; 2) y<O; 3) y<-1; 4) y>-2;
5) x<0; 6) x=0; 7 x>-2; 8) x<1.
1) y>x+1; 2) y<x-—2;

3) 2x-y=1; 4) 2x+y=1.

1) x?2+y%<9; 2) x%+y?<16;

3) x?+y?>25; 4) x2+y?>36;
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5) (x+3)%+(y — 3)2 < 36; 6) (x—2)2 + (y + 4)2 > 25;
n(x—1F+@+2F>2%; &(x+1F+@—3F¢1%.

Ha KOoOp/IMHATHOM IJIOCKOCTHA M300pa3uTh MHOMECTBO TOYEK, YA0B-
JeTBOPAIOIMX AAHHON cucreme HepaBeHCTB (439—440).

wi {30020 o8N oSNNS
ok, afeiE glAoE
? 2x+y > 2; 2 .
a0 1 {3 1YY, ) AL Rt
3) {(x—1)2+(g,f+2)2> 25, 4) {(x+2)2+(y—1)2> 36,
3x+y<2; 2x+y<4.

n 3apnaum NUHERHOro NMPorpamMMupOoBaHUN

IIpodeccop, uMeeT JIH Kakoe-HUOY/b NPaKTHYeCKOe IIPHMeHeHHe
2+*’ ymeHme HAXOAMTH MHOXKECTBA TOYEK HA IUIOCKOCTH, YAOBJIETBO-
*  pAIOIMUX PA3JUYHBIM YDaBHEHHAM M HepaBeHCTBaM?

910 yMeHWe NpPHMEHAETCA NPH PelleHHH MHOIHX IPHKJIaJHBIX
G¥e% 3amay, B YACTHOCTH IPH pELIeHHH 3a/lad JUHEUH020 Npozpam-
mupoearus. OHEH pemaloTcs dYalle BCEro B JKOHOMHKE: IpPH
YCTAHOBJIEHUH ONTUMAJLHBLIX CIIOCOGOB MEPEeBO30K, HPH paclpe/eseHuH
pecypcoB, IpH IUIAHWUPOBAHMM MOArOTOBKH KaApoB H T. II. B aTux 3a-
Jayax ycaoBHMs (OrpaHWYEHHs) UMEIOT BHJ JHHEWHBIX ypaBHEHH# H
HEpABEHCTB C HECKOJbKMMH HEH3BECTHBIMH, 8 yeleeas PyHKyus Toxe
ABJIAETCA JWHEHHOMH.

—- -

IlpuBesuTe, ToXkamyiicTa, NPpHMep 3ajayv JUHEHHOro mpo-
47 d rpaMMHDOBAHMHA, YTOGBI Mbl NOHAJH, YTO TaKOe IejeBasd byaK-
" OMA M KaK HAIIM YMEHUS MOTYT IPHUTOAUTHLCHA NPH pelleHHH
TaKUX 3ajad.

IonycTum, MacTepckas CHelUalu3upyercd HA IPOM3BOJCTBE
Glﬁ} cTysibeB B Kpeced. Ka)kablil CTyJ NPHHOCHT NPUOLLIL B pasme-
= pe 2ThiC. p., a Kaxkaoe Kpecio — 4 Teic. p. Ha wusroropienune
oxnHoro cryna tpebyercs 4u paborsl Ha yuacTke A m 249 paborel Ha
yuactke B. Kpecsio usroraBampaercsa ¢ sarpatamu 69 Ha yuacrke A,
6y — Ha yuacTke B u 1 u — Ha yuacTke C. JlocTynHas OpoOH3BOJHTENb-
Has MOIHOCTL yuacTka A cocrasiaser 120 4 B geHs, ygactka B — 724
B fieHb, yuacTka C — 10 u B geHb. CKOJBKO CTYJBEB M Kpeces MOJMHA
BBINNYCKATHh MACTEPCKas eKeAHEeBHO, YTOOBI IOJydYaTh MaKCHMAaIbHYIO
npubsins? Kakosa ara npubblinb?

Ilna HATJIAZHOCTH YCJIOBHE 3a7aud NPEeACTABHM B BHUJE TabJIALbI:
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254

3arpatbl BpeMeHn Ha eam- JocTynHbiii

MNpousBoacTBEHHbIE HULY NPOAYKUMK, Y boHA,
y4acTku
cTynbA kpecna RRBMERI
4 6 120
2 6 72
— 1 10
2 4

IIyeTs x — uMCI0 BHINYCKAEMBIX €XKeJHEeBHO CTYJbEB, J — YHCJIO BhbI-
NyCKaeMbIX exXeAHeBHO Kpece. Ilo ycioBHIO 38184 COCTABHM CHCTEMY
HEpaBeHCTEB:

4x + 6y <120,

2x+ 6y <72,

y<10, (1)
y=20,

x20.

Iloa:ke, npu HCCIefOBAHWM pelIeHHI cHCTeMbl, GyleM YYHTHIBATE,
yro xe N u yeN.

ExenueBnas npubsuis macrepekoit S=2x +4y (teic. p.). Yucao S u
ABJNAETCHA Uenesoll (QyHKkyueil TTPOU3BOJCTBA. 3ajada CBOLUTCH K HAa-
XOMJAeHUI0 Haubosblnero 3Ha4YeHHs S HA MHOMKECTBE, OIpemeJéHHOM
cucreMoii HepaseHcTB (1).

M3 nepsoro m BTOPOro HEPABEHCTB CHCTEMbI BHIDASUM Yy U IepeITH-
meM CHCTEeMY B BHje

2

<20-—ux,

<12-—x,
s 3
y<10,
y=0,
x=20.

MHOeCcTBO pelIeHni IOJIYyUYeHHOH CHCTeMBl H306pa)keHo B BHIE 3a-
LITPMXOBaHHOI0 MHoroyroinsHuka OABCD (cm. puc. Ha c. 255).

Beipasum y u3 paBeHcTBa S=2x+4y, sajaiomero ueJesyl (QyHK-

LHAI0: Y = - x+ L2
Ty 2 i
1 S
IIpu pasHbIX 3HauYeHHAX S QYHKIUH Y = -3 x + 2 u3obpakaTca

1
OPAMBIMH, [OapPAJJIeJbHBIMHM NPAMOR y = -3 x. Hauboavwee 3naue-
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y=20—§x

Hue S TNpUHUMAET B BepIIMHE 3AIITPHXOBAHHOI'O MHOrOYroJIbHHKA c,
KOODAMHATHEI KOTOpO# (24; 4) coBHAjaloT C pelleHHueM CHCTeMbI

y=20—§x,

y=12—%x.

IloacraBnasa 3Havenus x=24 u y=4 B S=2x +4y, HAXOAUM HCKO-
Moe 3HaueHHWe IeseBoit pymEkmuu: S=2-24+4-4=064.

OrBeT. YTobhl MOIYYATs MAKCHMATLHYIO NIPUOLLTL, paBHYyO 64 THIC. P.,
MacTepcKas JOMKHA e)KeJHeBHO BBINYCKaTh 24 crysia M 4 Kpecia.

MonpobyiiTe caMOCTOATENbHO PELIUTH CAEAYIOIYIO 3aa4y O IMH-
LeBOM pamuoHe KopoB. Il KOpMJeHHMs KOpPOB Ha (epMe HCIONB3Y-
JoTcs CcHUioc M KoHIeHTpaThl. CojepskaHne KODMOBBIX eIMHHIL, Oerka
¥ KaJbUMA B 1 KO KAM/IOro BMAA KOpMa, a TakKe ceGecToOMMOCT: 1 Kr

KopMa oIpejesdaioTes Tabauneii:

CopepxaHve B 1kr
CebecToMMOCTb
Bup, kopma K
OPMOBbIX 1 kr kopma, p.
envHnL, fenka, r | kanbuus, r
Cunoc 0,2 10 4 0,2
KoHUeHTpaTbl 1,0 200 3 0,8

§ 31. MHOXecTBa TO4EK Ha KOOPAMHATHOW NIOCKOCTH
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441.

442,

447.

256

IIpu cocraBieHMH JHEBHOrO DANMOHA HYIKHO BBIIOJHHTH CIELYIO-
Imye YCJIOBHA:

1) B geHb MOKHO pacxofoBaTh He Gojee 25 Kr cuioca u He Gosee 10 Kr
KOHIIeHTPATOB;

2) KOPMOBBIX E€AMHHIL AOCJKHO OBITH He MeHee 20;

3) Genka gosskHO 6HITH He MeHee 2000 r;

4) xanbnudA A0KHO OBITH He MeHee 100 T.

Tpebyerca cocTapuTh AHEBHOIN pamuoH Tak, 4Tobml ero cebecrom-
MOCTH OBLIa HauMeHbINet.

YNPAXHEHUA K IFNTABE VI

3&]1308'1‘5 BCe NMOIMHOMeCcTBa MHOMKeCcTBa:

1) A={8;9}; 2) B={1; 2};

3) C={a; d; c}; 4) D ={m; n; p}.

Haiitu nonmonHeHue MHOecTBa M mo MHOoxectBa N, eciu:
1) M=({1;2; 3; 4}, N={2; 3};

2) M={-3;-1;1; 3}, N={-1; 3};

3) M={a; b;c;d; e}, N={a; d; e};

4) M ={k; I; m; n; p}, N ={n}.

. Haiitu A\B u B\ A, eciu:

1) A={a; b; c;d}, B={c; d; e};

2) A={b;c; f}, B={a; b; c; d};

3) A={3;4;5;6; T}, B={3;5; 7;9};

4) A={1;3;5; 7T}, B={1; 2; 4; 5}.

Haiitu MUK u MNK, ecnu:

1) M={a; b; c; d}, K={b; c;d; e};

2) M={a; b; c;d; e}, K={a;c;e; k};

3) M={-1;0}, K={-3;-2;-1;0; 1};

4) M ={-5;-3; -1}, K={(1; 2; 3}.

Hajitn ob6beuHeHNE U IepecedyeHue OTPE3KOB:

1) [-1; 3] u [0; 4]; 2) [-6; -2] u [-4; 2];
3) [-6;-3] u [-3; 0]; 4) [-5;-2] u [-2; 2].

ChopmyupoBaTh BHICKA3biBAHME U, €CJIM HM3BECTHO BEICKA3bIBa-
HHE U:
1) 5#5; 2) 17=17; 3) 23210; 4) 15< 7.

HaiiTn MHOXeCTBO MCTHHHOCTH npeioxkenus (447—448).

1) n — BaTypaJbHOE 4YHCJIO, KpaTHOe 3, HO MeHbInee, deM 20;
2) n — HaTypanbHBIM AeJuTens yucia 45;

3) 2<y<1, yeZ;

4) -4<z<2, zeZ.
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448,

449,

450.

451.

452,

453.

454.

455.

456.

457.

1 x’+6x+9=0, 2) x2-5x+4=0,
x*+x-6=0; x2-8x+16 =0;

x’-4x+4<0, x2-2x+120,
3) {x?O; 4) {(x+3)2=0.

Jisi KasKaoro M3 npepoKeHHi p (x):

1) x*=10; 2) x2+2=0; 3) x2-8=0; 4) |x|=3.
onpeAeNuTb, HCTHHHBIM HJIH JIOXKHBIM SBJIAETCA BHICKA3bIBAHUE
(Vx) p (x); (3x)p (x).

IIpuBecTn KOHTPIPHMED, ONPOBEPTAOIIMUE YTBEDIKACHHE:

1) moboe 4yérHOE umMCNO menuTcA Ha 43

2) nmoboe HEYETHOE UYMCIIO JAeJIUTCA Ha 3;

3) oxkoy0 0600 YEeTHIPEXYTONBHAKA MOMKHO OIMCATH OKPYK-
HOCTB;

4) cymmMa BHYTPEHHHMX YIJIOB J1000ro MEHOTOYTOJbLHHKA paBHa 360°.

HaiiTu paccrosaue mexay Toukamu M u N, ecanm:
1) M (-2; 3), N (3;-2); 2) M (-5; 1), N (1;-5);
3) M (-5;-4), N (0; 2); 4) M (3; 0), N (-6;-3).

3anmcaTh ypaBHEHHe OKDY’KHOCTH C IEHTDOM B HAdaje KOODAMHAT
U PafuycoM r, ecJjim:
1) r=2,5; 2) r=1.5.

3anucaTh ypaBHEHHE OKDY>KHOCTH C IEHTPOM B Touke C H pajau-
yCOM r, €CJH:

1) C(-4; 5), r=3; 2) C(2;-6), r=4;

3) C(0,5;-1), r=6; 4) C(-1,5;-3), r=5.

BeisicanTs, xaxkme m3 touer A (1;3), B(1;2), C(0;1), D(-1;1)
NPHHAJIEIKAT OKPYIKHOCTH, 3aZlaHHOM ypaBHEHHEeM:

1) x2+(y-2)2=2; 2) (x+1)2+(y—3)*>=5.

SanucaTe ypaBHeHMe IDPSMOii, NpoxoAsmei yepes Touku M u N,
ecJu:

1) M (7; 0), N (0; -6); 2) M (0; -4), N (5;0);

3) M (-8;10), N (7;-2);  4) M (6;-9), N (-T; 5).

Havitu yrioroit kosddunuenr npamoii, saganHOM YPaBHEHHEM:

1) 3x—-2y=2>5; 2) -4x+3y=1;
2.._¥_ 4. XD
3)3x > 1 4)2+4y 1

Cpeau mpaMbIX, 3aJJaHHBIX ypaBHEHHUSAMMU
x+y=1, 2x-4y=3, 2x+2y=>5, —-x+2y=4,
YKas3aTh mapbl HapajielbHBIX MPAMBIX.

YnpaxHenus k rnase VI 257



458.

459.

461.

462.
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Cpeau npAMBIX, 3aJaHHBIX YPaBHEHUAMH

3x+y=2, -2x+y=3, %-}- y=2, 4x-2y=1,

yKa3aTh Te, KOTOpbie IepecekanT mpamyio 2x-—y=1.

Ha KoOpAMHATHOM IIOCKOCTH u300pasuTh QUrypy, S3aJaHHYIO

ypaBHeHUEeM:

1) -8x+y=2; 2) dx-y=1;

3) bx-2y=4; 4) 3x+ 2y =6;

5) x2+y?=2,25; 6) x2+y?=6,25;

7) (x+3)*+(y—2)2=36; 8) (x—4)%+(y +3)>=25.

Ha KOOpPAMHATHOM IIOCKOCTH MITPUXOBKOW IIOKA3aTH MHOKECTBO
TO4eK, VAOBJETBOPAMIIINX HepaBeHCTBY:

1) x=2-3; 2) x<-2;

3) y<2; 4) y>4;

5) y<—-2x+3; 6) y>-3x—-1;
7)y?%—2; 8)y€§-+2;

9) ¥*+y*<9; 10) x2+y*>16;

11) (x+0,5)2+(y — 3)?=25; 12) (x-4)*+(y+1,5)*<4.

Haiitu obbeguHeHHe W IepecedueHue MHOMecTB A u B, eciu:

1) A={x: |x|<2, x€Z} u B={x: x*+x-6=0, xeZ};

2) A={x: |x|<3, x€Z}) u B={x: x2-2x-3=0, xeZ};

3) A={x: x*-5x+6<0} u B={x: |x|<2);

4) A={x: |x-2|<5} u B={x: |x-1|<3}.

OnpepenuTb, MCTUHHBIM HJIM JIOMKHBIM SABJIAETCA BBICKA3bIBAHUE
(Vx) p (x); (3x) p(x), ecnin npepnoxkerue p (x) caepyoee:

1) TPeyroabHUK X — MPAMOYIOJIbHBIM;

2) B TpeyroJibHMKe X BCe OHUCCEKTPHCHI ABJAIOTCA M MeAHaHAMMU;
3) XopZia X HEKOTOPOW OKPYKHOCTH ABJIAETCA €€ AMaMeTpPOM;

4) cyMMa BHYTPEHHHMX YTIJIOB TPEYroJbHHMKA X paBHA 180°;

5) cymMMa BHYTPEHHUX YIJIOB YeTBIPDEXYrOJbHUKA X PaBHA 270°;
6) uérHOe uMCcI0 X AeaUATCA Ha 4;

7) 4éTHOE UMCJIO X AeJHTCA Ha 3;

8) KBaApaTHBIN TPEXWIEH X He HMeeT JAeHCTBHUTEJIbHBIX KOpHEH.
CthopMyaIMpoBaTh TeopeMy, oOpaTHyIO JAaHHOW TeopeMe:

1) ecam umMcaa X M Yy 4YETHBIE, TO YHCIO X + Y UYETHO;

2) ectm a>0 u b>0, To ab>0;

3) ecnu TPEYroJbHMK X NPAMOYTOJBHBINA, TO CyMMAa €ro OCTPBIX
yrios paBHa 90°%;

4) ecau OTPE3OK X ABJAETCA CPejHeH JMHHUEH TpPeyroJbHMHKa, TO
OH TapaJljleJieH OZHON M3 CTOPOH 3TOr0 TPeyroJbHUKAa.
VeTasoBUTH, UCTHHHOM HJIM JIOMKHOH ABJIAETCA MOJYyYeHHas Teo-
pema.
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HaiiTu cepeguns! cTopon Tpeyroiasauka ABC, eciu:

1) A(0;2), B(-6;0), C(-2;-4);

2) A(-4;0), B(0; 6), C(2;-2).

Touxa M — cepenuna orpeska AB. Haiitu KOOpAMHATHI TOYKM B,
ecau:

1) M (5;-7), A(=3;1); 2) M (-5;3), A(9;-T).

Ha npsmoit x = 2 HaiiTn TOuKy, PABHOYAANEHHYIO OT Touek A (3; 1)
u B (-2; 2).

Ha npsmoit y=-3 HaliTu TOYKY, pDAaBHOYJZANIEHHYIO OT TOYEK
M (4;-3) u N (1; 3).

3anucaTh ypaBHeHHE OKDY{HOCTH, OIUCAHHON OKOJIO IPAMOYTOJIE-
HOT'O TPEYroJIbHUKa C TUIIOTeHYy30# AB, eciu:

1) A (0; 6), B(-2;-4); 2) A(-6;2), B(4;0).

HaiiTi KOODAMHATHI IMEHTPa OKDPYIKHOCTH pajuyca 3, JeXKAImiero
Ha OCH OPAMHAT, NPHU YCJIOBUH, UTO OKPYKHOCTH IIPOXOAHUT Yepes
Toury A (-2; 3).

HaiiTn KoopauHATHI IEHTPA OKDPYKHOCTM pagmyca 4, Jeskamero
Ha ocu abCnuce, NpPH YCIOBHM, YTO OKPYKHOCTH IIPOXOJMT uYepes
Toury B (4; -3).

HaiiT KOOpAMHATHI TOYEK NepecedeHus OKPYKHOCTEH, 3aJaHHBIX
YDABHEHUAMU:

1) ®+y®°=1u 22+ +x+y—-2=0;

2) X2+ y?=4 u 22+ 2+ x+y—-6=0.

CocTaBUTE ypaBHEHMSA NPAMBIX, COAEPIKAIIMX MeAUAHBI TPEYIOJb-
Huka ABC, eciau:

2) A(5;0), B(0;-38), C(-1;1).

HaiiTi KOOPAMHATEI TOYEK IePeceYeHus NPAMBIX, 3aJaHHBIX YPAaB-
HEHUSIMU:

1) 83x-y=1u 5x+3y=5;

2) 4x+y=-2 u 3x—-2y=15.

Omnpeaenurs Gurypy, sagasHyO YpaBHEHHEM:

1) (x-5)*+(2y+1)*=0; 2) (Bx+1)2+(y—4)2=0;
3) (x+7)(y—6)=0; 4) (x-8)(y+9)=0;
5) 3x%—4y2=0; 6) 9x2—5y%=0.

N3006pasuTe MHOKECTBO TOUYEK KOOPAMHATHON IJIOCKOCTH, Y/IOB-
JIETBOPAIONIUX CHCTEME HepaBeHCTB!

1) dx+y<2, 2) 3x-y=1,
2x — y < 3; 2x +y > 4;

) 5x -2y > -1, 4) -4x + 3y < -3,
-3x+ 2y = -2; 3x — 2y < -2;
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5) {(x +0,5)* + (y - 1,5)* > 9, 6) {(x -2,5)* + (y - 0,5)* > 16,

x—y<2; x—y>-1;
x2+y? >4, x?+y?<16,

D {x2+yzs25; B) {x2+y2>9.

Onpenenuts Gurypy, 3ajasHyi0 CHCTeMON VpaBHEHHUN:

1) y =|x|-1, 2) xXX+(@y-1)°=9,
2+ (y+2°=4; y =|x| +2;

) y:(x+1)2+1, 4) y=(x+1)2—1,
x+1D)*+@y+1)2>=9; (x+1)*+@y+2°%=4;

5) (x-12+y%=4, 6) (x+2°+y*=9,
y=Jx—2; y=vJx+1.

BN NPAKTUMECKME U NMPUKNAAHBIE 3A0AYU S

1. U3 OYKB cJIOBA MHOJNCECME0 COCTABATH BCEBO3MOXKHBIE CJIOBA (ume-
Ha CYINEeCTBHTEJbHbIE, HMEOIIue CMbICI B PYCCKOM assike). Kax-
Ayio OYKBY B COCTaBJIAE€MOM CJIOBE MOYKHO HCIOJb30BATH HE 60Jb-
[ee YMCJIO pa3, 4YeM OHa BCTPeYaeTcdA B CJIIOBE MHONCECME0.

2. UHocTpaHHBIEe A3BLIKYM M3ydaioT 25 yuammuxca. U3 Hux 19 yesnioBex M3y-
qaloT AHTVIMICKHUN A3LIK, a 16 — HeMenkuii. [[pyrux MHOCTPAHHBIX
SSHIKOB HUKTO He uaydaer. CKOJIBKO UeJOBEeK M3YYaloT ABa A3BIKA?

3. Kaxnaeii u3 13 yueHHMKOB Kjacca 3aHUMAaeTcs XOTd Obl OAHMM H3
BHJOB CIOpTa: miaaBasbeM win (Qyrdosom. CeMb YesiOBeK 3aHMMA-
JOTCs ILIaBAHBEM, 4YeTBepo 3aHUMAalTCA /ABYMs BHJAaMH CIOpPTa.
CKOJIBKO 4eJioBeK 3aHmMmaerca (yrbosom?

4. B mexayHApOAHON KoH(Mepernuu yuacrsosano 100 wenosex. M3 Hux
40 4esIOBEK BJIALENIO PYCCKHMM A3BIKOM, 55 — aHIVIMHCKHM, 45 — He-
MenkuM, 18 — pycckum m aHramickuMm, 20 — aHIIMACKAM U He-
MENKHM; HUKTO He 3HAJ OJHOBDEMEHHO DYCCKHMH M HEeMEIKHH A3bI-
KM ¥ HUKTO He BJajes BCeMH Tpems s3bikaMu. Kaxoe 4mciIo ydacr-
HUKOB KOH(EPEHIIMH He BJIAJIeJI0 HA OJHMM M3 ITUX ASBIKOB?

5. Ilpm moaBeJeHWM HMTOrOB PAMOHHBIX OJHMNHAA IO uHdpopMaTHKe,
MaTeMaTHKe ¥ JATepaType OKasajock, YTO B OAHOM IIKOJe ydJarcsd
20 mobepuTesieit, IPUYEM KaskAbIA mobesna XoTa Obl B OJHOH OJIUM-
nuaze. Iz aux 16 uenoBexk mobenuiam B ONMMIIMaje 110 uHpoOpMa-
tuke, 10 yesloBeK — 110 JUTeparype, 8 — II0 MaTeMaTHKe. IIpu aTom
6 YeJIOBEK OKAasaJiMCh MOoOeAHTeJIAMH II0 MaTeMaTHKe H II0 JIATepa-
Type, 6 WesoBeKk — Mo MaremMaTUKe M MHPOpPMAaTHKE, & 5 — mobexu-
TeJIME TIO BceM TpéMm mnpeameram. CKOJIBKO UeJsioBeK mOOeRviIu
B OJIMMIIMAAX MO JUTEpaType ¥ MHPOPMATHKE OJHOBPEMEHHO?
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a) YA 6) gj! B(5;6)
I B(6:4)
4._
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Puc. 73

6. Onucars nepeceyeHWe MHOMKECTB HATYDPAJIBHBIX UHCEJ:

1) xpaTHBIX 3 ¥ KpaTHBIX 5; 2) KpaTHLIX 6 u KpaTHBIX 18.

7. OnemeHnTaMm MHOKecTBa A ABIAIOTCH BCe IPOCThI€ YHCJIA, MEHb-
mue 50; aneMeHTaMH MHOXKecTBa B — HaTypaJbHBIE qHCJIa, OKaH-
duBalomueca nudpou 3. Hairu: 1) AUB; 2) ANB.

8. Ilpuaymars npusHaKu, mo KOTOPBIM MOYKHO KJACCH(MHUIMPOBATEH:
1) ysammuxcs kmnacca; 2) rpubbl; 3) TeneBH3OPHI; 4) HATUTKH.

9. VYcraHOBUTH, BEDHO JIM BHICKA3LIBAHHE:

1) mobas Gepésa — aepeBo;

2) moboe nepeso — Gepésa;

3) kaxkmoe HacexkoMoe umeer 4 KpbLia;

4) KaXXABIH KBaZpaT SIBASETCH NPAMOYTOILHHKOM;

5) m060i NPAMOYrOJILHUK SABIAETCSH KBaJIpaToMm;

6) m06oit paBHOGEADPEHHEIH TPEYrOJIbLHUK — NIPAMOYTOJIbHBIN;
7) cymecTByer paBHOGeIpEeHHBIH TPEYTOJIbHUK, ABJAIOMIMNACA NIpPHA-
MOYT'OJIbHEIM;

8) cymecTByeT JeBouka ¢ mMeHeM AHHA;

9) He cyImecTByeT MaJbYMKA C UMEHEM IIérp;

10) me cymecrByer TpeyroasHmMKa co cropoHamu 1, 3, 5.

10. BanmcaTh ¢ MOMOINBIO CHCTEMBI HEPABEHCTB MHOYKECTBO TOYeK 3a-
INTPUXOBAHHOM YACTH KOODAMHATHOH ILUIOCKOCTH (pHC. 73).

11. C mons Ha OBOmMEHYIO 6a3y MEepeBO3AT OBOIM ABTOMAIIMHAMHY rpy-
sonoAbEMHOCTHIO 5T 1 10 1. Ba 14 6aza moxker OpHHATE He GoJiee
10 mamun, npu sToM He Gosee 8 MamuH 1o 5T U He Gosee 6 Ma-
muH 10 10 1. CKONBKO MamuH Mo 5T U cKoarbKo Mamue mo 10 T
HYHO OTHPaBJATHL C NoJs Ha Gasy 3a 149, 4ToOHI MEepeBO3UTHL Ham-
GosbIee KOJMYECTBO OBOIMIEH?

12. Ha ntunedepme ynorpebasiores asa Buga KopmoB — I u II. B egu-
Hune Maccel Kopma I coxepskurcs eammuMIa BemjecTsa A, eguHHUIA
BemecTBa B u egumuna semecrsa C. B eamHume maccer xopma II
CONep:KUTCA 4 eAWHMIBI BemecTsa A, 2 eJWHUILI BemiecTea B u
He cozep:xkuTca BemecTBo C. B nHeBHOM panmuoH Kamoi OTHIBL
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HY)XKHO BKJIIOYATh He MeHee €IMHHUILbI BeIecTBa A, He MmeHee 4 enu-
HUI BelmecTBa B u He MeHee ejuHMIb! BemecTsa C. Ilena eqUHUIIBI
maccel kopma [ cocraBisger 3y.e., KOpMa II — 2y.e. CocraBUTH
esKeHeBHBI PAIMOH KODPMJIEHMs ITHI[ TAK, YTOOBI CTOMMOCTH €ro
OplIa HaMMEHbIIEeH.

B aTOM rnage Bbi y3HaJ

yT0 TaKoe:

— MHOJKECTBO M ero 3JIeMeHThI;
— XapaKTepPHUCTHYECKOe CBOMCTBO MHOXKECTBA;

— TOAMHOYKECTBO MHOXKECTBA; IIYCTOE€ MHOXKECTBO;

— pasHOCTh MHOMKECTB A H B;

— oOBenuHEeHHE U IlepecedyeHMe JABYX MHOKECTB;

— IOTOJIHeHWEe MHOKecTBa A 10 MHOMXKeCcTBa B, eciu A cC B;
— cucTeMAa U COBOKYITHOCTH YpPaBHEHWI;

— WCTHHHBIE W JIOKHBI€ BBICKA3LIBAHMA;

— OTpHIlaHNE BBICKA3BIBAHUS;

IpeAJioyKeHue C IepPeMeHHOM’;
MHOKECTBO MCTHHHOCTH IIPE/JIOMKEeHUs ¢ IepeMeHHOM’;
CAMBOJIBI OOIIHOCTH M CYLIECTBOBAHMSA;
KOHTPIPUMED;
cJel0OBaHWE W PaBHOCHJIBHOCTH;
PABHOCHJIbHEIE: YPABHEHNUH, CHCTEMbI ypaBHeHHiI, HEDABEHCTBA;
ypaBHEHUHA-CHEACTBUA;
— mnpsiMas ¥ obpaTHas TEOPEeMBI;
— ypaBHEHHe IPAMOW;
— ypaBHEHUE OKPYIKHOCTH;

Kak:

— 3ajfiaBaTh MHOKECTBO;

— HAXOAWTH: IOAMHOKECTBA HEKOTOPOI0 MHOKECTBA; obbeAUHEHHE
¥ IepeceyeHue ABYX MHOXKECTB; PA3HOCTH ABYX MHOMKECTB An
B; fomoIHeHWe MHOXecTBa A 10 MHOXKeCTBa B, ecitu A C B;

— ompefiensTh MCTHHHOCTh WM JIOXKHOCTH BHICKA3BIBAHUA, LIPEZ-
JIOYKEHUs ¢ MepeMeHHO;

— ompoBeprath BhicKasbiBaHMA Buaa (Vx)p (x);

— (pOpMyIMpPOBATH TEOpeMy, OGpPaTHYIO AAHHOM;

— CoBepIIaTh PABHOCHJIbHBIE NPeoOpasoBaHMA ypaBHEHUIi, cCHCTEM
ypaBHeHUII ¥ HEpPaBeHCTB;

— OIpeAeNATh PACCTOSHME MEXKAY ABYMSA TOUKAMH HA ILJIOCKOCTH,
3aflaHHBIMH CBOMMH KOODAMHATAMM;

— gamuchLIBATH ypaBHEHHE OKPYKHOCTH; NPAMOM;

— u3obpakaTh B NPAMOYTOJbHON CHCTeMe KOODAMHAT durypsi,
3afaHHBIE C TOMONIbIO YDaBHEHHH, HEPaBeHCTB, HX CHCTEM
¥ COBOKYIIHOCTEH.



i )ﬂ;}ﬂBEHb x

" ypoaeH £

' I.I I-. Qp_flaﬂae H .h.

11.

12.

13.

14.

15.

NNPOBEPb CEBH!

Haiitu o0benuHenue U mepeceueHume:

1) muO)ecTB A={2;1;0; 3} u B={-2;0; -1: 1};

2) orpeskos [-7; 2] u [-3; 1].

ChopmynupoBaTh BEICKA3BIBAHHME D, €CJIU U3BECTHO BHICKAZbI-
BaHHE U:

a) 100>32; 6) uucsio 3 ABAAETCH YUSTHBHIM UMCIOM.
3anucaTh ypaBHeHHE OKPY>KHOCTH C IEHTPOM B Touke C (-2; 5)
paguyca r=717,.

Haiitu paccrosinme Mesxay Toukamu A (-8; 1) u B(-6;-2).

Ha xoopamHaTHO# MJI0OCKOCTH IITPHXOBKON IOKA3aTh MHOMKE- |

CTBA TOYEK, YAOBJETBODPAIOIIUX HEPABEHCTBY:
1) 83x—y<5; 2) (x—4)°+(y+3)2>4.

Haiitu obbenuHeHne u nepeceyeHne MHOKecTB M u P, ecou:
a) M={x: x*+3x-10=0} u P={-T;0; 2);

6) M={x: -8<x<4} u P={x: 0<x<5}.

Haiitn pomonnenue mMuokecTBa A = {x: 2<x<3} mo MHONKe-
crBa B={x: -2<x<5)}.

CdhopmyupoBaThL BHICKA3BLIBAHUE D, €CIM U3BECTHO BHICKAZHI-
BaHue v: a) 23<10; 6) npsAMble @ U b NMePHEHAUKYIADPHEL.

Haiitu xoopauuaTer Touku C — cepeauHb orpe3ka AB, eciau
A (-5; 6), B(3;2).

. Ha xoopanHaTHOH IJIOCKOCTH IMITPUXOBKOM MOKA3ATH MHOMKE-

CTBO TO4YeK, VAOBIETBOPAKWIINX CHCTEeMe HepaBeHCTB
(x-22+@y+1)2<4,
x-2y-220.

Haiitu o6beaunenue u nepecedenue MHOMKeCTB A u B, ecin: ;

A={x: x*-x-12<0}, B={x: x?2-3x-10=0}.

ChopmynupoBats Teopemy, o6paTHYIO JaHHOI: «IIpu mepece-

YeHHH ABYX NapalIeJIbHbIX NPAMBIX CEKYIel HaKpecT Jexa-
LI¥e YTIJIBI PDABHEI»,

Onpenenurs Buj GuUrypsl, 3afaHHOH CHCTEMOM YpaBHeHHH
x*+y?*+10x -2y -10 = 0,
y=x%+2,

CKOJIBKO NOAMHOMECTB HMeeT MHOMKEeCTBO, cogepxaioee

6 snemenToB?
Pemure nepaBencrso |x%-5x+6|<|x2—-T7x+10].

S T R T N Y I R o B R O S TR T AR iy I Pl Qe ol
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BEE TEMbl UCCNEQOBATE/IbCKMX PAGOT I

1.
2.
3.
4.
5.
6.
1.
8.

9

10.
11.

HauBnas Teopuss mEOKecTB B. Bonsmaso.

I'. KasTop ¥ ero BKJaj B Pa3BHTHE TEOPHHA MHOKECTB.

Bxiajn B pasBATHE MaTeMaTHKH TIDYIIIBI yuénnix H. Bypbakn.
CuéTHble ¥ HeCUETHBIE MHOYKeCTBA.

IMapagoxc GpanoGpes M Apyrue NapajioKChl TEOPHHA MHOMKECTB.
MeToA AOKAa3aTeIbCTBA OT NPOTHUBHOTO.

IHoHsTHEe MONIHOCTHM MHOXXecTBa. PaBHOMOIIHbIE MHOKECTBA.
Orobpakenue. Buexnusa. TeopeTuKo-MHOKECTBEHHOE OHpEJeeHHue
OOHATHA (QYHKIIHH.

3aKoHBI JOrMKH B Tpyaax Ilnarona u ApHCTOTEJNd.

Dransl pasBUTHS (POPMAaJbHON JIOTHKH.

3akoHbl (OpMaibHON JOrHKH. 3aKoHEI Ae MopraHa.

12. Knaccupuranua o6beKTOB HCCIENOBAHUA H HaOJIIOJeHnA.
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477

478.

479.

482.

PaXHEeHUs ANs NOBTOPEeHUs Kypca anrebpbl
IX knacca

Ham-u 3Ha4YeHHe BbIPDAYKEHHA:

1) 2- 10_—2l +(6°— %]_l. [_;_]2 (%]3 [_%]_I;

2 -2 3 0 A %
2) = -(-1,5)"*-(-1,5)*- (0,75)"+ 81 - -3 -

CpaBHUTH 3HAYEHHs BBIPAKEHUIH:

1) V2-1)°-(V2 +1)" u (-2)7- (-4);

2) (V3 -1~ (V3 +1)° u (-8)2-27-(-0,1)".
PemuTth ypaBHeHHe:

1) 2¥x +9=4+¥x; 2) ¥x -1)*=¥+*.

W3sBiieus KOpPEHb:

s]o 10 4, 3| 8b° . /1622
1) 227, 2) 59, 3) —34309,r,11;ea¢0, 4) 81y4,rney>0.

. YIOPOCTHTE:
1) (320 +7V15 - V5) : V5; 2) V7 -314 +¥56) : ¥7;
3) 2E+JE-3E; 47 1%—ﬁ+0,5\/343.
CpaBHHUTH 3HAYEHUS BBIPAYKEHUIA:
5 5
1) [%]  u [%] ®, 2) (0,32 u (0,37)".
BeIHECTH MHOKMTENbh M3-NOJ 3HAKA KODHMA:
1) V9a?, rae a<0, b>0; 2) V25a%?®, roe a>0, b>0;
3) V8a®®, rme a<0, b<O0; 4) J121a%®, rae a<0, b<0.
Brectu MHOXHTENb MO/ 3HAK KOPHSA:
1) x5, rze x20; 2) xV3, rpe x<0;
3) —av3, rupe a=0; 4) —a~5, roe a<0.

PemuTe ypaBHeHHE:
1 1 1

1) x2=2; 2) x 2=3; 3) x3=8; 4) x2=

25
BeisicauTs, npuHaIIEKAT M rpadUKy QYHKOUE y = —— TOUKA:
X

1) A(V5; -5vV5);  2) B(-5v2; 5v2).
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487.

489.

490.
491.

492.
493.

494.

495.

496.

497,

498.

266

BEISCHHTS, IPHHAJJIEKUT i rpaduKy GyHKIuu y = v1 — 2x TOUKAa:

1)0(1 Jz_J 2) D[—%; )

Haiitu obiacTs onpefeneHUA (DYHKIHUH:

1) y = J—x* - 3x + 10; 2)y—4fx27 3) y =312,

_Jf2x+15 . A m _ =
WY 6 5)y*\}0,5x+1’ ) v=2"7

ITocTpouTrs rpadukr QyHKIHH:

1) y=x*+6x+10; 2) y=—x2—Tx - 6; 3)y=%;
=-3, o 2 .
Yy=-_3 5) Y=t 6) y = o x*,

IIo rpaduKy BBICHUTH, Ha KaKHUX IPOMEXYTKaxX (PYHKOHA BO3-
pacraer, yObIBaeT; ABaAeTCS U (PYHKIUA YETHOR MK HEYETHOI.
fIpnserca au umcao 107 dwieHOM mOCIENOBATENBHOCTH @, = 3n??
ITocenoBaTeILHOCTh 3ajaHa PeKyppeHTHo. 3azaTh eé GopMyJoi
n-ro unena: 1) a,=1, a,,,=a,+1; 2) a,=3, a,,,=3a,.
Beruucauts a,, @z, a4 ecau a, =1, a, ,=@Bn+1)-a,.
BeiuncauTs n-if 4ieH apu(pMeTHYECKOH IIPOrpeccHu B CyMMY 7
NepBBIX YJIEHOB, €CJIU:

1) a,=10, d=6, n=23; 2) a,=42, d =0,5, n=12;

3) a,=0, d=-2, n="T; 4) a1=%,d=§, n=18.

HaiiTi cyMMy n TepBHIX 4YJE€HOB apHdMeTHUecKo#l Iporpeccuu,

ecau a, =2, a,=120 u n=20.

1-2n
3

JlokasaThb, YTO MMOCJIeA0BATEILHOCTD, 3aJaHHasA (GOpMYJION a, =

]

ABJISAETCA apu(MeTHUeCKOU Iporpeccuei.

JIlnss reoMeTpUUECKOil NPOTPECCHH HAUTH:

1) b, ecim b;=5 u ¢=-10; 2) b,, ecaun b,=-5000 u ¢=-10.
BeIYMCIUTE n-1 4JIeH reOMeTPHUUYeCKOM IIPOrPecCH U CyMMY N Iep-
BBIX UJIEHOB, €CJIH!:

1) b,=8, ¢=2, n=5; 2) b,=1, g=5, n=4;
3) b1=8,q=i, n=4; 4) b,=1, ¢g=-8, n=5.

HaiiTu cyMMy n mepBbIX 4YIEHOB IeOMeTDUYECKO# IPOrpeccHH,
ecan b= 0,25, ¢g=2, n=6.
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499’

500.

501.

502,

504.

505.

506.

KCHOJ’IBBY& MUKDOK&JBKYJIATOP, BBIYMCIWTE MEPBYI0 KOCMHUYe-

CKYIO CKOpPOCTH y moBepxHocTu JIyHbI 1o dopmyre v = VaR, rame
YCKOpeHHe CHJIBI TAXKecTH Ha JIyHe a = 1,623 M/c? u paguyc JIyHBI
R=~1737 km.

C nomompio MHKDOKaNBKYJNATOPA HAWTH KATeT TDEYrOMbHUKA,
€CJM ero rumoTeHysa pasHa 2,45 M, a apyroit xarer 1,78 M.

YupocTuTs BhIpaxeHue 31)%x2y3 — x/27y® - y/3x%y u maittu ero

1 1
YHCJIOBOE 3HAYEHHE, eC]IH X = CLE A 1 3

-1
Pemurs ypaBrenme: 1) 42%+5 = 256; 2) 9+*-3= (%.) .

Pemmuts cucremy ypaBHeHwMik:
1) {3x+2y—xy=7, 2) {x"’+2y2+3xy=28,
2x +3y + xy = 3; 2x*+ y*+ 3xy = 20.

YnopocTuTs BeIpajkeHue:
[t <5)2 _ 12
1) H)—, rae a> b; 2) %’-}-—, rae b>a;

,’1+%+$ 1+l+xl—2
3 , Te x>0; 4 =3
) :r]x2+x+1 )

Kakoe u3 paBeHCTB BepHO:
J7-4V38 =2-V3 nm \j7—4\/_ =38 -2?

Bospacraer unu y6siBaer Gpynxnusa y = % Ha npomeskyTke (0; +00)?
X

Haiitu o6nacTs onpenenenus GpyHKIUM:
1) y=Jx-2)(x-23); 2) y =x%*-6x;
: | 3
3 = ; — ——-___;
)y x—2J2x+2 Dy 2V3x—x2+3

_ Jx=-Dx _ | x2-9
5)y_\’ x+5 ' 6) y = x2-2x"

ITocTpouTs rpadmk HyHKIMU M YCTAHOBUTH €6 OCHOBHEIE CBOHCTBA:
3 1 x+2
= —— 2 = —_—— == .
Dy=_—7; § v 3) y ;

4 y=22%; 5) y=vx-3; 6)y=Y2_x.
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509. PemuTh ypaBHEHHE:

1) Jx -2 = 4; 2) Jx+3 =8; 3)V2x+1 =Jx-1;
4) Yx2+12 = x; 5) ¥6x — x* = x; 6) V3—x =J1+3x.

510. TypucT, NOAHMMAACH B IrOPY, B IEepPBBIA gac joctur BeicoThl 800 M,
a KaXABIH CHeAVIOMMI Yac NOAHWUMAJICA Ha 25 M MeHbOIe, YeM
B IpeABIAYINA. 3a CKOJIBKO YacoB OH noc'rnme'r BHCO'I‘H 5700 m?

511. B apudMeTHUECKOil IIPOTPECCHH @, + 4= —, (4,8, = ——. HaiTu cym-

MY CeMHAJIIATH IePBLIX WICHOB IPOrDECCHHM.
512. HaittTu nepssie 4 4ieHA IeOMETPUYECKOM IPOrpECcCHH, y KOTOPOM
BTOPOi YJieH MeHbIIle IMepBoro Ha 35, a Tperuil Gosblne YeTBEPTO-
ro Ha 560.

513. B reomerpuueckoii mporpeccuu ¢ =3, S;=1820. Haiitu b, u b;.

514. Cymma TPEX 4YHCeJ, ABJAIONMXCA MOCIEAOBATEJbHBIMH dWieHAMHU
apudmermaecKoi nporpeccuu, passa 39. Ecim u3 mepeoro 4mcia
BBIYECTHh 4, W3 BTOPOro 5, 4 U3 TPEThEero 2, TO IOJyYeHHBIe YHCIa
GYAYT TpeMsd IOCJIe[OBATE]LHBIMA YIeHAMH NeOMEeTPHYECKOH Ipo-
rpeccan. HaiiTu 5TH 9mMcia.

515. C noMoIBpI0 MHKPOKAaJBKYAATOPa mo (opmyse Lom 1 + =

R R, B, B
HaWTH CONpOTHBJeHHe R y4acTKa Ienu, COCTOSIero U3 TPex ma-
paJUIebHO COEMHEHHBIX CONPOTHBJIEeHHAN R, = 24 0mM, R,=120m,
R,=32Om.

516. ancnu'rb HA MHKPOKAaJbKyasaTOpe ¢ TounocThio fo 0,01 3maue-
gusa pysxnuu y (x) npu x=0,5; 1,5; 2,5; 3,5, ecan:

1) y(x)=x3-6x2+11x—4; 2) y (x)=x*—9x%+ 26x% - 24x;
2
R e 4) y(x) =V9+4x— 2.

x+1
VYnpoctuats Beipaskenue (517—518).

B17] 1) V5 + V21 ; 2) V4 +J7
2 (Yab® +Va s
518 1) J—{4(a+1)+(\f =1 ( i J_J] ,rae 0<a<1;

“Ip-2. -2l L
2) “_sb_g_sb__aﬁ,a_

a *b2-b *a-
ITocTpouTs rpaduk QYyHKIUHN:

1 3
Dy=qop DYoL 3) y=3Yx[; 4) y=x"-3lx|-

||
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Haiitu uersipe umcna, obnajaiommue CaefyOMEMEA TpeMs CBOMCT-
BaMMU:
a) cyMMa NepBOro M 4YeTBEpPTOro umces pasHa 11, a CcyMMa BTOPO-
ro U TpeThero pasHa 2;
6) nepBoe, BTOPOEe M TpPeThe YHMCIA SABIAIOTCH IoCJeJ0BATeJILHBIMH
4jleHaMu apu(pMeTHUYecKOH NPOrpeccHu;
B) BTOPOE, TPeThe U YeTBEPTOE UMCIA SBJIAIOTCH [OCJIeL0BATENb-
HBIMHM YWIEHAMH IeOMeTPHYECKOH IIPOTPEeCcCHH.

@ Tpm umcna, cyMmMa KOTOpBIX paBHA 78, COCTABIAIOT reoMeTpuye-
CKYIO IPOIPECCHIO M ABJAIOTCA TAK)Ke NEPBBIM, TPETHHM M JIeBS-
ThIM WIeHaMH apu@MeTHdeckoil nporpeccmu. Haditu s3TH umeina.

PaXHeHus Ans NOBTOpeHus Kypca anrebpsbi
2 VIl —IX kxnaccos

1. Yucna m anrebpamueckue npeobpasoBaHHUA
Beruucanrs (522—523).

522. 1) (5,4-1,2-3,7:0,8) (3,14 +0,86) : 0,25;
2) (20,88:18 +45:0,36) : (19,59 + 11,95);

8 _gM) 18 .5 .2 AP | T 3
3)[55_35]'H_73'153’ V3628 52+10 13
4 3.2,
523. 1) (3E+20’24J'2’15+(5’1625_216) 5’
2) 0,364: - +2.0,125+2,5-0,8:
’ * 25 16 - ? b ? ?
(3,25—§]-6,25 (5,25-35]:5 (2—3—+1i]:27.7
(2—0.75):é (——2—0,«‘3}-1E [1,75-3—1,75-11):i
5 4 3 8) 12
524. HaiiTm HeM3BeCTHBIH WIeH IIPONOPIIAHA:
1)ixs T=9:3: 2) 125:25=35: x; 3) 144:x=36:3;
3,9 1 1 4 1
4—x—=—'—; 5)9-:14— = x:0,75; Bix=—1:3=.
)6E a1 )92 144 x:0,75 6) 0,3: x 5 33
6
525. HaliTi p NpPOLEHTOB OT YMCIA @, eCcoIu:
1) a=400, p=27; 2) a=2,5, p=120;
3) a=2500, p=0,2; 4) a=4,5, p=2,5.
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526.

527.

528.

529.

530.

531.

532.

533.

534.

535.

536.

270

Ha#iTH 4MCIO0, €CAM p MPOLEHTOB OT HEro paBHBI b:

1) p=23, b=690; 2) p=3,2, b=9,6;

3) p=125, b=3,75; 4) p=0,6, b=21,6.
Kakoii NpPOIEHT COCTABIAET YMCJIO @ OT uucja b:

1) a=24, b=120; 2) a=4,5, b=90;

3) a=650, b=13; 4) a=0,08, b=0,48?
BuINIOJHUATE AeMCTBUA:

1) (-3a®b) (—2ab?) (-5a®b"); 2) 35a°bic : (Tab’c);

2 3 2
3) (—Mb‘c)a-(—%a"’bcz] ; 4) (—%a“b%zJ :(-% azbca] .

Banmcarh BBIpa)KeHHe B BHJe MHOTO4YJIEHa CTAHAAPTHOTO BHJAA:
1) (x-6)(5+x)—x? (x*—5x+1);
2) (x+7)(B-x)—x2(x3+2x-1);

3) (b—3a)2+8[a—%b][a+%b];

2 .- i 1
4) (3a + 6) +4[b 2a}(b+ 2a).

HaiiTy YUCJIOBOe 3HAUYEHHE BHIDAXKEHMA:
1) a®—ba? npu a=-0,6, b=9,4;
2) ab?+b® npu a=10,7, b=-0,T;

3) (m—5)(2m — 3)— 2m (m —4) npu m =%;

4) (8a—2) (a—4)—-3a(a—2) upu a =

|

BBIIIOJTHHATE OEeCTBUA:
1) (-15x®+ 10x* — 25x®) : (-5x2)— 3 (x — 3) (x* +3x +9);
2) (9a2b® —12a*b*) : 3a%b - b?. (2 + 3a?b).

Pasznoxurs Ha MHOMuTenu (532—536).

a® b? 2_p4 4
H1-—; 2)—9——1; 3) a?-b% 4) b*-9.

4
az

1)1-a+7 2) 0,25b%+b+1;
3) 49a%-14a +1; 4) 1+ 18b+81b2.
1) Y-xy—-y+x; 2) a?-ax—-x+a;
3) 3a?+3ab+a+b; 4) 5a?—-bax—Ta+ Tx.
1) 6min+12m?n + 3m?®n; 2) 2a°b —4a*b + 2a’b;
3) a?—2ab+b*-y% 4) a*+ 2a?b*+ b* — 4a%b>.
1) x2+ 3x - 28; 2) 2x2—12x +18;
3) 2x%2—-5x+ 3; 4) x2+x-2.
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537. Cokparurs apobs:

4—p? b?-9 5a%- 10ab
1) ———; 2) ——; 3) ———;
) 4b + 2b? ) 3b%-9b ) ab - 2b*
3xy — 21y% x?-x-12 6 x?—x-20
4 4x%-28xy’ 3) »_16 °* ) x%-25 '
3x2-2x-8 2x%+ x-3
) ————; P
) 2x%-38x-2 8) 2x*+7x+6
Yupocturs Bhipakenue (538—542).
a . a® 9a®  6a®
598 U it = e
3 (4a). 24, NERS
b®) 8a’ k)" k%’
dSa b 25a*p? -21c¢
-8ab - —; - : ;
% 28b? e 5a? 6)[ 14c? J [10a3b3]
4x(x-1)+1  1-2x x*-4(x-1)  2-x
a9 4 - x? " x-2° 8) x-1 T1-x27
a-3 a*+27 a*+12 a+3.
AR 1) a+3 a’-9 '’ 2) a*-4 a-2°
a+1 x+1 3—a 3-b
%) a’-ax a?-x2’ = ab-a® b?2-qg?°’
4 9 8a 42 8 7
-1 + &= ; * + :
0. 1) a-b a+b a?-p? = 4a°-9  2a+3 3-2a
a b 1 1 1
—+—-2|ab; —+—=——|ab.
3) [b a Jab e (a+b ab]a
1 X x-9 a+6 1 (a+2)?
541. 1 - - $ 2 - . :
) (x+3)? " x*-9 x%2-9 ) a’-4 a%-4 a
a? a’
3a+b-——; 4) -a+1,
a-1 a+1
b? 2ab b xy y
42. 1 : - : 2 - : 3
i )a2~2ab (a2—4b2 a+2b) )[:nc"—y2 2x—2y) x%2-y?
3)( 2y y ). _ y* . 4)[2et1_2a-1) 10a-5
x*-9y> x-3y)" x%+3xy’ 2a-1 2a+1 4a
543. YOpoCTHTh BBIDa’KeHHe W HAWTH ero UMCIOBOe 3HAYCHMe:
a+1 6 a+3
1) + -~ upu a=-9;

a-1 a’-1 a+1
b+5 38 _b+1
b+2 bi-4 b-2

2) npu b=-8;
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545.

546.

547.

548.

549.

550.

551.

272

3)

a—8"
2
4) b+1: b*+9 + 2
b—4 b2-16 b+4
BrraucauTe:

a-2 (a*-6a+10 . 2
a’-9 a+3

-1
1) [%) ~32:3%  2)(-6)°-812-275

CoxpaTurs Jpobb:

1 1
2

a++3 . x-2 y—9y§' x+x
1) at-3"°’ %) x2-2° 8) 5 5 8 x-1"
yi+3
BerameauTs:

1) (6-3v5)(6+3V5);
3) (35 —2v20)V5;
YOpocTUuTh BBIpajKeHHE:
1) 43 - V3(V16 - V3);
3) V48 — 27 - %Jﬁ;

5) (V2 +3)°-3V8;
BEIYHCIHUTE:

1) Va+v7 +Ja-J7)5
1 1

b e
VOpocTHUTH:
1)

1 1
+ ;
-2 8+J2
3-2 B 3+J§_
3+J2 3-4J2°

3)

2) (V5 -1) (V5 +1);

4) 1-V3)’+(1++3)"
2) 642 — V2(V2 +V/36);
4) V50 — /32 - ;Jﬁ;
6) (2-V3)*+2V12.

2) (V3-v5 —J3+5)%;
1 1
VoaB YTl

1 1.
=) B=48 B4d3
H_ 3 __ 3
J3-J2 J3+42°

IIpefcTaBUTL YHMCJIO B CTAHAAPTHOM BHJE:

1) 0,00051; 2) %5; 3) 250 000; 4)

BBLIYHMCIHUTE:

3
2500 °

-2
16-42%+4 (E]
3

1 (0,25)°- 8° _

=0
2

1
iy
16
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552,

553.

554.

555.

BriuncauTsb:

1) 8,75+ 8,75%-7,25; 2)

0,625 -6,75% — 3,252- 0,625
J3,5%+7-2,75+2,752

Yopocerurs npu x>0, y>0:
D 2% D VxY® 3) Y270 4) Y.

YOpocTUTE BhIpajXKeHMe:

1 1 1

11 11
2a°b® | a-2a*b*+b,

1
2

B |
5]
B | -

aE—b 1 a
e e e sk L AlE a3
a’+b? a’+a a?+1) a?-1
1 1 1 1 1
2 2 2 2 2
3) x s x - l1 : 4) m+2m!+1. 2rln _ 4m
1 1 1 a ! m-1
1+x2 \1-x2 x2—g 2m? m?-1

JlexapcTBeHHOe pacTeHMe pOMAallKa IIPH CymKe TepaeT 84% wmac-
cel. CKOJIBKO pOMAMIKU JOJKHBI cOOpATh INKOJbHHKH, €CHH OHH
00s13a,IMCh BRICYIOMTH ¥ cAaTh 16 Kr aroro pacrenusn?

3aBoj ABaXKJABI B TeYEHHE IOja YBEJIWUHMBAJ BHITYCK HPOAYKIIHA
Ha OAHO M TO <€ YHCJIO NPOoUeHTOB. HaiiTkm 3TO 4MClO, eclaH H3-
BeCTHO, 4YTO B Havyaje rojaa 3aBoj Beiomyckan 1200 wuspenmii,
a B KOHIEe rojla craj BelnyckaTe 1452 usgenus.

JBa cntaBa COCTOAT M3 NUHKA, MEJH U 0JoBa. V3BEeCTHO, YTO mep-

558.

559,

560.

BhIi ciiaB comepkut 40% osoBa, a Bropoit — 26% wmexu. Ilpo-
LeHTHOE CoJep;KaHue IHMHKa B 000MX cIulaBax ofWHAKOBO. W3
300 kr nepsoro criaBa u 500 Kr BTOpPOro moJiydeH HOBBIH CILIAB,
cogepxkamuii 30% muEKa. OnpenenuTs, CKOJNBKO KHIOIPAMMOB
0JIOBA COJEPIKHUTCA B HOBOM CILIaBe.

ABTOMOOMJIb B COOTBETCTBHM C NACHOPTHHIMH JAHHBIMH DPaCXOZ0-
Ban 8,8 1 Gemsmna Ha 100 kM nmyTm npu ckopoctu 80 km/g; 1
Gensura cromn 4 p. IIpu ABMIKEHHWH CO CKODOCTAMH BHIIIE PEKO-
MeHJOBaHHBIX pPacXoJi TOILIMBA B CpeJHEM NOoBhIIANCcA Ha 25%.
Ha cxonbko mopoke obxoamnach moesgka Ha paccrosiaue 500 KM
II0 aBTOCTPaZie IPH e3Jle C MOBBIMIEHHBIMH CKOpOCTAMU?
3anucaTek BHIDAYKEHHE B BHE MHOTOYWIEHA CTaHJaApPTHOI'O BHAA:

2
1) (5a%+3a—1)(2a%—4a + 2); 2) (gmz-%n] :
3) BmZ—-6m+7)(-2m2+5m - 1); 4) (a®b - 3b?)2.

Paznoxxurs Ha MHOMUTenH (560—562).
1) 4x®-81y*; 2) 16a®—25b% 3) (x+y)2—2% 4) m2—(n-k)%

YnpaxHeHua ans nostopenwss kypca anrebpel VIl—IX knaccos 273



561.

562.

563.

564.

565.

9 1 4
5 16 _ 2, 6ps, ah?— —
) 25x'y 16ab 6) — 55 4 b 490,
7 (x+y)?-16 (x—y)% 8) (a+b)>+4(a+b)+4.
1) 4a'°b® + 4a°b* + 1; 2) 4a?—12ab? + 9b*;
3) 16a%c®—8a?c®+1; 4) 25b* + 40ab? + 16a2.
1) 8a®b + 3a®by + 3a’bxy + 8a’bx; 2) 5a®c + 10a? - 6bc — 3abc?;
3) 25x3 — 15x2y — 20xy? + 12y3; 4) 8xy®—24y® - Taxy + 21a.
YOpocTUTE BBIpa)KeHHeE:
-1
1)[1— . )(1+ : ] ; 2)[a—b+ 4ab):(a+b— 4“");
a+b a+b a-—b a+b

3)(m——2~—J[m+ 2 J+ 4 5
m+n m+n (m+n)

4) [a—zbm“z“”zJ:[Za-b+ “2“’2].

a+b a-b
VopocTuTh BhIpaKeHHe W HAWTU ero 4McJIOBOe 3Ha4YeHHe:

1) a+2 [(a’+a+19 3 npnazv-ll'
a-5 "\ a*-25 a+5 2’
a-3 a’?-3a+3 3 1

: + =—,

“) 2+a ( 4-a? 2+a] PR a=Tg

BBIYHCINATE:

1) (5-102-3.51): 102 2)( %J .(§J5+(1 %)_2-(%]_1;
3) 3.2—1—2_;3-‘; 4 ( ] ( ] 4_1'3‘1'[3)_2
(13)

-1 -3 4 -1
6)3-10'1(8“——;—) (ﬂ [—}) (g) ;7 6,82 3,22,

566. CoxpaTuTh ApOOH:

—p2 y-'l_x—l a? - b2 m
1 B 2 ‘ . .
) -b7! ) x®-y®) (xy)! 14+ 57! m-1

567. Bmmcnu'rr,.

274

1) J(V3 -2)* - {1 -V3)’ +/3; 2) J12(V3 - 2)° - 44/3;
3 {(B-Vo) +A-VB) -5 4 | T
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568. Vnpocrurs npu x>0, y<O0:

1) %/2,25x1°y6; 2) 0 11,/Ex12yz

569. YupocTuTh BhIpadKeHHe M HAHUTH €ro 3HaAYeHUe:
l 1 l

m?n®+n?
1) =i
m+m?2n's
1 3

32 32
m2n?-n
S

mi*—min?

3) [1+ :;“’J-(l- ““"‘J npu a=5, x=4;

npu m=0,04, n=243;

npu m=81, n=0,1;

X a+x

a+\fa ~x2 a-+a®-x? o J5.

a-+Ja?- x? a+\/a - x?

Yuopocrurs (870—571).

570. 1) GR—J%w}lSmn; 2) m+n :(\/;;‘+J;_2m\fﬁJ

m+2Jmn +n Jm -Jn
3) ;1—1l _a2£+a“ ad;  4) 411_!_ 2-1112 :16+8¢§+a2_
a*+a? a?+1 2a%+a a?
571. 1)(“\}5 1+J‘} = 1 2)(1”’J‘f J‘] . b;
) (1o +a) (- a) § (m+ 27) @ V)

2. YpaBHeHHSHA

Pemute ypaBHenme (572—577).
572. 1) 8(3x-7)-3 8-x)=5(2x+1);
2) 10(2x-1)-9(x—-2)+4 (5x+8)="T1;
3) 3+x(b-x)=(2-x)(x+3);
4) T-x(B+x)=(x+2)(5-x).

5x-T x+2 4x-8 3+2x

573. 1) T—T=2; 2) . - = 8;
14-x  3x+1 _ 2c-5 6x+1 _
3) y +T—-3, 4) % 5 = 2.
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4 9 o il

574. 1 =, - = ;
) 3(x+2) 8x+11° 4 3(x-1) 2(x+6)’
5 x x+3 2
g) = =-2; -
) Toix 3 4) -8 x+3
575. 1) x(x—1)=0, 2) (x+2) (x-3)=0;
i e (x-5)(x+1) _
3)x[2x 2](4+3x)—0, 4) =a.3
576. 1) x>+3x=0; 2) bx—-x?=0; 3) 4x+5x%2=0;
4) —6x2—x=0; 5) 2x2-32=0; 6) x2-8=0;
3 2
x e X
7) (E]—I—O, 8) 2 5 0.
577. 1) 2x2+x-10=0; 2) 2x2-x-3=0;
3) 7x2-13x-2=0; 4) 4x2-17x-15=0.
578. BeIACHHTH, HMeeT JU KOPHH YpaBHEHHE:
1) x24+7x+13=0; 2) x2-8x+18=0;
3) 3x2-2x-2=0; 4) 5x2—4x-1=0.
Pemuth ypaBHenue (579—584).
579. 1) (8x+4)*+3 (x —2)=46; 2) 2(1-1,5x)+2(x-2)2=1;
3) 5x-3)(x+2)—(x+4)>=0; 4) x(11-6x)—20+(2x—-5)*=0.
580. 1) |x|=%; 2) |x—1|=4; 3) [3-x|=2;
4) |3x|-3x=6; 5) |2,5-x|+3=5; 6) |3,7+x|-2=6.
: x2  x%2_ .
581. 1) 2x+9—6—5x, 2) o E =4;
-1 12 x _
3) 16+x+4"1’ 4 (x+6)?2 x+6
582. 1) x‘—17x2+16=0; 2) x*-37x%>+36=0;
3) 2x4-5x2-12=0; 4) x*-3x2-4=0.
583. 1) Vx+1 -5=0; 2) 6-Vx+3 =0;
3)Vb-x-1=0; 4) 3+JVx -5 =x-4;
5) Tx —J2x + 2 = 5x; 6) 12x —Vbx —4 =11x.
584. 1) x*—5x*+8x*-5x+1=0; 2) x*+x*-18x2+x+1=0.
585. PemuTh rpauuecKku ypaBHEHHeE:
1) *=3x+2;  2) P¥=—x—2; 3) % =6-x;
4) x1=2¢x-1; 5)Jx= ”3, 6) Vx =
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586.

587.

588.

589.

590.

591.

592.

Pemmute cucremy ypasrenuii (586—588).

x+y=12, x+y=10, {2x+3y=11,
1){x—y=2; 2){y—x=4; Mex-y=1
) 3x + by = 21, 5) 3x+ 5y =4, 6) 4x -3y =1,
6x + 5y = 27T; 2x-y="T; 3x+y=-9.
2x 3y
S l —l
1)‘13 14 2) 2(x+11)_3(y+13)+2,
SXt—-y=09; 5x = 3y + 8;
2 4 .
(3 2
—x——y=2, “1_ =_1‘
317 8 , 4) | g +3y) =S(x+2y),
—x+—=y=12—; x+ 5y =12.
4 6 6
=y =1, x—-y=2, x+y=2,
1) {xy =18; 2) {xy =15; 3 {xy = -15;

x+y=-5, x?+y?=13, x2+ yi=41,
L. { = 2) {xy = 6; 8 xy = 20.

Pemmute ypaBHeHue (589—594).

1) 4(75—.8.:) +3(dx+1) = 12x2+17;

x+16 _ Tx-2
2) 2(5x — 24) - el T

2x+3 3—x Tx+11 .
g) 8+5 _(2x+ 2x+1J: 10x +3
2 4

1) 2x =1- x/3; 2) x\/5~12=x;
3) xV5 +3=2xV3 +5; 4) 226 — V3 = 276 + x/3.
1) Va2 =1; 2) Jx-1)?2 =1;

(x-1D2=x-1; 4) J(x-12 =1-x.

x+2 x(x-4) _x-2 4B+,

1 =
)x—2 x4 x+2 4-x2"

2 6 3 6 3 2
2) 1+ — = ¥ 3 + — +1:
) x-1 x22-1 x+1 )4x2—1 2x+1 2x-1 ?
4) x+1 x+1 4 x-1

x-2 x-1 @x-1)(@x-2) =x-2
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4x —
x+1 x+2

593. 1)

T x%+3x+2°
2  8x-2 3

2 2x

2
) x2-x x?2-1 x8

594) 1) V3x+4 —-Jx+9 =1;

_ 8x+1 |
3) V5x + —ma

-X

T x-1 x2-1°

2) J21+x—428—3x =1;
4) \2x —

5+1

5) 9—5x+ﬁ7=2\-‘3+x;

6)

2
J3x+1

+J8x+1 =5x+9.

PemuTe ypaBHeHue oTHocuTeabHO x (a#0, b=0):

595] 1) x?—ax=0;

2
4) -+ Z=o0;
a b
1) x2-5ax—6a?=0;

3) x2-6ax+9a%?-b%=0;

2) ax?*-x=0;

2
5) X 4+ x =0;

3) ax?+bx=0;
g) = _% _,
b a

2) x2-Tax+10a%2=0;
4) x2-4ax-b*>+4a2=0.

Pemuth cucremy ypaBHeHmi (597—598).

2y —3x =1,

597. 1) {3x+ 5y = 34;

y?— xy — 2x*= 0;
7) {27x3—y3= 26,

9x%+ 3xy + y?=13;

2x2+ y?+ 5xy = 32,

2) 10x - 3y = 38,
6x + by = 50;

14y —9x = 5,

599. IlokasaTh, YTO CHCTeMa He MMeeT pelleHHM:

) 3x-2y="1,
-9x + 6y = 21.
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600.

601.

602,

603.

604.

605.

606.

3. HepaBencrBa

Pemurs HepaBercTso (600—601).

1) 8x—T<4 (x+2); 2)7—6x>%(9x—1);
3) 1,5 (x-4)+2,5x<x+6; 4) 1,4 (x+5)+1,6x>9 +x.
x-1 x-4 x+4 x-1
p— - m____—?;
1) £ 2<y 2) £ 231
x-=1 6 x+1 2 2x-5 3-2x .
g It itlyy 4 E2 3% oy
B x+2=253; 6 w2l g,
PemHTb CHCTeMYy HepaBeHCTB:
1) x+5=25x-3, 2) 2x+3=20,
2x - b < 0; x-T<4x-1;
bx-1<T+=x, 3x-2210-x,
3) [-—0,2x > 1; 4 {—0,5x <1.

HaiiTu Bce pelieHnsa HepaBeHCTBa, ABJAKIIHeCHA HaTypajJbHBIMH
YUCJTAMHA:
l)x_—2_x2x—8 x+5>x—5

6 3 2
Haiitn Bce mesible 4mcia, sSBIAAIOIIMECS PEIIeHUSAMH CHCTeMBl He-
PaBeHCTB:

5 2) +x.

1) 2(x+1)<8—-x, 2) 3(x-1)>x-17,
—-5x -9 < 6; —4x + 7 > -b;
3'l,'_|_2yr1—1133‘2, y;l_y;3;y;2_y,
3) 3y - 20 2 4) 1
Y S8eY o B i, g S
5 5 < 3(.!; 73 1=y 3 Y 4.

Haiitu BCe PelIeHruda CHUCTEeMEBI HEPDABEHCTB, ABJAKINHECH LeJbIMH
OTPHLIATEJIBHBIMH YHCJIaMHu:

3x-2 l>2x~1_3x+2

4 +22 3 6 ’
2x -5 _ 8x-1 - x-3 _2x-1
3 2 5 4
Pemmurh KBazpaTHOEe HEPABEHCTBO:
1) x2-8x+2>0; 2) x2—-2x-8<0;
3) x2-Tx+12>0; 4) —x2+3x-120;
5) 3+4x+8x2<0; 6) x—x2-120;
7) 2x2-x-1<0; 8) 3x*+x-4>0.
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607. PemnThs HepaBeHCTBO:
1)lx|>%; 2)|x—1|<2%; 3) |x—1]>3; 4)|x-1|<2.

608. PemruTs MeTOJOM WHTEPBAJIOB HEPABEHCTBO:

1) (x-1)(x+3)>0; 2) (x+4) (x-2)<0;
3) (x+1,5)(x—2) x>0; 4) x(x-8)(x—T7)>0;
5) (x-—l)(xz—%)z(); 6) (x+3)(x2—ﬂs0.
609. CpaBHHUTHL uUmcIa:
1) 5v2 u 7; 2) 9 u 4v5; 3) 10V11 u 11J10;

4) 5J6 u 65; 5) 333 u 2310; 6)2¥3 n V2 5.

610. HaiiTu maumbosbllee IeJjioeé OTPHIATEIBHOE UYHCJIO, ABJIAIINEeCH
pelIeHHeM CHCTEeMBl HepPaBEHCTB!

X X - o

SR Ead
1 1
g(x+2)<—-(x—2)

611. HaiiTu Hamboiblnee HATYpPAJbHOE YHCJIO, ABJIAIOIIEECHA DEIIeHHeM
CHCTEMBI HEPaBEHCTB!:
3-2x Tx—95
5x — 55 +x,
2 2
x—2

-2x<b5- ’
4

Tx-2

PemuThs HepaseHcTsBo (612—615).
612. 1)‘§+3|>2,5; 2) [3x — 2|> 10;

3) |5x-3|<7; 4) | 2+ 5x|<0.
613. 1) Vx% < 1; 2) Jx? >1;
3) J(x-1)? <1; 4) J(x-17? >1.
614. 1) x*>-32; 2) x"<128:; 3) 4581 4) x5<64;
5) x3>27T; 6) x3<-1; 7). 2%s1; 8) x10<1.
615. 1) (x+3)(x-T7) S0 2) (x+1)(4-x) 2 D
2 2—-x 2 x+5 z
3) x"’—x-12>0. 1) xa—7x+12{0,
x+5 il x—-1 ?
5) (x-1D(x+2)(x-3) il 6) (x+T)(x-3)
(x—4)(x+5) : B8-x)(x+6)(x-1)
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JokasaTh HepaBeHCTBO:

617.

618.

619,

620.

621.

622,

623.

624.

625.

626.
627.

1) a?—ab+b2>ab; 2)1+%2J2b,ec.1m b>0;

3) a’+a?>22, eciim a#0; 4) a®+a322, ecaiu a>0.

4. 3agayu Ha coCcTaBJeHHMEe YpPaBHeHUHH

Cymma gaByx uumcen paBua 120, a ux pasHocts paBHa 5. Haiitu
9TH UYHCIIA.

Ha nyTe mo TedeHHIO peKM KaTep 3aTpaTuj 3 4, a Ha oOpaTHBIHA
oyts 4,5 4. KakoBa cKopocThs TeueHUsS pPEeKH, €CIH CKODPOCTh KaTe-
pa OTHOCHTEJBLHO BOABI 25 xM/4?

MoTropHas JioAKa Iponuia nyTs oT A A0 B mo Te4eHHIO PEeKH 3a
2,44, a obparHslii nyTh 3a 4 4. HaliTH CKOPOCTHL TEeUEHHUS PEKH,
ecJIi U3BECTHO, YTO CKOPOCTh JIOAKH OTHOCHTEJbHO BOJBI 16 KM /4.
Karep npomnei 15 KM BHH3 [0 TeYeHHMIO peKH 3a 149 M Bep-
HyJicA Ha Ty e NPHCTaHb, NOTPATUB Ha obparHbid nyrts 1,5 4.
HajiTi cKOpoOCTh KaTepa OTHOCHTENBHO BOALI M CKOPOCTH TEeUYEHUS
PeKH.

ITepumerp paBHOGEAPEHHOrO TPEYroJbHUKA paBeH 5,4 nm. BokoBas
cropoHa B 13 pa3 aiuHHee ocHOBaHHMA. HaliTu AJMHBI CTOPOH.
CxopocTh pelicOBOro TpaMBasi HOBOM KOHCTPYKIIMM Ha b KM/4 00Jb-
e, 9eM CKOPOCTh IIPeXKHEero TpaMBasi, II09TOMY OH IIPOXOJHAT MapIi-
pyT B 20 kM Ha 12 muH ObicTpee, YeM TpaMBad CTAPOMA KOHCTPYK-
nuu. 3a Kakoe BpeMsA HOBBLIA TpaMBail HPOXOAUT 9TOT MApIIPYT?
Hexoropyio wacTes gHS aBToOyc paboTaeT B peXHMe SKCIIpecca.
IIpu sToM ero peiicoBas CKOPOCTh yBeJWUUBAETCS Ha 8 KM/4,
a BpeMs, 3aTpadeHHOe Ha MapmpyT B 16 kM, cokpamjaeTcsa Ha
4 muH. 3a Kakoe BpeMs MPOXOAHAT TOT MAPIIPYT aBTOOyC B pe-
JKHUMe dKcipecca?

Opur depmep cobpan co cBoero ydacrka 875 I nNOieHMIBI, a APY-
ro ¢ yd4acTka, MeHbOIero Ha 2ra, — 920 o nmesunel. CKoOJBKO
eHTHEePOB IIIEeHHUIIBI cobpas Kaxawlii ¢epmep ¢ 1ra, ecam wu3-
BECTHO, 4TO ¢ 1 ra BTOpoOii cobpaJs Ha S Ii HMIIeHUIL! OoJablne, YeMm
IepBuIin?

Ilpn opHOBpeMeHHOH paboTe ABYX HACOCOB IIPYA OBLLI OYMINEH 3a
24 55 MHH. 3a CKOJIBKO BPEMEHH MOT Obl OYMCTHTH NPV KaXKIbIH
Hacoc, paboras OTAENBHO, €CJH ONUH M3 HUX MOKET 3Ty pabory
BBIIIOJIHUTE Ha 2 4 OwICcTpee Apyroro?

Orern, crapme nouepu B 4 pasa. Ilate ner masajg o”H ObLI cTapime
eé B 9 pas. Crkonbsko Jer ceifuac oTrmy ¥ podepu?

Iloe3n, orxoxs OT CTAHIIMKM, PABHOMEDHO YBEJIHMYHBAET CKOPOCTH
JBHKeHHuA U 3a 25 MuH gocturaer ckopoctu 60 km/4. Haitt ycko-
peHHe moesza.
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628.

629.

631.

Iloesn, oTXoAsA OT CTAHUIWH, PABHOMEPHO YBEJIHYUBAET CKOPOCTH M
3a 10 mur gocruraer 30 km/u. Kakoe paccTrosHMe IPOMIAET IT0e3]
3a 2TO Bpemsa?

Teno GpomeHO ¢ HadaJbHOM CKOPOCTBIO V,=3 M/C BePTHKAJIbLHO
BHU3 M JBMJKETCH paBHOYCKODEHHO ¢ yckopeHuem g=9,8 m/c?
HaiiTu BpeMs, 3a KOTOpoe TeJO Ipoiaér paccrogHme s=137,5 m.
ITemexox ¥ BEJOCHIEAHUCT OTIPABHJINCH OJHOBPEMEHHO HABCTPEUYy
APYr APYTY M3 pPasHbIX TIOPOJOB, PACCTOSAHHE MEMKAY KOTOPBIMH
40 kM. BesocunmepucT npoexas MHMO Ielrexoja 4deped 24 mocie
OTHpAaBJEHHA M Ha Bech IIyTh 3aTpaTUJ Ha 7,5 Y MeHbIIe, YeM Ile-
mexof. HaliTu CKOpoCTh ABUMKEHUSA KaKI0r0, CIUTAA, YTO IeNIexXon
M BeJIOCHIIEAUCT ABHUIAJINCh BCe BPEMSA C IIOCTOAHHBIMH CKOPOCTAMH.
Boautens MeXxAyropogHoro astobyca BBIHYKIeH ObLI IO Jopore
3alpaBUTh aBTOOYC roproYUM, 3aTpaTus Ha 3170 12 MuH. YTo6BI IpU-
OBIThH B KOHEUHBIIl IYHKT BOBPEMs, OH YBEJIHYUJ CKOPOCThH aBTOOY-
ca Ha 15 KM/4 ¥ JTUKBUIUPOBAJ omnoa3aaHue Ha mneperoHe B 60 xm.
C Kaxoil CKOpPOCTHIO ABHUTIajIci aBTOOyC Ha 9TOM IleperoHe?

IToeax mpomén MMMO HENOABHMIXHO CTOAINEro Ha mjaaTdopMme 4Yeso-

633.

634.

635.

282

Beka 3a 6¢, a mumo muargopmer aamHoM 150 M 3a 15c. Haiitu
CKOpPOCTb JBUIKEHUS I0e3Ja W ero JJINHY.

5. PYyHKIOHUH U rpauru

BeIsiCHUTD, IPUHAJIEKUT JU TOYKA A rpaduKy AaHHONR QYHKIIHM;
HAWTH KOOPAMHATHI TOYEK IepeceueHMs rpaduxa sTod (PyHKIUHM
C OCAMH KOODAHMHAT M 3HaA4YeHHe (byHH.IIHH IIpHu x=-2:

1) y=38-0,5x, A (4; 1); 2) y=3x-4, A -1);
3) y=2,6x-5, A(1,5;-1,25); 4) y=-1,5x+6, A (4,5;-0,5).
ITocTpouTs rpaduku GyHKIME (B OAHON KOOPANHATHOH IIJIOCKOCTH):
1) y=3x, y=-3x; 2)y:%x,y=—§x;
3 y=x-2, y=x+2; 4) y=—x-2, y=2-=x.
IMocrpouTs rpahuk GyHKIUH:
2

b ool 0 ., ¢ ) :
1)y-x+24, 2)y (x 3]
3) y=(x+2,5-1, 4) y=x2—4x+5;
5) y=x%+2x-3; 6) y=—x2-3x+4.
HaiiTu KoopAMHATHEI BepIIMHBI ITapatosbl:
1) y=x%-8x+16; 2) y=x2-10x+15;
3) y=x2+4x-3; 4) y=2x2-5x+3.
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637. HaiiTu Haubosblllee MK HauMeHbIee 3HAUEHWE (QYHKIUHU:
1) y=x2-Tx-10; 2) y=—x2+8x+7T;
3) y=x*—x-6; 4) y=4-3x—x2.

638. IlocTpouTh B OZHON KOOPAMHATHOM IIJIOCKOCTH IpadMKH ABYX JaH-
HBIX (QYHKUOHWE M ONpejeauTh, NPH KAKHUX 3HAUYEHUAX apryMeHTAa
PaBHBI 3HA4Y€HHUSA 5TUX (DYHKIIUI:

1) y=x*-4 u y=38x; 2) y=(x+3)?+1 u y=—x;
3) y=(x+1)(x+3) u y=-x-3; 4) y=x3+1my=x+1.
639. ITocTpouTs acKM3 rpaduKa ¥ NEPEYUCIHUTH CBOHCTBA (DYHKIMU:
g e 1. _ 1
Dy=xh 2)y=x 3y=—; Hy=_.
640. CpaBHHUTL 3HAUYEHUS BHIPAYKEHUMN:

4 4 l 3_3 3__1_
1),/5,314,/53, 2),( e n,} 2

641. ITocrpouts rpaduk GYHKOHUU ¥ HAWTH 3HAYEHHUA X, IIPU KOTOPHIX
y=0, y>0, y<O0:

1) y=2x2-3; 2) y=-2x2+1;

3) y=2(x-1)% 4) y=2(x+2)%

5) y=2(x-3)2+1; 6) y=-3(x-1)*+5;
7 y=x2+2x-8; 8) y=x2—4x+3.

642. Haiitn sHadYeHHA K02h(OUIUEHTOB a@ U b KBaApaTUUYHOU QYyHKIHU
y=ax®+bx—-5, ecnu y(-1)=0 u y(1)=6.

643. HaiiTu 3HauyeHHA K0a(Q(PUUUEHTOB a, b U ¢, ecjaum U3BECTHO, UTO
rpadpuk pysKuuH y=ax?+bx+c npoxoxzur uyepes Touku (—1; 1),
(1; 0) u (4; 3).

IToctpouts rpadpur ¢pyxmuu (644—647).
=1 _s. =g+-L. -4 _q. -3
644.1)y—x 2; 2)y 3+x2, 3)y g 1; 4)y-= 2x+2.

645. 1) y=vVx—4; 2) y=—Vx +1,5; 3) y=Yx+3; 4) y=-Yx +1.
646] 1) y=|x-1}; 2) y=[-1+2x];
3) y=|4-x%|; 4) y=x2-3|x|.

6 2, ecim x 2 -1
— ; ] E]
l)y={x,ecnnx 2)y={£

ecam x < —1.
6x, eciim x < 1; x2’

BrisicauTs, ABIAeTCA MM QYHKIUA YETHON MM HEUYETHOM:

3
1) y=2x*—|x|; 2) y=x®+x% 3)y=3Yx-1; 4)y=x3+x.
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649.

650.

651.
652.

653.

654.

655.

656.

657.

659.

%1‘
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6. Illporpeccumn

YucnoBas mocjenoBaTeNbHOCTE 3amaHa GopMmynoit n-ro uiaeHa
a,=n(n+1). Sdpnserca aM YIEHOM 3TOH IOCIEAOBATENLHOCTH
gucao: 1) 20; 2) 30; 3) 40?

ITocmenoBaTebHOCTE 3aJaHa YCJHOBHEM a,=-1 M peKyppeHTHOMH
dopmysoit a,,,= tg (45° - a)). BblUHCIUTE cleAyOIIHe YJEHBI
nociaenosarenbHocTH: 1) a,; 2) ag; 3) ag; 4) a,; 9) a,.
HaiiTu passocTs apudMeTHIeCKOi IPOrpeccuu, ecinu a, =7, a, =—95.
HaiiTy mepBslif 4ieH apudMeTHUYECKOH Nporpeccuu, eciu a,,=4,
d=0,5.

BBIYHCIUTL HEePBBIA YEeH W CYMMY 71 IIEPBBIX UJIE€HOB apuU(pMeTH-
YeCKOH IpOrpeccUuw, eciu:

1) a,=459, d=10, n=45; 2) a,=121, d=-5, n=17.
Haiitu HOMep n, ecim B apudMeTHUeCKO# mnporpeccum a,=-2,
a;,=-6, a,=-40.

HaiiTi cyMMy AecsaTH HNepBBIX YIEHOB IIOCJEJ0BATEeJIBHOCTH, 3a/aH-

HOU peKyppeHTHO# (opmynoi b, , = —%" u ycnosuem b, =1024.

B reomerpuuecko# mnporpeccuy HaWTH:

1) n, ecnu b, =5, ¢q=-10 u b,=-5000;

2) q, ecnin by=16 u bg=2;

3) by, ecniu b;=16 u by=2;

4) b,, eciu b;=16 u b,=1.

Haittu cymmy umcen 3+ 6+ 12+...+96, eciiu eé ciaraemble AB-
JIAKIOTCHA IOCJEeOBATEJbHBIMY UYJIEeHAMH TeOMEeTPHUYeCKOH Iporpec-
CHH.

BeIYHMCINATL NEPBBIH YiIeH W PasHOCTh apA(dMeTHYecKOil Iporpec-
CHH, eCJIH:

1) a;=25, a,,=-3; 2) a,=10, a,=19;

3) a;+a,=4, a,+a,,=-8; 4) a,+a,=16, a,a,=28;

5) S,,=110, a,,— a,= %;
HajiitTi necarsiit wieH apu(pMeTHUYeCKOM NPOTPECCHUM, eCJIH:

1) ag=-bma,; =7 2)ay,+a,;,=-10; 3) ag+a,,+a,;=12.

6) a, +a,+a;=15, a,a,a,=80.

HajiTu nepBBiii 4jeH U Pa3HOCTH apH(PMeTHUEeCKOH IIPOr'peccHH,
y Koropoit S,=-35 u S, ,=-1680.

SlBnsercsas JIM reoMeTPUYECKOH IIPOrpeccHeidl IOCIe0BaTeJbHOCTE,
sagaHHasa GOpPMYJIOH n-ro 4JeHa:

1) b,=-82%  2) b, =2%; 3)b,= -2-3;; 4) b = “21,]" ?
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662.

668.

BuIYMCIMTH 3HAMEHATeJ b IeOMEeTPHUYEeCKOH NpOTrpecCHH, eCJIH:

1) b,=12, §,=372; 2) b,=1, §3=157;

3) b,=300, S;=372; 4) b, =144, S,=157.

HaiiTu nepBbiii uneH, 3HaMeHaTeJdb U (POpMyJay n-ro 4ieHa reo-
1 1

MEeTPUUYECKO# mporpeccu#, eciau b,= a ub,= .
HajiTi 4eTBEPTHIA 4YJeH M 3HaAMEHATeJb TeOMETPUYECKOH mporpec-
cun, ecau by;=-6 u b,=-24.

MeKay uHucJIaMu % u 27 BCTABUTHL TPH YHCJA TAK, YTOOBI MOJIY-

YHUJIOCHh NATH MOCJEeA0BATEIBLHBIX YIEHOB 'reOMeTPHYECKOU mporpec-
CHH.

B reomMeTpHYecKO# IPOrpeccHd HAHWTH:

1) b, u b,, ecniu ¢=3, S;=484;

2) b, u g, ecmu by;=0,024, S;=0,504.

. BoluMcauTh mEpBBIA 4YeH W 3HAMeHaTelb IeOMeTPHYEeCKOM Npo-

IrpEeCCHH, ecJIH:

1) b, +b,=20, b,+b,;=60; 2) b, +b,=60, b, +b;=51.

B reomMeTpuuYecKoil IPOrpecCHM HaMWTH:

1) S,, ecniu b,=88, ¢=2; 2) S,, ecnim b, =11, b,=88;
3) b,, ecin S;=341, ¢=2; 4) S;, ecim b;=44, b,=176.

@ Cymma umcen x, Yy, 2 paBHa 25. Hucna x, 2y, z ABAAIOTCA IOCHe-

JIOBaTeJIbHBIMHE WeHaMH apu(MeTH4YecKoi mMporpeccHH, a 9ucia X,
y+1, z — mocseaoBaTeIbHBIMU YI€eHAMH MeOMeTPHYECKOH mporpec-
cuu. Haitmu x, y, 2.

IIpm KaKoM 3HAYEHMH X 4yucja x, V4 — 3x, 3 —2x ABIAIOTCA IIO-

cileloBaTeJbHBIMHA YJ€HAMH IeOMeTPHYEeCKOM Iporpeccum?

@ Ha mexayHapoAHOM MIaXMAaTHOM TypHHpe B Bymamemre B 1896 r.

IIepBOe MECTO 3aHAJ 3HAMEHHUTHIM DYCCKHM IMaXMaTHCT JHMIopHH.
V4uacTHHKHM TYpPHHPa HTDaJH JPYr ¢ ApyroMm oAuH pas. Bcero 6s110
ceirpano 78 maprtuii. CKOJBKO NIAXMATHUCTOB yJaCTBOBAJIO B 3TOM
TypHHApE?
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672.

673.

674.
675.

676.

677.

678.

679.

681.

682.
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MTOFOBOE MOBTOPEHWE IS

Bapuanr 1
BeINOJMHUTE AeHCTBUA:
l1-a 2 _'_—3—7'a+2a2

l-a+a®2 1+a a®+1

Haittn nensit Kopeas ypaBHeHus 49x°— 7lx + 22 = 0.

Beraucauts V20 — (JJE +1 —J\/g—l)z.

T'padur byskuuu y=—-3x + m npoxoaur depes Touky (—1; 2). Onpe-
JenuTs 3HaueHue m. Iloctpourts rpaduxk U ykasarTh, [PU KAKUX
3HAYEeHMAX X QYHKIOHUA NPUHUMAET OTPHIATe]bHbBIe 3HAYEHHUA.

2x + 6y = 18,
3x — by = -29.

Pemutes cucremy ypaBHeHH# {

Bapuanr 2

BrruucauTts
3-(0,5:1,25+1:11—£J
5 7T 11

(1,5+1):13l
1) 73

PemiuTe ypaBHEHHE
3 4x-1 _ x*+5

5.

x-1 x+1 x*-1
PemuTs HepaBencTBo 3x%— Tx+4<0.
IToctpoutrs rpaduk GyHKIUH U = % Jx u maiita npubanKEeéHHO

no rpaduky y (7).

Pemute HepaBeHcTBO | 3x — 7[> 10.
Bapuanr 3

BreruuenuTs

1 1
3,75+2§' 2,75—15 10

1 Tl 1
2—-1,875 8—=+1,5
3 8
x2+2x-15
. Cokparurs apo0hb —xa—-g-—.
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685.

687.

690.

691.

692,

693.
694,

695.
696.

7
. PemuThk HepaBeHCTBO

689.

Pemuth cucreMy ypaBHeHHH
l+x 2x-y
_—— =3y -1,
5 2 ¥
Sy —2 . 4x -5
2 6

=8 - 2x.

2
IToctpours rpadguk QYyHKOHH Y 5 ¥ yKasaTh OPOMEXYTKH,

Ha KOTOPHIX aTa (PpyHKIMA BOo3pacTaer.

. Bpocaror gBe urpajbHbBIe KocTu — Oeayro ¥ uépHyio. KakoBa Be-

POATHOCTE TOT'0, YTO MOABATCA: 1) Ha 06eMX KOCTAX IO ABA OUYKA}
2) va Gesoif KOCTH YETHOE UMCJIO OUYKOB, 4 HA YEPHOH — KpaTHOe
Tpém?

BapuarnTt 4

Pemnts ypaBHeHHe (3x — 4) (x — 2) = 16.

2ot e g 28

VYIpOCTHUTEL BEIpa’kKeHHe
a+b+a—b a’+b%) 2a?%-2b?
a-b a+b a?’-b% a®+ b?
HaiiTi naTeIi 4leH reoMeTpudecKoi nporpeccuu by, by, ..., b,, ...,
ecau b,—b, =18, b, - b, =42.
B Base nexxar 3 sbnoka, 4 rpymu 4 5 anenbcuHOB. CBera He rid-

As Oepér oAMH ILIOA M3 Baskl. HaliTH BepoATHOCTHL TOro, uro Cae-
Ta Ba3sAna: 1) rpymy; 2) He aneJbCHH.

BapuasnT 5

Beruucaurs \[5' J? 4
Td=-5.=1.

7 5

PemuTe ypaBHeHHe e S

2x+5 x-10°

W3 gByx ropomos, Haxoxsmuxca Ha paccrossauu 700 kM, ormpa-

BUJIMCh OJHOBPEMEHHO HaBCTpeuy JApyr Apyry asa moeszna. Cko-

pocTk ABMKEHHUSA omHoro m3 HuX Ha 20 kM/u OoJsbllle CKOpPOCTH

apyroro. HaiiTi CKOpPOCTH HBHMIKEHHS KAMJOI'0 I0e3xa, €CJIM H3-

BeCTHO, 4YTO OHH IBHIaJIMChb 6e3 OCTAHOBOK H BCTPETHJINCH 4Yepea
5 u 1ocJie Hayajia ABHIEHHA.

Pemuts ypaBHeHume /3x’-2 = x.

YKasaTh, B KAKOM KBaJpaHTEe PACIOJOKeHa BepluuHa napaboJisl
y=x2+Tx+10.
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BapuasrnT 6
697. Pemuts cucTeMy HepaBeHCTB
x-3
5

x—-3>

-b bx+a a’?-b®> a?+b?
698. YupocTuTh BBIpakeHHe ax - . - 5
» [ a+b b-a x*-1 " x-1

699. Boranciants (/20 — V45 + 2480 +3v125) - /5.
700. Iloctpouts rpadux dysknuum y=-x°>—-8x+ 12 u onpegeauTtsh, Ha
KaKOM IIPOME’KYyTKe aTa ()yHKIOHUA BO3pacTaer.

701. Haitu Moxy, MeauaHy, CPeQHHMI pasMax # JHCIEPCHIO BLEIOODKH:
2; 1, 1,58, 2, 1.

sosXl j

x—4

Bapuanr 7
702. Pasznoxxuts mHOrowied 5y’>— 10y —yz + 2z HA MHOMKHUTENH.

- b? b3
703. BBIIONMHUTE JAEUCTBUA: (a e b][l - m) (a + b).

a
704. PemuTs ypaBHeHHe Xkl et B
x—-1 x+1 2

705. Haiitu sanbGonbinee 3HadeHne QyHKIuH y=-2x%+ 5x —3.

706. Boramcauts 3/(0,008)72.

BapuaunTr 8

707. HajiTyu 3Ha4YeHHE BHIPAXKEHUSI

1 1 v
(1+I+§].(1+1_x2) op|a x =

x—3
2¢x -1 "

o |

708. Haiitu obnacte onpegeiieHUd PYyBKIHH Y =

709. PemuTts cucTeMy YpPaBHEHHH
{x +3y =4,
0,5x+y =1,5.
710. Haittu p u ¢, ecniu M3BECTHO, YTO BepIIWHA mapaboibl
y=x2+px+q
umeer KoopamHaThl (—1; 2). IToctpouTs rpadpux aToil pyHKOIHUHA.

711. BuI9MCIHTH (1+ﬁ)-(4—ﬁ)-3ﬁ+9\/7.
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712,

713.
714.

715.

716.

717.

718.
719.

720.

BapuauaTrT 9
Pemuth cucTeMy ypaBHeHHUH

x+y x-y
2 3
X~y XtV
4 3
2a%+5a -3
a’+a-6

oo =

Cokparuts apobn

Haittu p m ¢, ecnu mapabona y=x%+px+q nepecekaer och a6-
CIOHCC B TOYKe X =2, a OCh OPAMHAT B TOuKe y=-2. OnpeaennTts
KOODAWHATHI BEPIIMHLI Napabosbl U BEIACHHUTH, IPH KaKUX 3HaJe-
HUAX x napaboja pacnoJsioskeHa HHMKe ocu abcimce.

B reomerpmueckoii mporpeccus cyMMa IEPBOTO M BTOPOTO UJIEHOB
paBHa 6, a pasHOCTBL MEJK/[y NEePBHIM M TPETHHM YJE€HAMH DaBHA 3.
Haiitin cymMMy HepBBIX II€CTH YJI€HOB IPOrDECCHH.

Bapuarsr 10
Haiitu messle pemieHus CUCTEMbl HEPaBEHCTB
— -2
2x—-3 3x - 1

4 3 12’
5x+1 8x-1
- <5y,
2 5

BuisACHUTE, TPOXOAMT AU HpsiMas y=3x—2 uepe3 TOYKY Iepece-
4YeHHA NPpAMBIX y=2x—1 uw y=4 —3x.

Coxkpaturs aApo6n 2—‘12_—30_—2.

a’+3a-10

W3 ropona A Bhiexan aBTOMOGHIIb, X OAHOBPEMEHHO HABCTPEUY €My
u3 ropoxa B Beiexan aBrobyc. [Burasick 6e3 OCTAaHOBKH W C IIO-
CTOAHHBIMH CKOPOCTSMH, OHHM BCTPETHJHCH 4yepe3 1u 12 MHH mo-
cie Havana ABwKeHus. Haiitm ckopoctu aBromobuia um asrobyca,
ecau aBTOMOOMIIbL puGELT B ropoj B Ha 14 panbme, yem aBTOGyC
B ropox A, a paccrosgHue MeXxAy ropopamu A u B paBHO 120 KM.

B apudmernueckoit nporpeccun cymMMa IMepBOrO W MIECTOTO YICHOB
paBHa 11, a cymma BTOporo u 4erséproro uneHoB pasHa 10. Haii-
TH CYMMY H€PBBIX IIECTH YJIE€HOB 3TOH NPOrDECCHH.
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721.

722,

723.

724.
725.
726.

727.

728.
729.
730.
731.

732.

733.

734,

735.

290

a4Yv NOBbLILLEHHOW TPYAHOCTU

JlokasaThb, UTO ecjM HATypaJbHOEe YMCJIO He JenuTcs Ha 3, TO ocra-
TOK OT JeJeHUs KBajapaTa aTOro yucia Ha 3 paseH 1.

IlokasaTh, 4TO NpH JIOO0M HATYPAILHOM N YMCIO0 31+ 2 He ABJIA-
eTcd KBAaAPATOM IIeJIOr0 YUCJHIA.

HokasaTb, 4TO:

1) umeno 1070 - 361 menmrcs nHa 27;

2) gucno 1080 - 298 nenurca mHa 99;

3) umecao 9150 - 197 penmrcs Ha 18;

4) uucno (75-94)%* + (39 - 56)%° genurca ma 19.

IokasaThb, 4TO eciu cymMMa Ou@pP HATYPaJbHOrO 4YMCIa He MeHdA-
eTcs NpH YMHOXKEHWU ero Ha 5, TO 9TO YMCJO AenuTcH Ha 9.
IlycTs m, n — HaTypaJbHBIE YHCIA, ¥ OYCTh 4MCa0 m — 1 gennrcs
ga 3". Jlokasars, uro umcao m®—1 gemurcs Ha - L o

JlokasaTb, YTO HE CYIIECTBYeT IeJbIX YHCeNX X, Y, AJA KOTOPBIX
cnpaBeIIMBO paBeHCTBO X2 —y?=2014.

IlycTh m M n — B3AMMHO IPOCTHIE HATypajibHbIe yuciaa. [lokasars,
YTO HEe CYILIEeCTBYET HATYPAJbHBIX YHCE]I X U Y, YAOBJIETBOPAIOIINX
YPaABHEHUIO MX + Ny = mit.

IlokasaTb, 4To umMcao 7n’+ 1 He aenuTca Ha 3 HU IPH KAaKOM Ha-
TYpajJbHOM .

JIloxkasaTb, 94TO He CYLIECTBYeT IeJIbIX 4Yuces X U Y, YIOBJIETBOPA-
jonux ypasHenuio 15x%=9+ Ty2.

Ecau m, n, k — HaTypajdbHBIE YUCJIa ¥ YUCIO0 m+n+k penurcs
Ha 6, To ymcao md+ n®+ k® rakike pesmurca Ha 6. JlokasaTs.
IlokasaTb, YTO ecCJIM HaTypaJbHBIE YHCJIA M U N He JeJATCA Ha 9,
To umecso m* —nt genmrca Ha 5.

Jlokas3aTh, YTO AJIA JIOOBIX MEJBIX YHUCesI M U N IUCIO0 mbn2 — n%m?2
penurca Ha 30.

(n+1)*+n*-1
2
MOKHO IpEeJCTABUTh B BUJE NPOU3BEAEHMUA ABYX HATYPAIbHBIX YH-

ceJl, Pa3HOCTh KOTOPBIX PaBHa JABYM.

IlokasaTb, UTO HM [PY KAKUX HATYDAJbHBIX YHCIAX m ¥ n He
MOJKeT OBITH BepHBLIM PABEHCTBO:

1) m(m+1)=n(n+2); 2) m2+(m+1)2=n*+(n+1)"
IlokasaTe, uUTO HH INPH KaKOM HATypPajbHOM 4YHCJIe 1 CyMMa
nd+6n2+15n+ 15 He menuTca HA N+ 2,

IToxaszaTrb, 94TO APOOH , TIAe n — HATypaJIbHOe YHCJIO,
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736.
7317.
738.
739.

740.

741.

742,

743.

744.

HaiiTu Bce HaTypa/JbHBIE YUCIa 1, IPA KOTOPHIX 4ucyo ni+n?+1
ABJIAETCA TIPOCTHIM.

Haiitu Bce mapsl IesIbIX 4YmcesN X, Y, VAOBIETBOPAIOLAX ypaBHe-
Hu0 x2=y?+ 2y +18.

HaiiTn 4eTsipe mocJeZoBaTe bHBIX HATYDAJIBLHBIX YHCJA, IPOU3Be-
JileHHe KOTOpHIX pasHo 5040.

Ilycrs m, n, p, ¢ — HaTypaabHBIe YUCIA, U IIYCTh 3HAYEHHE MHO-
rowrena mx®+nx?+px+q npu MIGOM I[EJOM X €CTh UHCIO,
Aensmeecsa Ha 5. JlokasaTh, YTO KaXKAoe W3 4HCex m, n, p, ¢
JeJINTCA Ha bD.

Hokasars, uTo ecnu a, b, ¢ — HATypaJbHEIE YUCIA, TO AUCKPUMHU-
HaHT D=b%-4ac xBagpaTHOro TpéxuieHa ax’+bx+c He MOMKeT
NPUHUMATHL 3Ha4YeHUe, paBHoe 63.

HokxasaTe paBeHCTBO:

1 1 1 1 1
1 + + s =1- 3
)1-2 2-3 3-4 +n(n+1) 1 n+1
1 1 1 1 1(1 1
2 + o+ +.ee Sl se——————r |,
)1-2-3 2-3.4 3.4.5 +n(n+1){n+2) 2(2 (n+1)(n+2))

HoxasaTs, 410 ecau a, b, ¢ — monapHo pasjiu4YHbIe YHCIa, TO IPHU
JIIOﬁbe 3HAYEHUAX X BBINNOJHAETCHA PaBeHCTBO:
1) (x-b)(x-c) (x-c)(x-a) ;E-a)x-b) _ .

(a-b)a-c) (B-c)b-a) (c-a)(c-b) ’

e (X=b)(x—-¢) ;2 (x-c)(x—a)  ,(x-a)(x-b) _ ,
Ve e ne-0  ooat-0 " coaen ~F
YnopocTursh BeIpayKeHUeE:
1 2+v2+3 . 2) 2-3 4 2+V8
V2 +V3+V6+V8 +4’ V2-{2-V3  JVZ+2+V3
3) ‘/x_z‘/j_zli(‘/x-;)z”x_l , ecmu 1<x<?2;
-4 (x-

3 3 2
4 a+b Vab? —Va? ]: a —5) - %b.
)[3~1a2 -Vp? ! Va2 —2%ab + b2 oL 2

Pemnrs ypasHeHme:

¥ . 48 x _4).
1)?+x"" _10(3 x]’

2) 6x*—-35x3+62x2-35x+6=0;
8) Vx—2+V2x -5 +\x+2+8V2x -5 = 72;
4) 2/x?-2x+4 — \[x*-2x +9 =1.
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745. Hatitu aeiicTBUTENbHbBIE KOPDHH YPDaBHEHHA:

1) x(x+1)(x+2)(x+83)=24; 2) ¥+ (x+1)° +(x+2)3=(x+3)3
746. HaiiTu aelicTBUTeNLHBEIE DeIleHHsi CHCTEMbl yDABHEHMIA:

1) [(x2+ y*) (x - y) =13, 2) {4(x3+y3)=9x2y2,

xy (x — y) = 6; 4 (x*+ y?) = 9x%y*— 8xy.
747. PemuTh CHCTEMY ypPaBHEHHIi:

1) {xs—y3=61(x—y), 2) 2x%y?— 8y*+ 5xy — 6 =0,
x+D@+1)=12; 3x%y?—4y*+3xy -2 =0;
J‘?2+%=12, , xyz 23 _a

3) < q){*tay xy
1,11, W, x=2 g,

lx y 3 x—2y xy
10 [ x(@2+1) _ 3
x3y+xy3=—9—(x+y)2, —-——:f+ 2) =y

B3 2 6) y(xzyl) 4

4 e 3. FA =8
ny+xy 3(x+y}, e 5"

x+y+z=0,
748. JloxasaThb, 4TO cHcTeMa ypaBHeHmit y 1 1 1 _ () He umeer neii-
- x y 4
CTBHTEJbHBIX DPelleHHH.

749. PemuTh cucTeMy YpPABHEHHUM:
1){|x—1|+|y—5|=1, 2) Voy—x +x =3,
y=5+|x-1}; J2y—-x+x+y=3;

3) {Jy+7x+\[y+2x = b,

,/y+2x—y+x=1;
& {J25—x2 ~J25- 4 =48,

J25—x2 + 25— y? = J16 + (x + y)?.

750. HaiiTu BCe HelicTBUTE/bLHLIE 3HAUEHHUSA I, IPH KOTOPBIX ypaBHEHHE
x2+(4+2r) x+ 5+ 4r=0 umeer:
1) meiicTBUTENbHBIE W paBHbIE KOPHU;
2) nmeiicTBUTENbHBIE KODHHM, pDaBHble IO MOAYJIO, HO MPOTHBOIO-
JIOJKHBIE IO 3HAKY.

751. Haiitu Bce AeHCTBHTe/bHbIE 3HAUEHUS @, IPHU KOTOPBIX KODHH
ypasHenus ax’+ 2 (a+3)x+a+2=0 HeOTPHIATEJIbHBI.

752. HaiiTu BCe 3HAYEHHsA @, NPH KOTOPBIX ypaBHeHme x*+ax+a=0
AMeeT AeHCTBHTeNbHbIE KOPDHH X, M X,, Y/OBJIETBOPAOIHE yCJIO-
BHAM X, < X,, XiX,=a’.
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753.

754.

755.

756.

757.

758.

759.

760.

761.

762.

763.

HaiiTu Bce 3HaYeHHMs @, IPU KOTOPHIX KBAaJPDATUYHASA (DYHKIUSA
y=x*+ax+a’+6a upuEUMaeT OTpPHIATEIbHBIE 3HAYCHUS npu
BCeX X, TaKHX, 4To 1<x<2,
HoxkasaTh, 4TO eclu JAefiCTBUTENbHBIE YKCaa a, b, ¢ VAOBJIeTBODS-
0T yciaoBHIO ¢ (a+b+c)<0, To ypaBHeHue ax?+bx+c=0 umeer
JelCTBUTeNbHBIE KOPHH.
ITycrs x; M x, — KOpHU ypaBHeHHsA X2+ px+g=0. Haiitu puagq,
eCJIM HU3BeCTHO, 4TO umcia x,+1 m x,+1 sABIATCA KOPHAMH
ypaBHeHusA x2 - px +pg=0.
HaiiTn Bce 3HaYeHWs r, IPH KOTOPBIX HEPABEHCTBO
_3 < xzz-'-ig < 2

x“—x+1
BBIIIOJIHAETCHA DU BCEX 3HAYEHUAX X.
Haiitu Bce 3HaueHMs @, A KOTODPHIX IPH BCEX AEHCTBUTENBHBIX
3HAYEHMAX X BBINOJHAETCH HEPaBEHCTBO

ax?+2(a+2)x+2a+4<0.
Hoxasars, 4To AN MOGBIX YUCET X U Y CIPABEAJNBO HEPABEHCTBO:
1) x> +4y?>—-2x—- 16y +17>0;
2) 5x*—4xy+y?—16x+6y+13=0.
Hoxasars, 4uTo aa M06BIX Yucen a, b, ¢ CIpaBeIMBO HEPABEHCTBO:
1) a?+b°+c?>-2a+4b—6¢c+14>0;
2) (a+b+c)*=3(ab+bc+ca);
3) (a+b—-c)Y+(b+c—a)’+(a+c—b)2=ab+be+ca.
Hoxasars, 4To npu JIOG0M HATYPATLHOM YHUCIE 71> 2 CHpPABEAJIHBO
HepaBeHCTBO: ,
n 1
() PR MR ST S Y 2)[1+l]<[1+l] .
n+l n+2 2n 2 n 2n

HokasaTs, 9T0 ANA MOOBIX HEOTPHUIATENbHBIX YUCEN a, b, ¢ cupa-
BeIJINBO HEPABEHCTBO!
1) a®+ b3+ c® > 3abe;
2) (a+b+c)(ab+be+ ca)>9abe;
3) (a+b)(b+c)(c+a)=>8abc;
4) (a+b-c)(b+c—a)(c+a-b)<abe.
HokasaTb, 4TO A1 JIOOBIX TOJNOMKHUTETHHBIX YMCeN a, b, ¢ copa-
BeJJIMBO HEePaBEeHCTBO:

1 1 1 1 1 1
1) = +—+=2 —=—+—F—+——;
)a b ¢ JE Jea Vab
2) 2 © 2 % 2 - 9

b+c c+a a+b a+b+c
Hokasars, 4To AuA MIOGBIX NOJIOKUTENLHBIX YHCeN a, b, ¢, d crpa-

BeJJINBO HepaBEHCTBO ,/ (@+c)(b+d) =Jab +Jed .
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764.

765.

766.

767,

768.

769.

770.

771.

772,

294

Ilycts a, b, ¢ — MONOKUTEIbHBIE YKCIa, Takue, 4ro abc=1. Ilo-
Kasartb, uto (1+a)(1+b)(1+c)=8.

JlokasaTh, YTO IPU BCeX AEHCTBUTENLHBIX 3HAYEHUAX X CHpaBen-
JauBO HepaBeHCTBO x'2—x%+x'—x+1>0.
IIpexcraButs MHOrouwneH x°+x*+1 B BHIe NPOU3BEJEHHUS TPEX
MHOTOYJIEHOB C IeJBIMH KOo3(PdHUIIMeHTaMH.
Coxparursb Apobb:
) a®—2a”+b5a +26 2) 2a%+a*+4a*+a+2
a®-5a%+17a-13’ 2a®-a?+a-2
ITocTpouTs rpadpur GQyHKIHH:
1) y=|x-2|+|x+4]; 2)y=|x-3|-|x-1}

3) y=\/x2+4x+4 +Jx2-6x+9;

4) y=x2+10x+25 - Jx’-2x+1; B)y-= !3;:fl;
_ 2|=x|-1, 1 1
ﬁ)y_ |xl"4 » 7)y_x2_ _2$ S)y_x2_|x|'

Pemurs Hepasencrso (769—770).
17 -42x 3 15— 4x ’
H 5x2—Tx+2 > 9; B x2—x—-12 <4
x4-38x%-4 x*-5x2-x+5
2 x'+8x2-9 = 4) x3+2x2-9x-18 < 0;
5) | x2—4x|<3x-6; 6) |x2-2x-3|<|x+1]|.

D V1I-x2 +1<V3-x%; 2) x+4>2J4-x%;
3) yx%-6x < 8+ 2x; 4) 2 - 8x < V4 + 9x — 9x?%;

2x+3 <2; 6) 2- x+3}_1

J6x%+Tx -3 - | 3’

Tpu uMCIa, CyMMa KOTOPBIX paBHa 24, ABIAIOTCA MOCIeL0BATENb-
HBIMHM 4JIeHaMM apudMeTrHueckoi mporpeccuu. Ecau K sTUM 4YHC-
jaM mpubaBUTH COOTBETCTBEHHO 2, 2 M 7, TO IOJIyYeHHbIe YHhCJa
GyAyT MOCIEIOBATEIbHBIMU YIEHAMU IeOMEeTPHYECKOH TPOrPecCHH.
HaiiTu st uHciaa.

Tpu umcaa, cyMMa KOTODBIX paBHA 28, ABIAIOTCA NEePBBIMH TPeM#A
YJeHAMH TeoMeTpHuecKoi mnporpeccuu. Eciu U3 dTHX 4YHUCEJ Bbl-
4ecTh COOTBETCTBeHHO 1, 3 M 9, TO mosy4eHHBIe yuciaa OGyAyT mo-
c/e0BATEbHBIMY UJleHAMY apu(MeTHUecKoil IporpeccHu. Haiitu
cyMMy TepBhIX 10 4JIeHOB reoMeTpPUYecKOil MpPOrpecCHH.

5)
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773.

774.

775.

776.

7.

778.
779.

780.

781.
782.

783.

784,

Hafitu uersipe umcia, nepsble TPU U3 KOTOPHIX SABJSIOTCH TOCIIe-
AOBATENBHBIMM YJEHAMU I'eOMeTPUYeCKOH IpOrpeccHMM, a MOCIef-
H{€ TPH — IOCJIeJOBATEJbHLEIMUA YJeHAMH apu(pMeTHYecKoi mpo-
rpeccuu. Cymma kpaiieux uucesn paBHa 21, a cyMMa CpefHHX UH-
cesq paBHa 18.

HokasaTb, 4YTO €CIM MOJOMKUTeJIBHEIE YMCIA @, b, ¢ SABIAIOTCH
[IOCIeA0BaTeIbHBIMY YJ€HAMH apu(MeTHYeCKO Nporpeccuu, TO

qucia
1 1 1

? ’
Jave deeda’ 48 +4p
TaK3e ABJAITCA IOCJIedoBaATEJbHEIMH YJIeHAMH &pH(bMETH‘IBCROﬁ
IPOrPecCuu.

JokasaTe, 4TO eCaM MOJIOKUTENbHBIE YUCIA a;, ay, ..., @, ABJIAIOT-
Cs1 IIOCTIe/I0BATEIbHBIMY YJIeHAMY apU(MMEeTHIECKOH IPOrpeccun, To

1 + 1 Py 1 _ n-1
Jay +ya,  Ja, +fa, Jen1+ya, a, +a,
Ilycre uucna ay, a,, ..., a,, ... ABJAIOTCA HOCHEAOBATETLHBIMI

4jleHaMu apu@MeTHdecKOi MIpPOrpeccuu, S, —cymMMa n nepBmIxX
YIEHOB 3TOM mporpeccuu. JI[0KasaTb, 4TO:

1) ecin S, =S,, 70 S, . =0; 2)S,,3=38,,,-8S,,,+S,;
Sp oM o On Zm-1, " _
3) ecan s ~ T s T 4) S;,=3(S,,—-S).

ITycrs S, — cyMMa n mepBBIX YJIEHOB IeOMeTPHYECKOM nporpec-
cuu. Jloxasars, uTo:

1) Sn +h Sn = q"Sk; 2) Sn (S3r1 = 8211) 25 (Szn e Sn)z'

Haiitn cymmy S, =1+2x+3x2+4x3+...+(n+1) x".

Haiitu cymmy 6 + 66 + 666 + ... + 666...6, rae mociaensee ciaaraemoe
€CTh N-3HAYHOe YMCJIO.

IlocnenoBaTelbHOCTE  ONpeAeNseTca pPeKypPpPEeHTHOM dopmymoi
x,=ax, ,+b, rae a, b, x, — sagannsie uucna. Haiitu dopmyay
n-TO WieHa X, U (HOPMyJy CyMMBI N NePBBIX UIEHOB S,.
IlocnenosarensHOCTH Xiy X9y eaey X5 «.. YAOBJIETBOPSET IPH BCAKOM
n>1ycnosuio x,, ,—2x,+x,_,;=1. Beipasuts x, uepes Xy X, M N,
Iyers a,=ay,=a3=1, a,=-1 u a,=a, ,-a, , upu n>4. Haiitu
@32000*

ITocnenoBarenbHOCTS ONpeAeNsieTCss IPU N > 2 PeKyPPEHTHOM dop-
mynoi x,=(a+P)x, ,—-opx, ,, rae a, B, X, X, — 3aJlaHHbIE YHC-
Ja, Takue, 9ro off #0, o# (. Haittu dopmyny n-ro ugena x,.
Karep sarpauuBaer Ha nyTts or A 10 B no TeueHHUIo PEeKH a 4acos,
a Ha obpaTHBI# NyTh b yacoB. CKOMBKO 9acoB OyAeT IJILITH ILIOT
or A mo B?
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W3 nyEKTa A B myHKT B Beimesa nemexox. Beaex sa HuM yepes
2 4 U3 TyHKTa A BblexXaJ BeJIOCHUIIEJUCT, a ellé yepes 30 MuH — MO-
TOIUKJINCT. B HEKOTOpPOE BpeMs BCe TPOe OKa3aJiiCh HA OAUHAKO-
BoM paccrogaum oT nyHKTa A. Ilemexox mpubbul B myHKT B Ha
1 u mo3ke MoTomMKAMcTa. Ha CKOJIBKO MHHYT paHbIIe Iemexoja
npubbul B B Besocunenucr?

CnaB MeAM M NUHKA copeps:kan meam Ha 640 r Gonbire, yeM IWH-

6 = it
ka. ITocme Toro Kax M3 crJiaBa BBIAEJIHJIN ? cojepIKaiierdcs B HeM

menu u 60% mnumEKa, Macca CIUIaBa OKasajlach PaBHOM 200 r.
CKOJBKO BECHJI CILIAB NepBOHAYAILHO?

W3 nyHKTa A BBIIEJ HEIIeXOoJ, a M3 OyHKTa B HaBCcTpedy emy
OHOBPEMEHHO Bhlexas BejocuneaucT. Ilocie UX BeTpeuu Hemexon
MpPOAOJI3KAJ MATH B B, a BeJOCHNIEeJUCT IOBEPHYJ Hasaj U moexai
B B. M3BecTHO, uTO memexoy npumén B B Ha 24 mo3iKe BeJIOCH-
enCcTa, 4 CKOPOCThL ero B 3 pasa MeHbIe CKOPOCTH BeJOCHIIe[u-
cra. CKOMBKO BpeMeHH IPOILJIO OT HAaYaja ABHUXKEHHHA A0 BCTPEUH
memexoAa M Bejpocumegucrta’?

IlioBeny MABLIBET MPOTHB TEUYEHHA PEKH M BCTpedYaeT MJBIBYINYIO
[I0 TeYEHUIO PeKM mycTyio joakry. Ilpomonmkas MJIBITH OIPOTHB Te-
YyeHHs emé ! MUHYT IIOCjieé MOMEHTa BCTpedYM, OH 3aTeM IIOBOpAa-
ypBaeT HA3a] W JOTOHSET JOAKY B § MeTpax OT MecTa BCTDeYH.
HaiiTu CKOpPOCTL TEYEeHHs DEKH.

Ilopora u3 myHKTa A B nyHKT B aumHO# 11,5 KM HAET CHavana
B ropy, 3aTeM II0 paBHMHe W, HakKoHel, moa ropy. Ilemexox Ha
nyte or A 1o B m obparao or B go A sarparma 6 4. Cxopocrs
ero xoAebel B ropy Osuia 3 KM/4, Ha paBHuHe — 4 KM/4, a TOJ
ropy — 5 kmM/4. CKOJBbKO KHJOMETDPOB COCTaBJfAeT Ta 4acTbh AOPO-
I'd, KOTOpas MAET 1o paBHHHE?

JlBa memiexofa BBIIIJIMA OAHOBPEMEHHO M3 MYHKTA A. Tlepselii u3
HHUX BCTPETHJICA C TYDUCTOM, MAYINUM B OYHKT A, 4epes 20 mun
HocJie BHIX0AA M3 A, a BTOPO# BCTPETHJI TYPHMCTa HA 5 MUH IIO3Ke,
yem mnepBerii. Yepes 10 MuH mocje BTOPOW BCTPEYM TYPHUCT HpH-
ménx B A. CKOPOCTH MEIeXOf0B U TypHUCTa OBLIM INOCTOSAHHBLIMH.
HaiiTi OoTHOIIeHHWE CKOPOCTEH Ielexo/0B.

JlBa memexo/a BBIIJIN OJHOBPEMEHHO HaBCTpeYy APYTr APYry: mep-
BBIIf — M3 NyHKTa A, BTOpoit — M3 nyHKTa B. Jlo BCTpe4YH HepBBIA
nemexop npomén Ha 1 kM Goneme, uem BTOpo#. Jepes 45 mun
HocJie BCTPEYH NepBhIi Memexoj Npuiéa B myHKT B. Bropoii ne-
mexoj npubsl1 B nyHKT A depe3d 19 20 MuH mocjie BCTpeYH. Haii-
T paccrosiHme oT A 10 B.

Ilopora u3 myHkTa A [0 NyHKTa B MAET HA NOABEM, a OT MYHKTA B
a0 nyakra C umeer cnyck. Ilemexon sarpadyuBaer ¢ 4acoB Ha OyTh
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or AnoCmu 5 Uacos Ha obpatHBIH nyTh. HaliTu cKopocTs memie-

X0Jja HA MOA'BEME, eCIM €ro CKOPOCTh Ha CIYCKEe HAa a KHJIOMETPOB
B 4ac Oosblne, 4eM Ha noabéme, a paccrosHue or A g0 C paBHO
S KHUJIOMEeTpam.

W3 nyHKTa A BBIeXaju TPHU BeJOCHIEAUCTA, TEPBHIi — Ha 149
paHpIle ABYX JAPYTUX, CTAPTOBABIIMX OAHOBpeMeHHO. CKOpPOCTH
KajKJ0ro BeJOCHIIeJAUCTa NOCTOAHHA. Jepe3d HEKOTOpOe BpeMs Tpe-
THUA BEJIOCUIIEJUCT JOTHAJ IIePBOrO, a BTOPOM JOTHAJ IIEPBOTO HA
2 4 moaxe, yeM TpeTuit. OnpeseauTh OTHOIIEHUE CKOpOCTe# IepBo-
TO ¥ TPEThero BEJIOCHIIEHCTOB, €CJIM OTHOIIEHHE CKODOCTH BTOPO-

2
ro K CKOPOCTH TPETHEro PaBHO i

B xonGe mmeercs pactBop moBapeHHO# cosu. M3 Koa6bl B mpo-
OGUDKY OTIAMBAIOT MATYI0 YACTh PACTBOPA M BHIIAPHBAIOT A0 TeX
1IOp, NOKAa HPOLEHTHOE COJep:KaHHe COJMH B NPOOMpKe He IIOBHI-
CHTCS BABOe. 3aTeM BBINADEHHLIH DPACTBOD BHUIMBAIOT OGPATHO
B Koyiby. B pesynbrare comep;kaHuMe CONMM B KOJOe MOBHIIIAETCH
Ha 3% . OnpesesuTs MCXOAHOE IPOIEHTHOE COAEPIKaHUE COJIH.
Bpurana mecopy6oB mosxHa ObLIa IO IJIAHY 3arOTOBUTL 3a He-
CKOJNBKO AHe#t 216 m® npesecunsi. Ilepsuie Tpu nHA Gpuraga BbI-
TNONHANA €XXEeJHEeBHO YCTAHOBJIEHHYIO IIJIAHOM HODMY, a 3aTeM
KasKAblid JIeHb 3aroTaBiamBasia 8 M® cBepx miana. IToaromy 3a meHB
Ao cpoka Obuto 3arorosieHo 232 m® npesecunrr. Haiitu ycranos-
JICHHYIO ILJIAHOM eXXeJHEBHYIO HOPMY.

ITo pacniucanuio moesx possken mpoiiTu neperox B 120 KM ¢ oxHOM
M TOH e cKopocThio. OAHAKO, NPOHAA IMOJOBHMHY IEperoHa ¢ 9ToH
CKOPOCTBIO, MOE3]] BEIHYKAeH OBLJI OCTAHOBHUTLCH HA 5 MuH. UTOOBI
BOBpeM#A NPHOLITE B KOHEYHBIH NyHKT I€PeroHa, MAINIMHHCTY Ha
BTOPOH# IIOJIOBMHE IIeDeroHa IPHUIIIOCH YBEJIUYUTh CKOPOCTH MO-
esna Ha 10 kmM/4u. OnpeseauTs CKOPOCTH MOe3Ja II0 PACIHUCAHMIO.
Karep no pexe m aBrobyc mo nopore, HAyIEH BAOIH Oepera peku,
OTHPABJAIOTCA OJHOBPEMEHHO M3 NYHKTa A B OyHKT B u coBep-
maioT GesocraHOBOUHOe ABMKeHHEe MexAy A u B. Ilepsas Berpe-

-
4a HX MOPOH30INIa, Korga artobyc mpomén 9 BCEro paccTOAHUSA
or A f0 B, a BTOpas BCTpedYa — KOT/Ja aBTOGYC IIOCJIE IIEpPBOro 3a-
1 i
xona B B mpoexan 8 BCero paccrosiuusa or B go A. Ilepswiii pas

B nNyHKT B aBrobyc npubein Ha 16 MmH moake karepa. Yepes
CKOJIBKO YacOB HOCJe Hadaja ABMKeHUA aBTOOYC M KaTep IepBLIA
pas3 OKa)KyTcA OJHOBPEMEHHO B IIYHKTe A?
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N3 nyaKTa A mo mocce B OHOM HAaIpaBJeHUH OJAHOBPEMEHHO BEbI-
exajyd IBA aBTOMOOMJISH, 4 CIYCTA HEKOTOpOe BpeMs M3 TOT0 e
OYHKTA BCJIeJ 3a HMMM Bblexai TpeTwit aBromobusb. Yepes dac
TpeTuit aBTOMOGHMIIb OBLT B 3 pasa GiamiKe K NMepBOMY aBTOMOOHIIIO,
yeM KO BTOPDOMY, a eIé uepe3 TpeTh yaca — Ha PaBHOM pacCTosA-
Huu orT HuX. OnpesenuTh, Yepe3 Kaxkoe BpeMs BcJel 3a IePBBIMHU
IBYMs aBTOMOOMJIAMH BblexaJ TPeTHi#l, ecJyd OH AOTHAal IIepBBIHA

7 G
aBTOMOOUIEL Yepea 1 4 IocJjie cTapTa MepBBIX ABYX aBTOMOOMIIE.

JIlopora mpoxoauT yepes NyHKTHI A u B. Benocumenucr Bblexal
u3 A mo HanpasieHmio K B. OfHOBpeMEHHO C HUM U3 NyHKTa B
BBIIUIA C DABHBIMU CKODOCTSIMM JBA Ilellexoja: NepBblid —
B INYHKT A, BTOPOH — B IIPOTHBOIIOJIOKHOM HallpaBJIeHHH. Beuno-
cumegucT npoexan nyrts or A po B 3a 0,59 M, NpoAaosKas ABH-
sKeHHWe, JOTHAJ BTOPOrO Iemexoga. IJTO NPOUSOIILI0 uepe3 1,24
[0CJIe BCTPeYX BeJOCHIEeZUCTa ¢ INepBhIM memexonom. OnpenenuTs
BpeM# ABM;KEHUS BeJIOCHIEAMCTAa OT HaYaja ABMIKEHUA A0 BCTpe-
YU ¢ MEepPBLIM IIEIIEeX0J0M.

Ilopora mMpoxXOAUT Yepe3 MyHKTeI A u B. OJHOBPDEMEHHO U B OJHOM
HaIOpaBJIeHWM BhleXanu: U3 A — MOTOIMKJMCT (B HampaBJleHUH
K B), ua B — BesocuneaucT. MOTOIUKINCT AOTHAJ BeJIOCUIIEANCTA
Ha paccTogHuM a KujaomeTpoB orT B. Eciu 661 MOTOIMKJIKCT U Be-
JIOCUTIEJACT BbIeXaay OJHOBpeMeHHO u3 A B B, TO B MOMEHT IpH-
OBITHSA MOTOIMKJIMCTA B B BesocumeaucT OoTCTaBaj ObI OT HEro Ha
b xusoMeTpoB. OmpenesuTh PACCTOSHIE MEXAY NyHKTaMu A U B.
ABTOGYC M3 IyHKTa A ¥ aBTOMOOMIL M3 MyHKTa B OTHPaBIAIOTCA
OHOBPEMEHHO M OCYIIeCTBJAIT 6e30CTAHOBOYHOE ABHIKEHHE C II0-
CTOSHHBIMHK CcKopocTaMu Mesxay A u B. Ilepsas BCTpeda WX Ipo-
ugomia 4yepes 42 MMH mocjle Hadajla [BH)KEHHUA, a dUepe3 24
34 MUH mocJie Hauaja ABHIKeHHA aBTOMOOMIbL MepBhlil pa3d oborHam:
aBToOyc. Uepea Kakoe BpeMs IIOCJIe Hadaja ABHKEHHUIA aBTOOyC U
aBTOMOOHJIL IMMepPBBIA pPa3 OKaKyTCd OZHOBPEMEHHO B IYHKTE A?

Bosib PEKH pacmojokeHsl nyHKTHI A, B, C (B mexay A u C).
Bykcup npomeén nyts or A xo C 3a 4 4. Ha Ka)J0M U3 y4acTKOB
AB u BC cobcTBeHHAs CKOpPOCTh OyKcHupa (CKOPOCTh OTHOCHUTEJBHO

BOJBI) OblJIa NMOCTOAHHA, IPUYEM HA ydacTKe BC B 1% pasa 60Jb-

mre, wem Ha yuactke AB. O6parssiit nyTs or C 10 A Gyxcup mpo-
mén Takke 3a 449, U Ha BCEM NIyTH ero cobCTBEHHAs CKOPOCThb
6uia B 2 pasa Goablne, ueM NpH ABMKeHuu u3 A B B. Ecau Ob1
Ha ofpaTHOM myTH coGCTBeHHas CKOpPOCTh Gykcupa Obl1a TAKOM
sKe, KaKk ¥ npu Asmxeruu us B B C, To y4acrok or C xo B oH
npomén 6b1 3a 3 u. CKOIbKO BpeMeHH GyKcup LIET OT A no B?
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BEE 4YUC/IA U YUCNOBbLIE BbIPAXEHUSRA -

1. Yucno.

MuoxxecTBO Hamypaavhbix uucen: 1; 2; 8; ....
MuoxecTBO yeawvix umcen: 0; +1; +2; £3; ....

m
MHO4€eCTBO PAyUOHALbHBLY YACeT — YUCJIA BUAA — , THe M — LeJoe,
n

n — HaTypaJbHOe uyuciao. Hanpumep, pauuoHaIbHEIMH ABJIAIOTCH YHUCIIA
3.2_, 2
57 1 o

PanuonanpHOe YHCIO MOMKHO IPEJACTABUTL B BHAE KOHEUHOMN necs-
TUYHOM Apobu miaM GecKOHeYHOH NepUOANYECKON AeCATHYHON Apobm.
Hanpuwep, % =0,4; —é— =-0,388... =-0,(3).

MHOKeCTBO UPPAYUOHANLbHBLX UYHUCE]] — GECKOHEUHbIe Helnepuoauye-
CKue jecATH4HBIe Apodu. Hampumep, 0,1001000100001... — uppanuo-
HaJIbHOE YHCJIO.

WppanuoHalbHBIMU YUCTAMM ABAAIOTCH uuena V2, V3, n u Ap.
MuosxkecTBo delicmeumenvHblx UUCes — BCe PALMOHAIbHEIE uppa-
IUOHAJIBLHBIE 4YHCIA.

2. Yucnosslie NPOMENKYTKH — OTPE3KH, JIYUYH, UHTEpPBAJBl U HO-
JYUHTEPBAJBl. o

Ompe3sok [a; b] — MHOMKeCTBO yuces x, VAOBJIETBOPAIOIIUX HEpPaBeH-
cTBaM a<x<b, rape a<b. Hanpumep, orpesok [2; 5] — aT0 MHOMKeCTBO
qHCeJI X, YAOBJIETBOPAIOLIMX HepaBeHCTBaM 2 < x < 5.

JIy4 — 3TO MHOXKECTBO YUCEJ X, YAOBJIETBOPAIOLINX HepaBeHCTBY BU/A
X2a WIA BUAA X< a.

Humepsan (a; b) — MHOeCTBO uYMCeN X, VIOBJIETBODSIOIINX Hepa-
BeHCTBaM a<x<b, rpe a<b, Haupumep, unrepsan (—2; 3) — a70 MHO-
JKEeCTBO YHCEN X, YIOBJETBOPAKINMX HepaBeHCTBAM —2< x < 3.

Ilonyunmepeax [a; b) — MHOMECTBO YnCce x, VAOBJIETBOPAIOIIUX He-
PaBeHCTBaM a < X < b; monynHTepsan (a; b] — MHOKeCTBO YMCes X, yAOB-
JETBOPAIOIINX HEepaBeHCTBaM a<x<b, rae a<b. Hanpumep, [3;8) —
MHOKECTBO 4YHCeJ X, TaKHX, 4T0 3S<x<8; (—4; 2] — MHOMKECTBO Uu-
ceJl X, TaKHUX, uTo -4 <x < 2,
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MHOKecTBa 4YHCeJ, YAOBJIETBOPAOIUX HepaBeHcCTBaM Xx>dad, Xx<a,
x> a, x<a, MOKHO 3aIMCHIBaTh Kak (a; +o0), (—oo; a); [a; +00), (—o0; al
COOTBeTCTBEHHO. IIpOMEXKYTKH BHAA X <4 M X >4 YacTO HA3bIBAIOT UH-
mepéaniamu.

3. Moayas umcaa a (obosHauaercs |a|) onpenensercs opmyioi
|a|={ a, eciu a =20,
—a, eciu a < 0.
Teomerpuuecku | a | — paccroarue or Touku 0 10 TOUKH, H300paka-
fomeil umcyao a; |a—b|— paccrosinme mMexkay Toukamu a u b.
Ilnsa mo6oro 4mcjia @ BBINOJHSAETCH HEPAaBEHCTBO |a|>0, npuuém
|a|=0 Tonsko npu a=0.
HepaseHcTBy | x [<a, rme a>0, yaoBAeTBOPAIT BCe YUCIA X M3 OT-
peska [—a; a], T.e. Takue uymcaa X, 4TO —A S X< Q.
HepaBeHcTBY | x |<a, rae a >0, yIOBIeTBOPAIOT BCe YHCIA X M3 HH-
repBana (—a; a), T.e. TaKue 4YUCJa X, 9T0 —a <X <d.
HepasencTBy | x|>a, rae a >0, yioBIeTBOPAIOT BCEe YHCIA x<—-a m
BCe 4HCIa X Z4a.
HepaBercTBy | x |>a, rae a >0, yI0oBIeTBOPAIOT BCe YHCIA X <—a U
BCe dHCIA X > .

4. Yucnosoe BhIpakeHue oOpa3yercs M3 YHUCEJ C INOMOINBIO 3HA-
KOB JeHCTBHU U CKOOOK.

Hanpuwmep, 1,2-(-3)—-9:(0,5+ 1,5) — 4uCI0BOE BhIpaKeHHE.

BHaueHue LUCI06020 BbLPANCCHUA — THACIO, TOJYIEHHOe B pPe3yabTa-
Te BBIMOJIHEHHUS AEHCTBHil, YKA3aHHBIX B 9TOM BhIpaxeHuu. Hampumep,
quesno —21,6 — 3Hauenne Beipaxkenus 1,2-(-3)-9:0,5.

5. lopAAOK BBINOJHEHUA HAEeHCTBUM.

Jleiicmeus nepeoil cmynenu — CIOXKeHHe M BbIYUTAHUE.

Jleiicmeus émopoit cmyneHu — yMHOXKeHHe U JleJIeHue.

Heiicmeue mpembveit cmyneru — BO3Be/IeHAE B CTEIIEHB.
1) Ecsim BeIpaskeHHe He CONEPIKUT CKOOOK, TO CHAYAJA BRINOJHAIOT nei-
CTBHS TpEThbeil CTYNeHH, 3aTeM JAeHCTBUA BTOPON CTYIEHW H, HAKOHEL,
AeHCTBUA MepBOM CTYIEeHW; IPH 3TOM JAeHCTBUAA OAHOM H TOH Ke CTy-
eHHA BBINIOJHAIOTCA B TOM IOPAAKE, B KOTOPOM OHHM 3allMCaHBI.
2) Eciu BhIpa)keHHE COJEPIKUT CKOOKH, TO CHaYaja BHINOJHHAIT BCE
AeWCTBUA HaJl YACIAMH, 3aKJII0YEHHBIMA B CKOOKAX, a 3aTeM BCe OCTalb-
Hble JAeWCTBHA; IIPU 3TOM BBINOJIHEHHE neicTBUH HAJ YMCIAMH B CKOO-
KaxXx ¥ BHe CKODOK ITPOM3BOJHUTCH B MOPAJKe, YKA3aHHOM B II. 1.
3) Eciu BeIYHCHfAETCA 3HAYeHHe APOOHOro BRIPAXKeHWs, TO BBINOJHAIOT-
csi JeliCTBUA B 4HMCJIHMTeNe ApO6W M B 3HAMEHATeJle, 3aTeM IepBHIA pe-
3yNABTAT JEJUTCA HA BTOPOM.
4) Ecau BBIpa)KeHHE COJEPIKHUT CKOOKH, 3aKJIIOYeHHbIe BHYTPH APYIUX
CKOOOK, TO CHAYAJA BBLINOJHSAIOT AEHCTBUA BO BHYTDEHHMX cKoDKax.
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6. CrasgapTHBIA BUJ YMcaa — 3a0UCh 9Ucia B BHAe a- 107, rae

1<|a|<10, n — nenoe, KOTOpoe HABHLIBAIOT MOPAAKOM UHCJIA. Hanpu-
mep, 345,4=3,454-10% 0,003=3-103, —0,12=-1,2-10"1.

7. IlorpemHOCTH nOpubauKeHU .

AOcorommuasn nozpewnocmv npubAUNCEHUS — MOJAYJIb PpPasHOCTH
MEXAY TOYHBIM 3HAYEHHEM BeJWYHWHBI U €€ NPUOIHKEHHBIM 3HAYCHHUEM.
Ecnn a — npubnmxénnoe snagvenme, a x — TOYHOe, TO abCcoaoTHAsA IIO-
rPeIrHoCTs paBHa |x—al.

3anuck x=a+h o3Hauaer, 4yTo AGCONIOTHAS HOrpelIHOCTs NPHOJIH-
KEHHA He NPeBOCXOAUT h, T.e. |x—a|<h, wim a—h<x<a+h. IIpu
9TOM TOBOPAT, YTO X PABHO 4 C TOYHOCTBIO A0 h. Hampmmep, sanmchs
n=3,14+0,01 osrauaer, uro |- 3,14 |<0,01, 1. e. gncio 1 paBHO 3,14
¢ To4yHOCTHIO 0 0,01.

IIpn OKpyrieHHH uYmMCla ¢ HEJOCTATKOM C TOYHOCTHIO Ao 10" co-
XPpaHIIOTCA N NEPBBIX 3HAKOB IIOCJe 3ANATOW, a MOCHeAyIoI[ae orbpa-
ceiBatorcs. Hanpumep, npu okpyrinesnn umcaa 17,2397 ¢ HeJIO0CTATKOM
AO TBICAYHEIX, T.e. A0 1073, momyuaem 17,239, no corTnrx — 17,23, no
AecaATeix — 17,2,

Ilpu oxpyrienun uncia ¢ U3GHITKOM C TOYHOCTBEIO 10 107" n-# 3HAK
IOoCJe 3anATON YBEJMYUBAETCS HA EQMHHUILY, 4 BCe TIOCJIeAVIOIHE OT-
6paceiBaioTcA.

Hanpumep, npu okpyriesun uwmcia 2,5143 ¢ u3bBITKOM 0 THICHY-
HBIX moxydaem 2,515, go cormix — 2,52, no Aecareix — 2,6. ITorpem-
HOCTE OKDYTJIeHHA B 00OMX ciy4yasx He mpeBocxommt 107",

Okpyzaenue ¢ naumenvueii NOZpeuLHocmboio: eciu nepsasi oTépachi-
BaeMas# nudpa JaHHOrO YMCJIa MEHbIIe 5, TO OKPYIJIAIOT ¢ HeJJOCTATKOM,
a ecau sTa mudpa Goneme uau paBHa 5, TO OKPYTJIAIOT ¢ U30BITKOM.
Hanpumep, npu oxpyriemun umena 8,351 0 COTBIX moJyyaem 8,35,
4 IPpH OKPYTJIEHHH A0 AECATHIX — 8,4.

3anuce x ~a 03HAYAET, YTO YHCIIO & ABJISAETCA NPUOIHIKEHHABIM 3HA-

JeHueM uyuciga x. Haopumep, J2 = 1,41.

Omnocumenvrnas nozpewnocms — qacTHOE OT AeseHna abconTHOMR
[OTPeITHOCTH HAa MOAYJb NPHUOIMIKEHHOrO 3HAYEHHS BeNMYMHBI. Bemm
X — TOYHOEe 3HAYeHWe, & — NPUOIMIKEHHOE, TO OTHOCHTEIbHAS norpemi-
|x—al

la]
B npouenTax. Hanpuwmep, eciu TouHOE 3HAYCHME BeJIHYUMHED pasHO 1,95,
a NpUONMKEHHOE PABHO 2, TO OTHOCHUTEILHAS TOrpPeIHOCTh IpubausKe-
HUS paBHA

HOCTBL paBHAa . OTHOCHMTENLHYIO MOrpemHEOCTs OGLIYHO BBIpaXkaoT

|2-1,95| _ 0,05
2 2

= 0,025, umm 2,5%.
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BN ANTEBPAUMECKUE BbIPAXKEHUS NSRS

8. Anre6panuyeckoe BhIpakeHue o0pasyercds U3 4UMCex M OyxB
¢ TOMOINBI0 3HAKOB AEMCTBHI H CKOOOK.

IIpuMepsl anre6pauyecKuX BbIPaKeHUil:

2x +
9 (m+n); 3a+2ab-1; (a-b% —2.

Z

3rnauenue anzefpauieckozo 6blpaAXeHUus — IUCIO0, MONYIeHHOe B pe-
3yJbTATe BHIYMCJIEHMI TOCJIe 3aMEHBl B dTOM BBRIPAXKEHUH OyKB ducia-
mu. Hanpumep, 4ucIOBOe 3HAYEHHE BhIDAXKEHUdA 3a+2ab-1 npu a=2
u b=3 paBHo 3:-2+2:2-3-1=17.

9. Anre6pamdyeckas CyMMa — 3alUCh, COCTOAMAA U3 HECKOJIL-
KX aJre6pandyecKux BhIPDAYKeHMH, COMHEHHBIX 3HAKAMM «+»> HJH «=».
IIpasuna packpbimus CKOOOK.
1) Ecaz k anrefpamyecKoMy BbIPAKEHHIO npubasBiaserca aarebpauye-
cKas CyMMa, 3aKJIIOUeHHas B CKOGKH, TO CKOOKHM M 3HAK «+» IEDPEX
CKOBKAMH MOYKHO OIIYyCTHTh, COXPAHMB 3HAK KayX/0ro CJIaraemoro aTOM
anre6pandecKoii CyMMBbI, HampuMmep:

14+(7—23+21)=14+7—23+21.
a+(b-c-d)=a+b-c—d.
2) Ecau us anre6pan4ecKoro BBIPAKEHHA BRIUMTAETCA ajarefpanyecKas
cymMMa, 3aKJIOUYeHHas B CKOOKH, TO CcKOBKM M 3HAK «—» Iepe] CKobOKa-
M¥# MOYKHO OINYCTHUTh, M3MEHHMB 3HAK KaXKJOro CJaraemoro BTO anre-
fpaudecKoil CyMMBbI Ha OPOTHBOIIOJOKHBIM, HalpuMep:
14-(7-23+21)=14- 7+23-21.
a—(b—c-—d):a—b+c+d.

10. OpHOUYNeH — anreGpandecKoe BHIPAKEHUE, npezcTaBsioniee
co6oii Mpom3BeJeHNe YHCIOBBIX H GYKBEHHBIX MHOXKHTEJEH.

IIpumeps! OfHOUJIEHOB: 3ab, —2a4b2c®, 7, a, 0,6xy°y?, —t*. Hanpn-
Mep, YMCIOBBIMM MHOMKHTEIAMU OAHOUIEHA

3a2(0,4) - b (-5) ¢*
aensores 3; 0,4; —5, a OYKBEeHHBIMH — a?, b, c.

Odnounen cmandapmnozo 6uda — OJHOUJIEH, KOTODBIH COJEPHUT
TOIBKO OJMH YHUCJIOBOM MHOXKHTENb, CTOAIMUN HA MEPBOM MeECTE, 1 cre-
[eH! C pasIuYHBIME OyKBEHHBIMHM OCHOBAHHAMMU.

Yrobsl 3anmycaTh OJHOWJIEH B CTAHAADTHOM BH/E, HYXKHO mepeMHO-
JKHATH BCE €r0 YHMCJIOBbIe MHOXKHTENIH M IOCTABHATHL MX npousBeJleHue Ha
mepBOe MeCTO, 3aTeM IIPOM3BeJeHMs cTermeHe#l ¢ OJMHAKOBBIMM OCHOBA-
HUSMHM 3aIUcaTh B BUJE CTeNeHeM.

Koapguyuenm odHowEHA — YHMCJIOBOM MHOMKHUTEJIb OJHO4YJIeHa, 3a-
IMCAHHOTO B CTAHAAPTHOM BHJe.
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3 3
Hanpuwmep, xkoaddunuenr ognousiena Zabcz paBeH i Koa(hpumueHT

oxHouneHa —7a’b pasen —7, koahduuuent oxHouneHa a’be paseH 1, Ko-
addunuent oxgnouwrena —ab® pasen —1.

11. MEOrouseH — anre6pauyecKkas CyMMa HECKOMbKHUX OZHOYJIe-
HOB. IIpumepsr MHOrOUNEHOB: 4ab%c® — ogHouneH, 2ab — 3bc — JIBYUJIeH,
4ab + 3ac — bc — Tpéxunen.

dnerb. MHO204I€HA — OJHOUNIEHBI, 13 KOTOPEIX COCTOMT MHOIOWICH.
Hanpumep, 4renamu muorousnena 2ab?— 3alc + The — 4be ABIAKITCH OJ-
Hounensl 2ab?, —3a?c, Thbe, —4dbe.

ITodo6HbLe uaeHbL — ONHOUIEHBI, OTINYAIONINECS TOCITe TIDUBEIEHUA
K CTAHAApTHOMY BHAY TOJIBKO KO9((PHIMEHTAMH, UJIH OJUHAKOBHIE Of-
HOYJIEHBI.

ITpusedernue nodobrvLx urenos — YIOPOIlleHue MHOIOYJIeHa, NPH KO-
TOpOM ajnrebpamyeckas CyMMa MOAOGHBIX OZHOUNEHOB 3aMEHIETCH on-
HUM OJHOYJI€HOM, HAIpUMep:

2ab —4bc +ac + 3ab + be + 10 = 5ab — 8bc + ac + 10.

Cmandapmubiii 6ud mHOz0uIeHA — 3amuch MHOTOYJIeHa, B KOTOPOH
BCE YJICHBI 3aIIMCAHLI B CTAHAADTHOM BHJE ¥ CPeAM HUX HET IOMOGHBIX.

Heicmeun nad odnounenamu u muozounenamu:

1) Yrobnr sanmcars anreGpamyeckyio CYMMY HECKOJBKHUX MHOT'OUJIECHOB
B BH/€ MHOIrOYJEHa CTAHAAPTHOTO BHJAA, HYXKHO DPACKDBITH CKOOKH M
[IPUBECTH MOAOGHBIE YJIEHBI, HApUMeEp:
(2a%b - 8bc) + (a®b + 5bc) — (3a%b — be) =

= 2a%b — 3bc + a?b + 5bc — 3ab + be = 3be.,
2) YT0o6bl YMHOKHUTE MHOTIOYJIEH HA OJHOYJIEH, HYKHO KayKIAbIM 4YJIeH
MHOTOYJIEHA YMHOKUTD HA STOT OXHOUIEH M NOJyJYeHHBIe IPOU3BEeTeHUS
CJIOKHUTH, HAIIpUMeEp:

(2ab — 3bc) (4ac) = (2ab) (4ac) + (—3bc) (4ac) =
=8a%bc — 12abc2.
3) YT06bl yMHOXKHUTH MHOTOUJIEH Ha MHOT'OYJIEH, HYXXHO YMHOMHUTH KAaiK-
AbIA YJIEH OJHOTO MHOTOWIEeHAa HA Ka)KAbli uieH APYTrOoro MHOTOYJIeHA
W TONyYeHHbIE NPOM3BEAEHUS CJIOKHTH, HAPUMED:
(5a — 2b) (3a + 4b) = (5a) (3a) + (5a) (4b) + (—2b) (3a) + (-2b) (4b) =
=15a?+ 14ab - 8b2,

4) Yro6hI pasmenuTh MHOTOYJIEH Ha ONHOYJIEH, HYXHO KasKAbIA UJIeH
MHOro4JIeHa pasfeuTh Ha 9TOT OAHOWIEH M IOJyYeHHBIE De3yabTAThHI
CJIOKHUTH, HAIIPUMep:

(4a®b® — 12a%b%) : (2ab) = (4a%b?) : (2ab) +(-12a%b3) : (2ab) =
=2a% — 6ab?.
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12. ®opMyJsbl COKPAMEHHOTO YMHOXEHH.

1) (a+b)>=a%+ 2ab + b%;

2) (a—b)?=a?—2ab+b%

3) (a+b)®=a?®+ 3a?b + 3ab® + b®;

4) (a—b)®=a®—-3ab + 3ab®-b%

5) a2 -b%2=(a+b) (a—Db);

6) a®+b3=(a+b)(a®—ab+b%;

7) a®-b3=(a-b) (a®+ab+b?).

13. PagnoskeHue MHOrodjeHa HAa MHOXHTeNIH — IpPeAcTaBle-
HMe MHOTOUWIEHAa B BHJe IIPOM3BEJEHHUA ABYX HJIM HECKOJbKHX MHOIO-
YJIeHOB, HaIpUMep:

4x2 - 9y?=(2x + 3y) (2x — 3y)-.

IIp¥ pa3/io)KeHWH MHOTOYJIEeHA HA MHOMKHTENH HCHONB3YIOTCA CIEAy-
JOIIHEe CIIOCOOBI:

1) BouiHecenue o0ujezo MHONMCUMerR 34 cKko06Ku, HarpuMmep:
3ax + 6ay =3a (x + 2y).

2) Cnoco6 zpynnuposku, Haupumep:
a®—2a%+2a—-4=(a®*-2a>)+(2a-4)=a’(a-2)+2(a-2)=
=(a-2)(a?+2).

3) ITpumenenue Gopmys COKPAULEHHOZO YMHONCEHUIR, HalpuMep:

2 1 o 1 )
9x 4 (Sx + 1 y) (3x 7 y) i
27x3 + 8% = (3x + 2y?)(9x> — 6xy? + 4y*); 2° - 14z + 49=(z-")>%.

Pasznoxcenue keadpamrozo MpEexiiena ax?+bx+c¢ Ha MHO}NcUMeE-
AU — NpeAcTaBleEne ero B BHJe 4 (x—-x,)(x—x,), rae x,, X, — KOPHH
KBaJIDATHOTO YPaBHEHUA ax?+ bx +c¢=0. Hanpumep:

2x? + 3xh2=2[x-%)(x+2).

14. Anrebpamnyeckasd Apo6s — ApOOL, YHUCIUTENh U 3HAMEHATEb
Koropoit MHOorowiensi. [Ipumepsl anreOpandecKkux JApobeii:

a’+b 3x-2y
c ' a+1l

[Ipexnonaraercs, 970 OyKBbI, ynorpeGiseMble B 3aIHCH anredbpau-
gecko# APO6HM, MOTYT NPUHMMATH TOJBKO TaKue 3HAUEHUA, HPH KOTO-
pHIX 3HAMEHATEJb HTOM ApOOM He paBeH HYJIO.

OcHo8HOe c60ilcmao Opobu: TPYA YMHOMKEHUU YHCTHTEs ¥ 3HAMEeHa-
Tena ApoOM Ha OJHO M TO XKe anrefpamdecKoe BHIPAKEHUE noJy4aeTcs
paBHa#a et apobb. Hampumep:

a-b _(a-ba-b) _ (@a-b)’
a+b (a+ba-b) a*-b*’
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Hcnone3ysa OCHOBHOe CBOMCTBO ApoOHM, MOKHO COKpamath aiarebpa-
HYecKyl0 napobb HA OOIHA MHOMKHTENL UYHCJIATENs W 3HAMEHATeJd.
Hanpumep:

-1 _  (x-D(x+1) _  x+1

-1 (x-D(@2+x+1) 22+x+1"

Caoxmcenue u evivumanue anzebpauveckux 0pobeili TPOBOAATCH IO
TeM e NpaBUIaM, KOTOPble NPHMEHATCA AJIfA YUCIOBBIX ApPOOe.

Ons HaXOMXJeHHA anrefpaudecKod CYMMBI [IBYX HJIH HECKOJIBKHX
ApobGeit 3T APOOM HPHBOAAT K OOImEeMy 3HAMEHATENI0 ¥ HCIOJb3YIOT
OpPaBUJIO CJIOKEHUA Apobeil ¢ OAMHAKOBBIMY 3HAMEHATeJISMH.

G oy
Hanpumep, o6muit 3HamenaTens apobeit =

1 2
u — paBeH a2b?, no-
a’b ab?® P =

aToM
¥ 1 1 b a _b+a

—+— = = .
a’ ab®  a?%®  a%®  a®?

VYmroxcernue u O0enenue anzebpauueckux dpobeii IPOBOJATCH MO TEM

JKe IMpaBHJIaM, KOTOPbIe IPUMEHSAIOTCA JJIA YHUCJIOBBIX APOOeii, Halmpumep:

2a b _ 2ab” _ 1
3b da 3b-4a 6

x*-y? x+y _ (P-yH-4x _2(x-y)
2xy  4x 2xy (x +y) 7

r

15. ToxpaecTBO — paBeHCTBO, CHPABEJIMBOE NPH JIOGBIX JOIYCTH-
MBIX 3HAYEHHUAX BXOJAIMX B Hero O6yxks. Hanpumep, TomecTBaMu AB-
JIAIOTCA paBeHCTBA:

a?-b*=(a-b)(a+b), Ya? =|a|,

. 2 2 az_'l
sinco+cos“ =1, —1=a+1.
e

N MPONrPECCUM IS

16. Apudpmernyeckas DPOrpecCUs — YUCIOBAA MOCIEAOBATENb-
HOCTB @y, @y, ..., A, ..., YAOBJIETBOPAKOINAS YCIOBHIO a,,,=a,+d, Tae
n — y0boe HATypalbHOE 4YHMCJIO, a d — 3aJaHHOe YHCJIO, HA3BIBAEMOEe
PA3HOCMbIO 9TOM IIPOTPECCHH.

Hanpumep, nocnemosarennnocts 1, 5, 9, ..., 4n—3, ... aBiagercsa
apu(dmMeTHUeCcKON NIpOrpeccHelt ¢ pasHOCTLIO d =4.

Popmyna n-20 wneHa apumemuyeckoil npozpeccuu:

a,=a,+(n-1)d.
Dopmyna cyMMmb. n NepevLx YNeHO8 apupmemuyeckoil npozpeccuu:

a;+a
Sn: 1 n

1.
2
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17. T'eomMerprueckas NpPOTpecCHs — YUCJIOBAA IOCIENOBATENb-
HOCTB by, by, ..., b,, ..., yHOBIeTBOpAIOmas yciaosuio b, . ,=b,q, rae
n — Joboe HATypaJbHOE UYHCI0, 4 ¢ — 3aJaHHOe YHCJIO, HasblBaemoe
3HaMeHaTeJeM 3TOM nporpeccuu, npuuém b, #0, ¢#0.

3 3 3
Hanpumep, IIOCJIeZ0BATENIHLHOCTE 3, B R Y T ABJAETCA
. 1
reoMeTpHAYeCKOl IIporpeccueil co sHaMeHaTeJeM ¢ = 5
Dopmyaa n-20 wieHa 2e0MemMpuiecKoil npozpeccuu:
— -1
b,=bq""".
Dopmyna cymmuL n NepevLx 4YIeHO8 2e0MempuyecKoll. npozpeccuu:
byl-q"
S — _l(_L), q;# 1_
1-¢

Dopmyna CROHCHBLX npouenmos: b = b, (1 + -ig;] .
B CTEMNEHUA U KOPHU I

18. CreneHb YMCJA @ C HATYPaJbHBIM HOKasaTeaeM n, 60iab-
muM 1, — npousBejeHNe N MHOXKHTeNel, paBHBIX &, T.e€.

a*=a-a-...-a.
e —
n paa

Hanpumep, 2°=2-2-2, m’=m-m-m-m-m.
5 pas ’
B sanucu cmenexu a" 4MCIO @ — OCHOBAHUE CmMenexHu, n — nokasa-
meav cmenenu. Hanpumep, B sanucu crerneHu 2% 4mucio 2 — OCHOBaHUE
CTEeneHu, YUCJI0 3 — MOKasaTeNlb CTEIeHH.

ITepeas cmenenv uucaa — camo uucio: a'=a. Hanpuwmep, 3'=3,

il 4
13 18"

Jlelicmeue 8o3gedenus 6 cmenenb — HAXOXKAECHWE CTeNleHM UYHUCJIA.
OcHoB8Hble ceolicmea cmeneni.
1) IIpy yMHOMKeHWUHM CTelleHeil ¢ paBHBIMH OCHOBAaHMAMH OCHOBaHUE
OCTAETCA IPEKHUM, a [I0KAa3aTeJu CTeleHeill CKIaAbIBAIOTCH:

a*-at=a**t",

2) Ilpu feseHUHM cTeneHedl ¢ PaBHBIMHM OCHOBAaHHAMH OCHOBaHHE OCTa-
6TCA MPeKHUM, a [OKasaTe/JM cTermeHel BHIYMTAIOTCH:

atrat=at""™.
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3) Ilpu BO3BeZEHHH CTENeHH B CTeNeHb OCHOBAHME OCTAGTCH IIPEIKHUM,
a IoKasaTeJH CcTeleHel IIepeMHOKAaTCAa:

(a.ﬂ)m = anm'
4) IIpu BO3BeleHMM NPOU3BENEHUA B CTENeHb B BTy CTEIEHb BO3BOIUT-
CA KarIblii MHOMUTEJb:

(a-b)y"=a"-b",
5) IIpu BO3BeZeHHM B CTENEHBL APOGU B 3Ty CTEIEeHbL BOZBOAATCH UHCIIH-
TeJIlb U 3HAMEHATeJIb:
i n
G| = e
(b} b’

19. KpagparHblii KOpDeHb M3 uHCIA @ — TAKOE UHUCJIO, KBajzpar
KoToporo paBeH a. Hampumep, 6 — kBajpaTHBIA KOpeHBL H3 yuciaa 36;
49uCsI0 —6 TakKe KBaJApaTHBI KOpeHb M3 umcia 36.

H3zeneuenue keadpammozo kopHs — meficTBUE HAXOMKICHUA KBaapar-
HOTo KOpHs. MaBineyb KBaApaTHLI KOPEHb MOMKHO TOJTBKO H3 HeOTpHu-
IIaTeJBHOI0 YMCJIAa.,

Apuppmemuueckuil keadpamuwvlii KOPeHb W3 uUUCIA a — HeoTpuIa-
TeJIbHOe YMCJIO, KBAAPAT KOTOPOI'O PaBeH a. JTO YHCJI0 0003HAYaeTCH

rak: va. Hanpumep, V16 = 4, V144 =12,
BripakeHue Va umeer cMbIC TOJNBKO AnA a=0, npu sTom
Va >0, (Va)’ =a.

Ceolicmea xeadpammuvix kopheii:

1) Jab =Va -Jb, ecntm a>0, b>0. Hampumep, +/144-196 =
=144 - \/196 = 12.14 = 168.
169 _ 169 13

a
2) & =X2 >0, ; - al e ===,
) 5 T ecau a b>0. Hanpumep T R T
3) Va* =|a"|, rge n — HarypamsHOE wumCIIO. Hanpumep, 3% = 3%= 27,

V2 =|- 2= 32.

O9TH CBOMCTBA HCIOJB3YIOTCH NPH IIPEOOPA3ZOBAHUU BBIPDAKEHUM, CO-
Aepainux KBajpaTHble KOPHH. OCHOBHEIE M3 9THX NpeoOpasoBaHMH —
6bLHECeHUe MHOMNUMEeNs u3-nod 3HAKa KOPHA:

va?b = avb, ecan az20, b=0,

M BHECEHUEe MHONCUMENs NOO 3HAK KOPHA:
avb =+Ja®, ecnu a=0, b=0.
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20. Crenens ¢ panMoOHAJbHBIM TOKAa3aTelieM.
Cmenenb ¢ UeablM OMPUUAMeNbHblM noKa3ameJtiem OlpefelsaeTcs

= 1
paBeHCTBOM a " = e rae a# 0, n — HATYypaJlbHOE YHCJIO.

21 4

Hanpumep, 37°= it

Cmenenb ¢ HYJe8blM noKazameJsiem OIpeesisieTcsl PABEHCTBOM a%=1,
rae a#0. Hanpuwmep, 4°=1, (-0,2)°=1.

Kopenb HamypaavHoil. cmenenu u3 4ucia a — 3TO YHCJIO, n-A CTe-
HneHb KOTOpOro paBHa a. Hampumep, uncia 2 u (—2) — KOPHHA 4eTBEPTOM
cremesu u3 16, umcino (—3) — KOpeHb TpeTheil cremeHu (KOpeHb KyOu-
yeckwi) us umcya —27.

Apugmemuneckuil KOpeHb n-ii cmenelu U3 HeOMpUyameJsbHozo Huc-

aa a (obosHauaercs va, n = 2) — HEOTPUIATENbHOE YHCJO, N-5 CTENEHb
4 3
Koroporo paBsHa a. Hampuwmep, V16 =2, V27 =3.

B YPABHEHUS IS

21. YpaBHeHHE C OZHMM HEM3BECTHBHIM — DaBEHCTBO, COAEpXKallee
HeHM3BeCTHOe 4uciio, o6o3HadeHHOe OYKBOM.

Ilpumep ypaBHeHusaA: 2x+3=3x+2, rae X — HEH3BECTHOE 4HCJIO,
KOTOpOEe HYXHO HaWTH.

Kopenv ypaeHeHus — 3HaUeHWEe HEU3BECTHOIO, IPU KOTOPOM ypaB-
HeHHMe obOpamaeTcsi B BEpHOE PaBeHCTBO.

Hanpumep, ducio 3 sBiaseTcss KOpHeM ypaBHeHus X +1=7-x, Tax
Kak 3+1=7-3.

Pewumbv ypasHeHue — 9TO 3HAYUT HAWTH BCe €ro KOPDHM MM yCTa-
HOBHUTBH, 4TO HX HET.

OcHo8HbLe cB0ilcmEa YPAGHEHUL:
1) Jlo60i uneH ypaBHEHHS MOXKHO NepeHecTH Hu3 OlHOM YacTHU B JPY-
I'yiI0, N3MEHUB €ro 3HAK HA IPOTHBOIOJIOMKHBIN.
2) Obe uacTH ypaBHEHHS MOMKHO YMHOXMHTH MJIM Pa3feJuTh Ha OAHO U
TO JKe 4YMCJI0, He paBHOEe HYJIO.

22. KpaapaTHoe ypaBHeHHe — ypaBHeHHe BHJA ax?+bx+c=0,
rae a, b u ¢ — saganuble unucaa, a#0, x — HeH3BECTHOE YHCJIO.

Koapguyuenmovl K6a0pamuozo ypasHeHus Ha3bIBAIOT TaK: @ — Iep-
BLIfl WM cTapmuii koaddunuent, b — BTOPoi KOIPPUIHMEHT, ¢ — CBO-
GOMHBINA WYJIEH.

IIpuMepsl KBaJPATHBIX YDaBHEHMI:

2x2—x-1=0, 3x2+T7x=0.
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Henonmoe kBajipaTHOe ypaBHeHHe — KBaJ[paTHOe ypaBHEHHE
ax?+bx+c=0,
Yy KOoToporo xots Obl OAMH M3 K0a(pdUIUEHTOB b WM ¢ paBeH HYJIO.
IIpumepsl HENOJHBIX KBAJPATHBIX YDABHEHMIi:
x2=0, 5x2+4=0, 8x2+x=0.
Dopmynra KopHeil K6aOPamnozo YpaeHeHUA:

_ —b+b®—4dac
2a
Hanpuwmep, ypaBuenue 3x2+ 5x —2=0 umeer asa KOpPHS:
= -5+
_ 5:J(2}_5+24 = 56_7 , T.e. x,= % x,=-2.
IIpusedénnoe Keadpammoe ypaenenue — ypaBreHue BHAa

x2+px+q=0.
Popmyna KopHel npueedénHozo Keadpamnozo YPa8HeHUA:

2
= P #P
xm———z-i- —4——(}.

Hanpuwmep, xopru ypasmenust x%—6x—7=0 TaKoBbi:
%,=3tJ9+7 =34, x,=17, x,=-1.

Teopema Buema. Cymma KopHei#l ImpHMBeIEHHOrO KBaJIPaTHOrO ypas-
HEHH#A paBHA BTOPOMY KO3(Q(HUUIHEHTY, B3ATOMY C IPOTHBOIOJIOMKHBIM
SHAKOM, U MX IDOHM3BEJEHHWE PABHO CBOGOAHOMY UJIeHY.

Taxum obpasom, eciu x, u X, — KOPHM ypaBHeHHA x2+px+¢q=0,
TO X;+X,=—Pp, X, X,=q.

Teopema, obpamnas meopeme Buema. Ecam uwucna p, q X X,
TAKOBBI, 4TO X,+X,=-p, X;X,=¢, TO X; U X, — KODHM ypaBHEHHUA
x2+px+q=0.

23. Cucrema ABYX ypaBHeHHUH ¢ ABYMS HEHM3BECTHBIMHU
X W Yy— [ABAa YPAaBHEHUS C HEU3BECTHBIMH X ¥ Y, pacCMaTpHBaeMble
COBMECTHO.

ITpumeps! cucTeM ypaBHeHMIT ¢ ABYMS HEH3BECTHBIMU:

{3x—y=5, {x—2y=7,
2x+y="T7; x?—4y*= -35.

Pewenue cucmemv. — napa guces x, Y, KOTOpHIe NIPH TOLCTAHOBKE
B 3Ty cHcTeMy o0OpamjaiorT Kaskioe eé ypaBHEHHe B BEpPHOE PABEHCTBO.

Pewums cucmemy — 3710 3HauuT HAKTH BCe eé peleHusa WJIH ycTa-
HOBHTH, 4YTO UX HeT.

IIpn pemenun cucreM JUHEHHBIX YPaBHEHHH C JBYMA HEH3BECTHBI-
MW NPHMEHSAKTCA CJIEAYVIOIHE cnocolbi:

" , rae D=b?—4ac — IUCKPUMUHAHT.

xl. 2
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1) Cnoco6 nodcmarosrku. U3 Kaxoro-Hubyab ypaBHEHUS OJHO U3 HEHU3-
BECTHBIX BHIPDAXKAIOT Yepes JPyroe M MOJACTABJIAIOT B APyroe ypaBHeHHe
CHCTEMBI.
2) Cnoco6 anzebpauueckKozo CJAOHEHUA. CpaBHSIB MOAYJIH KoadpunueH-
TOB IPHU OJHOM M3 HEU3BECTHBIX CHUCTEMBI

{aix +by =c,,

a,x + by = ¢y,

MOYJICHHBIM CJIO}KEHWEM MM BBIYMTAHUEM YPaBHEHHMH CHCTEMBbI MCKJIIO-
YalOT 3TO HEMU3BECTHOE.
3) I'paguueckuii cnocob. B onHOM cucTeMe KOODAMHAT CTPOAT rpaduKy
VDABHEHMI CHCTEMBI; 10 B3AUMHOMY PaCIIOJIOKEeHHUIO rpaduKOB oIpeze-
JAAIOT UMCIO PELIeHWi CHCTeMbl; HAXOAAT KOOPAMHATHI OOLIMX TOUEK
rpaduKOB (eClM OHU €CTh).

BN HEPABEHCTBA IESSE—

24, YucaoBeie HepaBeHCTBA.

Hepasercmeo a>b o3nadaer, 4TO PasHOCTE 4 — b monoyKUTENbHA.

Hepaserncmeo a <b o3Hauaer, YTO PasHOCTH 4 — b orpunaTeIbHA.

Ecau a>b, To b<a.

Hepasencmeo — Ba UYUCIOBBIX WK ajrefpaudecknX BhIPaKeHud,
COelMHEHHbIE BHAKOM > UIH <.

IIpumeps! HepaBeHeTs: 4>7—5; 2a+b<a®+ b2.

IOna mo6BIX ABYX 4ucesJ @ ¥ b TOJBKO OJHO M3 CJIEAYIOIIHX TPEX
COOTHOIIeHUIT sABJAfAETCA BepHBIM: a>b, a=Db, a<b.

OcHOBHbLE CBOLLCMBa YUCL0BbLX HepaseHCme:
1) Ecim a>b u b>c, TO a>c.
2) Eciu mpu6aBuTh K 06eMM YaCTAM HePaBeHCTBA WJIM BBIYECTH M3 HUX
OAHO M TO e UHWCJO, TO 3HAK HEPABEHCTBA HE M3MEHUTCH: €CJHU a>b,
o a+e>b+c u a-c>b—c pua aoboro 4ucia c.

JI:060e YMCJIO MOJKHO IePeHeCTH M3 OJHOM JacTH HepaBeHCTBA B APY-
I'yi0, U3MEHNB 3HAK NEePeHOCHMOro 4ucja Ha IIPOTHBOTIOJIOYKHBIM.
8) Ofe uacTM HEPABEHCTBA MOKHO YMHOXUTh WJIH DpasieJuTb Ha
OAHO M TO e UYWCJIO, He PaBHOe HYJO, TOTja, eCJH 3TO UYHCJIO MOJOo-
JKUTENbHO, 3HAK HEpABEHCTBA He MEHAETCd, & eCJW 3TO WHCJIO OTpHuna-
TeJbHO, TO 3HAK HEPABEHCTBA MEHSAETCA Ha IIPOTHBOIIOJIOXKHBIN: €CJIH
a>b, TO

a b a b
ae>be 1 £ >2 npu ¢>0, ac<bc n — < — mpu ¢<0.
[ 4 iC £ i

Caoxncernue Hepasencme. HepaBeHCTBA OJMHAKOBOIO 3HAKa MOKHO
CKJIANBIBATH, TIPU TOM IOJY4YaeTCs HEPABEHCTBO TOrO JKe 3HAKA: eCJu
a>buc>d, 7o a+c>b+d.
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Hanopumep:

4>38,5 2,3<3,5
R t _4<-8
2>-1.5 1,7<0,5

Ymuoxnmcernue nepasencme. HepaBeHCTBA OAMHAKOBOTO 3HAKA, Y KO-
TOPBIX JIeBbleé M NpaBble YaCTHU MOJOXKUTENbHbI, MOXKHO INEPEMHOKATh,
IpH 9TOM IIOJIYYaeTCA HepPaBeHCTBO TOTO JKe 3HakKa: ecau a>b, c>d u
a, b, ¢, d — nonoxurenbHLIle Yucaa, TO ac> bd.

Hanpuwmep:
x 2:4>2,1 x 1,7<2,3
4>3 2<3
9,6 > 6,3 3,4<6,9

Eciu a>b u a, b — nonoxurensusie uucaa, To a?> b2, a®>b® u Bo-
obuie mpu JI000M HATYPAJBLHOM 7l BBIIOJHSAETCS HEPAaBEHCTBO a’> b".

Hanpuwmep, 62> 52, 63> 53, 612> 512,

Cmpozue nepaserncmea — HepaBeHCTBA €O 3HAKaMu > (Goabime) u <
(meHBbI1IE),

Hanpumep, 5>3, x<1.

Hecmpozue Hepasencmea — HepaBeHCTBA €O 3HaKaMu > (Gosbmie
WX PaBHO) U < (MEHBIIEe WJHM PaBHO).

Hanpuwmep, a?+b%>2ab, x < 3.

Hecrporoe HepaBeHCTBO a > b osmauaer, uto a>b uau a=>b.

Cesolicmea Hecmpozux HepaseHcma TaKue JKe, KaK ¥ CBOMCTBa CTpO-
rux HepaBeHCTB. IIpu aToM B CBOMCTBAX CTPOrMX HEPABEHCTB IIPOTUBO-
[IOJIOKHBIMU CUMTAIOTCA 3HAKM > M <, a B CBOMCTBAX HECTPOI'MX Hepa-
BEHCTB — 3HAKH = U <.

a+b
Cpednee apupmemuueckoe nByx uucea a u b — 4meso =

Cpednee zeomempuueckoe HBYX IIONOMHUTENBHBIX YHUCET 4 U b —

qucio vJab.

a+b
Eciu a=20, 20, To 2 > Jab.
25. HepaBeHCTBO C OJHUM HEU3BECTHBEIM — 3TO HEPABEHCTEO,
Aepixalniee HeM3BeCTHOE 4YHCJIO, 0003HAUeHHOe OYKBOIA.
IIpumeps! HepaBeHCTB NepBO# CTENeHW C OAHUM HEU3BECTHBIM:

1 3-x
3x+4<b5x-2; —x-12= :
3 4
Pewenue Hepasencmea ¢ 00HUM HeU3BECMHbIM — IHAYCHUE HEOU3-
BECTHOT'0, IPU KOTOPOM JaHHOE HePaBeHCTBO oOpallaeTcs B BEpHOE YHC-

JIOBO€ HEepaBeHCTBO.

Kpatkue Teopetuueckue ceeaeHus no kypcy anrebpsi Vil— IX knaccos 311



Hanpumep, 4yuciao 3 ABIsAeTCs pelleHMeM HepaBeHcTBa X +1>2-—x,
Tak Kak 3+1>2-3.

Pewumbv HepaseHcmeo — 3TO 3HAYAT HAWUTH BCe €ro pelleHus WM
YCTAHOBUTH, YTO HUX HET.

OcHo6Hble €80ilcmea HepaseHcme ¢ 00HUM HEU3BECTMHbLM:

1) JIxo60if uleH HepaBeHCTBA MOXKHO II€DEeHECTH U3 OJHOW 4acTH Hepa-
BEHCTBa B APYTYIO, M3MEHHUB €ro 3HaK Ha IPOTHUBOIOJIOKHBIN, IIPH 9TOM
3HAK HEpPaBeHCTBA HE MEHAeTCs.

2) Obe yacTH HepaBeHCTBA MOXKHO YMHOMKHTH HJIM DasfeluTh Ha OJHO
M TO 3Xe YHCJIO, He PABHOE HYJIO; €CIAHM 3TO UYMCJIO TOJOXKHUTEIbHO, TO
3HAK HEPABEHCTBA He MEHSETCH, a €CJH JTO YHCJIO OTPUIATEeNIBHO, TO
3HAK HepaBeHCTBA MEHSETCS Ha IPOTHBOIOJOMKHBIN.

Cucmema HepaBeHcme ¢ OJHUM HEM3BECTHLIM — 3TO HECKOJIbKO He-
paBeHCTB, COAEPIKAIMUX OJHO M TO YK€ HEeM3BECTHOe YMCJIO U paccMaTpu-
BaeMBIX COBMECTHO.

IIpuMmepsl CHCTEM HEPaBEHCTB C OAHHUM HEM3BECTHBIM:

+ 2 < bx,
2-1>3, 30737
3x+4>1-x; r—4<T %

Pewenue cucmembl HepaseHcme — TO 3HaYeHHWe Heu3BeCTHOro, npH
KOTOpPOM BCE€ HepaBeHCTBa CHCTEéMBI oﬁpamamma B BE€pHBIE 4YHCJIOBLIE
HepaBeHCTBA.
3x -4 < 2x,

Hanpumep, umcjio 2 ABJIAETCA PEIIeHWeM CHCTeMBI
x+2>3,

TaK Kak 3-2-4<2-2u 2+2>3.

Boobme pemreHEMAMH 9TOM CHCTEMBI SABJIAIOTCA BCe UHMCIIa X, TaKHe,
uyro 1< x<4; APyrux pemeHuil HeT.

Pewums cucmemy HepageHcme — dTO 3HAYUT HAWTH BCe €€ PelleHus
UM YCTAHOBUTH, UYTO HUX HeT.

26. KBazpaTHOe HepaBeHCTBO — HEPABEHCTBO, B JIEBOU YaCTH KO-
TOPOrO CTOMT KBAAPATHBIA TPEXUJEH, a B NIPABOM — HYJIb.
IIpuMepsl KBaZ[paTHBIX HEPaBEHCTB:

x2-x+2>0, 2x2-3x—-4<0, x*-4>0.

Jlns peuwleHus K6a0pamuozo HepaéeHCmMea HYMWHO:
1) ompexgenuTh HanmpaBjieHHWe BeTBeil mapaboJibl MO 3HAKY IEPBOTO KO-
shdunHEeHTa KBANPATHIHON (QYHKIIHU;
2) HAWTH KOPHHU COOTBETCTBYIOIIErO KBaJpaTHOrO ypaBHEHHHA (eciu oHM
€eCTh);
3) DOCTPOUTH 3CKH3 rpaduKa M 1O HeMY ONpeJeNuTh MPOMEeXYTKH, Ha
KOTOPBIX KBaZpaTu4Has QYHKIUSA IPUHUMAET OJIOKUTEJbHBIE HIN OT-
punaTeJbHbIe 3HAYCHUA.
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Hanpumep, pemas HepaBeHcTBO 2x2+ 3x — 2 <0, numeem:

1) BerBu mapaGoJibl HanmpaBsJeHLI BBEpPX, Tak Kak 2> 0;

2) xopru ypaBHeHHs 2x°+3x—2=0 TakoBel: x,=0,5, x,=-2;

3) mo acku3y rpaduka o¢yEknum y=2x%2+3x—2 ycTaHaBIMBaeM,
gyro y<0 mpu —2<x<0,5.

27. MeTo/; MHTEPBAJIOB HCIOJb3YeTCA JJIA PElleHHs HepaBeHCTB.
Paccmorpum, Hanpumep, HepaBeHeTBO (x — 1) (x — 2) (x — 3) < 0. Yucaa 1,
2 u 3 pasbuBalOT YHCIOBYI0 oCchb Ha 4 wuHTepBana: x<1, l<x<2,
2<x<3, x>3. Ha KaXkJA0M W3 MHTEPBAJOB JieBas 4acTh HEPaBEeHCTBAa
COXpaHsAeT 3HAK, W IIPH Mepexojie K COCeJHEeMY HHTepBaJy 3HAK JIeBOM
JacTH MeHAeTCA Ha NPOTHBONOJOKHBIA. Tak xKaxk npm x >3 neBas 4acTh
HepaBeHCTBA IIOJIOJKHTENbHA, TO PEINeHUsIMHA JAHHOTO HEPABEHCTBA fAB-
JAIOTCS 3HA4YEeHHA X M3 HHTEepBaoB x<1 m 2<x<3.

BEE OYHKUUUN U TPAOUKWA I

28. ®yaknuda. Ecau KaxkaomMy 3HAYEHHIO X U3 HEKOTOPOTO MHOMKe-
CTBa YHCEJ IIOCTABJIEHO B COOTBETCTBHE YHCJIO Y, TO TOBOPAT, YTO HA
9TOM MHOXecTBe 3azaHa (GyeExnua y(x). Ilpuw stom x HaswsIBalOT He3a-
6UCUMOU nepemeHHOUL (WU apzymeHmoMm), a Y — 3aA6UCUMOIL NepemeH-
Hollt (unu QyHKyueil).

ObnacTe ompefieleHHsi QYHKIMHM — MHOXKECTBO BCeX 3HAYeHHH, KO-
TOPBIE MOX@KeT NPUHHMATL e€ aprymeHnT. Eciu dbyrknus sagana dopmy-
JIOH, TO CUMTAIOT, YTO €€ 06JacTh OIpefiesieHus — MHOKECTBO 3HAYEHHH
aprymMeHTa, IpH KOTOPHIX 3Ta (OpMyJa HMEeT CMBICII.

Hanpumep, dyaxnua y = v/x — 2 onpegenena npu x> 2.

Dyaknua Y (x) Ha3BIBaeTCH 603paAcCmMauieil Ha TPOMEKYTKe, eCJH
Gonbimemy 3HAUEHHWIO APIryMEHTa COOTBETCTBYeT OoJbllee 3HaYeHHE
byHKIUH, T. €. ANA J0OLIX X, X,, IPHHAJIEKAIMUX STOMY IPOMEKYT-
Ky, A3 HepaBeHCTBA X,> X, CJIEAyeT HepaBeHCTBO Y (X,)>y (x,). Hanpu-
mep, QyEKNHA y=x* Bozpacraer Ha BCell YMCIIOBOM NMpAMOH; QyHKIHUA
y=x? Bospacraer Ha mpomexyrtke [0; +co).

@ysxnud y (X) HasbIBaeTCA yObl8awWeil Ha TPOMEeXYTKe, eCid 6GOMb-
meMy 3HAYEHWIO apryMeHTa COOTBETCTBYeT MeHbIllee 3HaueHHe (PyHK-
UM, T.e. JasA J0bIX X,, X,, NPHHALJIEKANMX 3TOMY IDOMEXYTKY,
H3 HEpPaBeHCTBA X,>X, CleJAyeT HepaBeHCTBO VY (X,) <y (x,). Haunpumep,
GyHKnusa y=-2x yObBaeT Ha BCeH UMCJIOBOM NPAMOM; QYyHKOHUSA y = x2

yOniBaeT Ha mpoMexyTke (—oo; 0], GyHKOus y = % yObIBaeT Ha mpome-

KyTKax (—oo; 0) m (0; +00).
I'pagur Gynrxyuu y(x) — MHOXKECTBO BCeX TOYEK KOODAHHATHOM
IUIOCKOCTH ¢ KoopauHaTamu (x; y (x)).
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IIycre obsnacte ompenesneEnss GYHKOUHM Y (X) CHMMETDHYHA OTHOCH-
TeJbHO HavaJsa kKoopauHar. Torza dyHKIuA y (x) HasslBaeTcs YETHOM,
eciaM BBINOJHAETCS paBeHeTBO Y(—x)=y(x), ©U HeYETHOH, eciu
y (-x)=-y (x). Hanpumep, y =x* — uérHas pyHkuus, a y=x® — Heuér-
Hag QYHKIUA.

I'pagur wémnoil pyHKyuu CAMMeTPUYEeH OTHOCHTEJIbHO OCH OPAHMHAT.

I'pagpur HeuémuoOl QYHKYUU CHMMeTPHUYEH OTHOCHTEJbHO Havana
KOOpAMHAT.

29. JInneiinas QyHKnuA — QyHKIMA Bujga y=kx+b, rae k u b —
3aJaHHBIE YHCJA.

I'pagur nuneitnoit gpyrnryuu y==kx+b — npavaa. Ilpu b=0 QpysK-
IMA NPUHAMAaET BHA Y =kx, eé rpaduK IPOXOAHUT Yepe3 Hadaso KOoop-
AWHAT.

30. IlpaMas OpoNOPIHUOHAAbHAA 3aBUCHMMOCTDb — 3aBUCUMOCTS,
BhIpaXkaemas (opmysont y=kx, rge E>0, x>0.

ObfpaTHass ONPONOPIHMOHAJbHAA 3aBUCHMMOCTH — 3aBHCHUMOCTD,

BeIpaxkaemasi opmymnoi y = %, rae k>0, x>0.

31. ®yHKUUA Y =% (k+#0) onpexmenena npu x # 0, NpuHUMAaeT Bce

JleficCTBUTEJIbHbIE 3HAYEHUsA, KpoMe HYJI.

k 2 1
E k>0 = — 3 Y= == =)
CJaH , TO QyHKIHA Y . (Hanpumep y e Yy Zx)

a) IPMHUMAET IIOJIOKUTEeNbHbIe 3HAYeHUs mpu x>0 u oTpunareIbHbIE
npu x <0;
6) yb6eiBaeT Ha nmpome:xyTkax (—oo; 0) m (0; +00).

3x
a) IPHHUMAET IOJIOKUTEeNbHbe 3HAaYeHuA npu x <0 u orTpunaresbHbIE
npu x> 0;
6) BoapacTaeT Ha mpomMexyTkax (—oo; 0) m (0; +o0).

Ecnu k<0, To bysEKRIHA Y = %(Harrpnmep, y= —%, y= —%, y= ——1—):

I'padhur GQyHKOIUH Y = L] HaseIBaeTcsa 2unepbonoii. OHa uMeeT IBe
X

BETBH, DPACHOJIO}KEHHble CHMMETPHYHO OTHOCHTEJbHO Hadajla KOOpau-
Hat. IIpu k>0 rpaduk pacnojo;keHd B INePBOM U TpPeTbeM KBaJAPaHTaX,
npu k<0 — BO BTOPOM M YeTBEPTOM KBaJpaHTaX.

32. KBagparuunas QYHKOUA — QYHKOMUS BHAA Y= ax?+bx+ec,
rme a, b, ¢ — 3ajmaHHBIe AelicTBUTeJbHbIe uuciaa, a#0, X — HAeNCTBH-
TeJbHAA NepeMeHHAasd.,

I'padpukoM KBanpaTHYHOM (PYHKIUMU ABISAETCA napaboaa.

B wactHOCTH, rpaduxom pyHKIuMM y=x? ABjserca napaboia c Bep-
mueoi B Touke (0; 0); ock cuMMeTpHHu dTOH mapaboJibl — OCh OPAMHAT.
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B obmiem ciydae gepwiuHoll napabonbl
y=ax?+bx+c=a(x-x))*+y,
-b
ABNAeTCA TOUKa (X3 Yo), THAE X,= 2 Yo=Y (x0)-

Ocv cummempuu napaboab. — NpAMad, NapajjejbHas OCH OPAUHAT
U mpoxoasuiasa 4yepe3d Bepmiubny mapabonsl. IIpu a >0 Bersm mapaboJisl
HanpaBjieHbl BBepX, npu a <0 — BHMS.

IMapa6ony y=ax?+bx+c=a(x - ::::0)2 + Y, MOKHO HOJYYUTEH CABHIOM
napabonsl y=ax? BHONL KOOpPAMHATHHEIX oceil. Hampumep, mapabosy
y=38 (x+2)°+4 MOKHO NOJYYIUTH CABUrOM mapabossl y = 3x2 BAOIbL OCH
Ox Ha ABe eJUHHUILI BJIEBO U BAOJBL ocu Oy Ha YeThIipe eIUHUIEI BBEPX.

Cxema nocmpoernus zpagpura K6adpamuiHoil QYHKYUU

y=ax%+bx+c:
1. IToctpouTs BeplIMHY napaboJbl (X,; Yy), BEIYUCIUB X, Y, IO GopMy-
b
AAM Xy = —os Yo = Y (x,) mau MeTOAOM BBIZIeJICHUA IOJHOTO KBajpara.
a
2. IlpoBecTu uepesd BepHIMHY napaboibl OPAMYI0, MapajIelbHYI OCH
OPAUHAT, — OCh CUMMETPHUHU TapadoJIbl.
3. Haiitu aynu GyHKOUM, €CJAU OHM eCTh, M IIOCTPOUTH Ha ocu abemuce

COOTBETCTBYIOIIHME TOYKH MMapabosibl.
4. ITocTpouTh ABe Kaxkue-HUOyAbL TOYKU mapaboJsibl, CHUMMETPHUYHEIE OT-

i b
HOCHUTEJIbHO €€ OCH, HampumMep TouKH ¢ abcnuccamu x=0 1 x = 2x,= ——
a

U OpPAMHATOH Y =C.
5. IIpoBecTu uepe3 MOCTPOEHHBIE TOUKH mapaboy.
Haubonvuee u HauMeHbUlee 3HAYEHUA KBAOPAMUYHOU PYHKUUU.
Kpanparuunasa QyHKmusa y=ax’+bx+c=a(x—x)*+y,:
a) IpUHUMaeT HauWMeHbIllee 3HAueHMWe, DaBHOE Y, NPH X=X, €eCIH
a>0;
6) npuruMaer Haubobllee 3HAYEHHE, PaBHOE Y, IIPH X = X, ecau a < 0.
Hanpumep, kBaapaTtuuHas ¢QyHknus y=2(x-1)2+3 npurumaer
npu x=1 HauMeHbIee 3Ha4YeHUE, paBHOE 3;
KBazpaTHyHas QyHKous y=-4 (x+2)°-5 npuauMaer npu x=-2
HauboJiblllee 3HAYEeHWE, paBHOE —5.

Bl KOMBMHATOPUKA IS

ITpasuno npouseedenus. Eciau cyliecTByeT n BapHaHTOB BhIbopa
IIepBOTO BJIEMEHTa M AJA KajKJOoro M3 HHUX €CTh /M BapHaHTOB BhIGOpa
BTOPOI'O dJIEMEHTAa, TO BCEro CYIIEeCTBYeT 7 +/M PasjJu4YHBIX Iap C BEI-
OpaHHBIMH HEPBBIM M BTODPBLIM 3JIeMEHTaMM.
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Hamnpumep, ¢ noMoIpio Tpex OYKB @, b ¥ ¢ MOKHO COCTAaBHThL 3-3=9
Pas3IUYHBIX ABYXOYKBEHHBIX KOJOB, B KOTOPHIX OYKBBI MOryT OBITH OIH-
HAKOBBIMH, U 3-2=6 pasiuuHBIX ABYXOYKBEHHBIX KOJOB, B KOTOPBIX
OVKBBI HOJIPKHBI OBITH DA3HBIMH.

Bl C/NYYAWHDBIE COBbLITUS I
Bepoammuocme mactyninenaus cobdbitus A (obosmauaror P (A)) — or-

m
HOII€EHHue —, T'Zle N — YHCJIO0 PABHOBO3MOMHBIX IIONAPHO HECOBMECTHBIX
n

7 MICXOJAOB HCHOLITAHMS, B KOTOpPOM Habmiogaercs coOwiTme A, m — 4HC-
J0 OJAaronpHATCTBYIONMX HACTYIUIEHHIO COObBITHSE A HMCXOHAOB, T.e€.

P)=2.
n

Hanpumep, npu oaHoM OpocaHHMH HrpajJbHOM KocTH n =6 (BBIDAmo

1 ouko, BeIIANO 2 OYKA, ..., BEIIAJO 6 OYKOB); COOBITHIO A — BHIIAJIO
4Y8THOE YHCJIO OYKOB, OJaronpMATCTBYIOT m =3 HMCXO0JOB (BhIDANO 2,
m 3 : |
unua 4, unma 6 ouxos), moatromy P (A) = — = F e
n

Ommuocumenvraa wacmoma coduiTua A (obosznagaerca W (A)) B gan-
HOHM CepHHM HMCIBLITAHMHA — OTHOIIEHHMEe 4YHcia HcOelTaHHE M, B KOTO-
PHIX 3TO COOBITHE NPOM3ONLIO, K YHCIY BCeX NPOBeAEHHBIX MCHBITA-
aui N.

Hanpumep, ecsim B cepuu u3 30 BeicrpenoB (N =30) roapko 24 mo-
paswin MumeHss (M =24), To OTHOCHTeJNbHAS YACTOTA NONAJAHUSA IIO
MHIIEHH B 9TOM CEPHH BBHICTPEJIOB pPaBHA

M _24_4
W="="=-=0,8.
N 3 5
Cmamucmuueckas 8eposmHocmb COOBITHA — YHCJIO, OKOJIO KOTOpO-
ro KoJebjeTca OTHOCHTEeJbHAas dYacTOTa 3TOr0 COOBITHA opH OosbmomM

9YHpCJie WCIBITAHHMI.

Bl CJ/IYYAWHDBIE BEJIM4MHDbI SN

Tabnuna pacnpezeleHns, HOJUNOH YaCTOT, JHATPAMMEI B Ip. — CNoO-
cobbL. Hazaa0H0z0 npedcmasierHus BHIOODKH 3HAYEHWH CIyYalHOM Be-
JIAYUHBI.

Pasmax (R) BoIGODKH 3HA4YEHWH CJIyYaiHOM BeJMYMHLI — PDasHHUIA
MeXAy HauOOJABIIWM ¥ HAMMEHBIIAM 3HAYCHHSMH NAaHHOH BHIOODKH.

Hanpumep, ans seibopkm 2, 1, 1, 3, 5 pasmax R=5-1=4.

Moda (Mo) — sauboJiee 4acTo BCTpedameecs 3HAYEHHE CHyJaiHOR
BEJIMYAHEI BLIOODKH.
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Hanpumep, ana Buifopku 2, 7, 2, 8, 9 moga Mo=2; y Beibopku 7,
3, 2, 3, 2, 5, 4 nBe Mmoxsl Mo, =3 u Mo,=2.

Meduana (Me) — cepefuHHOe 3HaYeHUE YIOPAJOYEHHOIO pAxa 3Ha-
YeHUH CJIy4aWHON BEJIUYUHBI BEIOODKH.

Hanpuwmep, ana Beibopku 6, 7, 7, 8, 9 megmana Me=T; nasa BbI-
6+7 _6,5.

2

Hucnepcus (D) — cpegHee apudmMeTHuecKOe KBaJpaTOB OTKJIOHEHUSA
3HAYEHHUH CJAYYAWHON BEJMYMHBLI OT CPEAHEro 3Ha4eHUA BHEIOODKH.

Hanpumep, nas Beibopku 2, 1, 5, 4 (cpedHee 3HauyeHHe KOTOPOH

24+1+5+4

PaBHO —3 = 3) mucnepcus

6opku 5, 6, 6, 7, 8, 9 meguana Me =

Do @-3+1-3+(G-3°+(4-3" _,

,0.
4

B MHOXECTBA. JIOMrMKA SRS

daemermvl MHONHCecmEa oObIYHO 0003HAYAIOT CTPOYHBIMHU (MAaJIBIMH)
OyKBaMH, a caMM MHOMKECTBAa — IIPONMCHBIMH (3arjJaBHBIMH) OyKBaMu
aaTuHcKoro asdasura. Ecau asjieMeHT x ABJIsIeTCS 3J€eMEHTOM MHOXKe-
crtBa A, sanuceIBalT x € A. 3anuck X € A o3Hayaer, 4YTO dJIeMEHT X He
NPUHAIJIEKUT MHOMXKECTBY A.

Hanpuwmep, 15€ N, %E N, rie N — MHOYK€CTBO HaTypaJbHBIX UHCEJI.

MHOeCTBO, He Cojepikalee HH OJHOr'0 3JIEMEHTa, Ha3bIBAIOT Y-
cmuim 1 obosuauaror .

MHuokecTBa, COCTOAINNME M3 OJHUX U TeX JKe 3JeMEeHTOB, Ha3bIBAIOT
pasHbvLMU.

Hanpuwmep, ecim A={-1;0; 5}, B={0; 5; -1}, to A=B.

Ecnu KamIbpIli 2JIEeMEHT MHOXKeCTBa B sABIsAETCA 3JIEMEHTOM MHOMKe-
cTBa A, TO MHOKeCTBO B Ha3bIBAIOT NOJMHONCECME0M MHOMKeCTBa A H
sanuceiBalor BC A i A O B.

Hanpuwmep, eciiu A ={3; 7; 12}, B={3; 12}, o BC A.

MHoKecTBO, COCTOAIee M3 BCeX TeX M TOJLKO TeX 3JIEMeHTOB, KO-
TOpble NPUHAAJIE’KAT KaK MHOJKecTBY A, Tak u MHOXXecTBy B, HasbiBa-
10T nepecedeHuem MHOKecTB A u B m obosnauaror AN B.

Hanpumep, eciu A ={-3; 4; 10}, B={-1; 2; 4; 8}, o AN B={4}; eciu
A={-5;0}, B={-2;3;6}, To ANB=0J.

MHOKeCcTBO, COCTOAIlee M3 BCeX TeX W TOJbKO TeX DJIEMEHTOB A u
B, KoTopble NpUHAaAJIEKAT XOTA Obl OJHOMY M3 DTUX MHOYKECTB, Ha3bI-
BaOT o0seduHeHuem MHOKecTB A m B u obosmauarorT A U B.

Hanpumep, ecau A={5}, B={-1;8}, o AUB={-1; 5; 8}.
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JIro6oe yTBep)KAeHHE, 0 KOTOPOM HMMeeT CMBICJ I'OBOPHTH, YTO OHO
HCTHHHO (BEPHO) MJIM JIOMKHO (HEBEpPHO) HA3LIBAIOT 8blcKa3dbieaHuem. V3
Ka)KJOro BHICKA3BIBAHUA U MOKHO MOJYYUTH HOBOE BHICKA3LIBAHUE U,
oTpuIlad BBICKasbIiBaHMe U. IIpu 3TOM, ec/iM BHICKA3bIBAHWE U HMCTUHHO
(J102XHO), TO BHICKA3BIBAHME U JIOKHO (MCTHHHO).

Hanpumep, BhICKasbIBAHHE U: «4YHCJIO O 4YETHOE» — JIOMKHO, & BLICKA-
3BIBAHME U: «YMCJIO 5 He ABJIAETCH YETHBIM» — HCTHHHO.

M=HoxxecrBo X, Ha KOTOPOM 3aJaHO IPeIJOKeHHe C MIepeMeHHOH
p (x), Mo)kHO pa3buTL Ha ABa MOAMHOXKECTBA: OJHO COJEP:KUT 3dJIeMeH-
Tel X, AJAA KOTOPHIX MpeANOMXKeHHe p (X) UCTUHHO (ero Ha3BLIBAIOT MHO-
Heecmeom ucmuHHOCmMU), OPyroe — IJIA KOTOPBIX p (X) JOMKHO.

Hanpumep, MHO’KECTBOM MCTHHHOCTH IpeIosKeHus p (x): x2—5x+620
ABJIAETCA MHOMecTBO A =(—o0; 2] U[3; +c0).

Ilpennoskenue g (x) ABaAeTcA ciledcmeuem IpesyIoXkeHns p (x), ecan
BCerfia, Korja MCTUHHO IpeAjioKeHHe p (x), OKa3blBaeTCA HCTUHHBIM H
npepioxenue ¢ (x). 3anuceiBaioT: p (x) = q (x). IIpu aToM MHOMKeCTBO
MCTUHHOCTH MPEAJOKeHUs p (X) ABIAETCA IOJMHOXKECTBOM MHOMKeCTBa
MCTUHHOCTH NpeaIoxkeHudA ¢ (x).

Hanpumep, mpeasiokeHne ¢ (x): «9HUCJI0 X AEJUTCA HA 3» ABIAETCA
CcJeCTBUEM TIPEeNJIoKeHusd p (x): «umcao x genutcsa Ha 6».

IIpepgnoxxenus p (x) u ¢ (x), 3afaHHBIe HA OJHOM M TOM K€ MHOMe-
CTBE, HA3BIBAIOTCH PABHOCUAbHbLMU, ecau p(x) = q(x) u q(x)= p(x).
3anuceiBalOT p(x) <> g (x). MnoxkecTBa HCTHHHOCTH PaBHOCHJBHBIX
npegyokeHui p (x) u g (x) coBmamarr.

Hanpumep, npemnoxenus p (x): x2<9 u g (x): | x| <3 paBHOCHIBHBI.
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2
Faasa 1. 1. 2) 32; 4) 0. 2. 2) 5; 3) 3% 4) 1319, 3, 2) (%) ; 8) x8y7; 4) 213yt

121 53
H -3, -9, 2 — ‘ . 2) —; 4) -875.
5. 2) 2175 4) a 6. 2) 3L’ 4) 32 7. 2) 16 ) -8
1 9q® a? 1 16
S — —_ 3 - s —. 11. 2) 0,0016; 4) —.
Dergp Vi Vg 102 125 4) g7 ) ) 625

12. 2) b%; 4) b 28 13. 2) a®b; 4) 34a 2. 14. 2) m2n71% 4) —64x15y32°,
15. 2) % 16. 2) 2,7-10711; 4) 1,25-108. 17. 2) 5,086-10°%; 4) 1,6-103.

18. 0,003. 19. 10-'. 20. 0,0001 mm. 21. 2) a5, EIE 22, 2) 0. 23. 2) 0,43;
4) 1,44. 24, 2) 8,51929-10%  4) 6,644672-103. 25, 2) 3,22 -10'0 xm®.
26. 2) b—a. 28. 4) 15. 29, 2) 81; 4) %. 30. 2) -1; 4) -4; 6) —-8. 31. 2) x=— %;

4) x,=-2, x,=2. 32, 2) x — nwboe uucao; 4) % <x<2 33.2)5; 4) —-11;

6) % 34, 2) 2; 4) 4V6. 35. 1) x—2; 2) (3—-x)® npu x<3, (x—3)® npu x> 3.
36. 3974, 37. 2) 48; 4) 20. 38. 2) 33; 4) 7. 39. 2) 0,2; 4) 2. 40. 2) 50.
41, 2) a'b®; 4) a'bs. 42. 2) 3ab; 4) %. 43. 2) %; 4) g 44, 2) %; 4) 2; 6) 4.

45. 2) 3x; 4) %. 46. 2) %; 4) i. 47. 2) 442; 4) 5. 48. 2) y?% 4) %’ 6) 3a.

3 3 1 2a?
49. 2) —; 4) —; 6) 4. , 2) 6 —; 6) 4. 1. 2) —; 4) —; 2p,
) 2 ) 2 ) 50. 2) 6; 4) > ) 51. 2) b ) b 6) a®b

52. 2) ab®c; 4) 2xy. 53. 2) 3x; 4) 0. 54. 2) 7,55. 55. 2) T; 4) 1. 57. 2) 2Vb;

a

4) 1. 60. 2) 3; 4) 27; 6) % 61. 1) 5; 3) %; 5) % 62. 2) 49; 4) 125,

63. 2) 121; 4) 150. 64. 2) 3; 4) 2,7. 65. 2) b'; 4) al. 66. 2) 3. 4) %

1

1
67. 2) a®b; 4) x3y%5. 68. 2) 1; 4)a? 69. 2) 3. 70. 3) b% 4) a+b.

1 1
1 3

71. 2) at+b%; 4)Ve-1. 72.2) 22 . 4)2Jb. 73.3) 2y 4)2Y5.
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3 - 1
2¥Va o 2) 2,05; 4) 1,49; 5) 36,46. 77. 2) {3) 1< (0,41) 1.
a+b 12

74. 2) 2%b; 4)

1 1 1) 1 a1y 5
78. 2) x=3; 4) x=2; 6) x=—. 79. 2 5(1—-1—) ’{j(l——l—) .80.2) x=2;
) )i )&=3 ]J s 15) T(le17) B D x=5

4) y=5. 81. 2) x=2,6; 4) x=4. 82. 2) x:-—%; 4) x=1. 83. 2) 6; 4) -3.

84. 2) 2,1; 4) 27,2. 85. 2) 0,07. 86. 2) -3; 4) f—g 87. 2) 51; 4) 0,04;

6) —0,1. 88. 2) 1000. 89.2) Vx: 4) 71_2_ 90. 2) x=—1; 4) x=1.
xZ-y

91. 2) %55'; 4) —609%. 92. 2) x — moboe umcao; 4) x<2, x=3; 6) 0sx<2,

1 1 1 1
x23.93. 2) a+1; 4) a® + b?; 6) a®-b?. 94. R<a. 95. 0,86 c.

I'napa II. 96. 2) y=1 mpr x=2, y=5 npu x=0 u x=4, y=10 nmpu x=-1

u x=5, y=17 mpu x=-2 u x=6. 97. 1) y(-2)=-1, y(0)=-5, y(%]= -11,

y(3)=4; 2) y=-3 npu x = —%, y=—2 npu x=-1, y=13 npu x-—*%, y=19

mpH x=%. 99. 2) 2<x<3; 4) x<2, x=25. 100. 1) y(-3)=3, y(-1)=1,
y(D=-1,y3B)=-1;2) y=—2n0pu x=2, y=0opu x=0n x=4, y=2 npn x=-2
ux=6, y=4 opu x=-4 u x=8. 101. 3) x#-1; 4) -1<x<1, x=24; 6) x=>0.

112, 2) HeuétHas; 4) He sABAAeTca HM uéTHOU, HU HeuérHoii. 113. 2) Heuér-
Hasa; 4) HeuéTHas; 6) He sABAgeTcA UYETHOH M He sABJsAETCA HEYETHOMH.

122, 2) x=0. 123. 2) (-1;0). 124. 2) y = —% opu x=-4; 4) y<1 opm x<0

u opu x=2. 126. 2) (-2:4) u (2;-4); 4) (-4;-2) u (1;3). 132. 2) x<3;
4) y<b5; 6) x<-5, x>5. 133. 2) Pebpo kyOa Gonpme 7 am. 136. 2) x=10;

4) x=5.137. 2) x=2; 4) x, =2, x,=-7. 138. 2) x=4; 4) x=0,2. 139. 2) ng.

140. 2) x>-3; 4) x<2; 6) x<1, x>7. 142. 2) x=-2; 4) x,=1, x,=3.
143. 2) x=2,25. 144. 2) x=1; 4) x=5. 145. 2) x=4. 146. 2) 2<x<3;

4) 1<x<2; 6) x=1. 147. He mennwme 6,24 m. 148. 2) x # -32—; 4) x — mwoboe
1 1
gncno. 153, 2 [——;—JE:), (—; JE]; 4) (-1;-1), (1;1). 154. 2) x>2;
) 72 T ) ( ) )
4) x<-2. 155. 2) x, = %2-, X, = %; 4) x=16; 6) x=-1. 156. 1) x — noboe guc-
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m0; 2) 2<sx<11; 4) x<-7, -3<x<-1, x=>3. 157. 2) Y6niBaer. 158. 2) Heuér-
Has. 160. 2) -2 < x € % 161. 1) -1<x<0; 3<x<4; 2) x>4. 162. 2) x,=-1,

x,=7; 4) x,=3, x,=T.

Pmapa II1. 163. 1) 9; 36; n% 2) 2; 5; n; n+1. 166. 2) Ila; 4) xa. 167. 2) 2,
8 1 V3 1 V3

1, 3, -1. 168. 2) 9. 169. 256, 16, 4, 2. 170. 2) 1, =3°3 9°9 o1

n+3 n+4
171. a,=-7. 172. 2) 2(n-9), 2(n-8), 2(n-5); 4]7.(_3 , 7&) ,

n+7T
7(%) . 174. 2) -3, -1, 1, 3, 5. 176. 2) 79; 4) —42. 177. 2) a, =29 - 4n;
4) a,=6-5n. 178. 12. 179. Ta. 180. n=11, mer. 181. 2) 0,5. 182. 2) —13.
183.°2) ~100. 184. 2) a,=5n—17. 185. n>9. 186. n<25. 187. 2) a,=-57,
d=T; 4) ag=—1, d=-1,5. 188. 44,1m. 189. 10 nmeir. 190. 30. 191. 60.
192. 2) 10050; 4) 2550. 193. 4850. 194. 4489. 195. 2) —192. 196. 2) 204.
197. 2) 240. 198. 4905, 494 550. 199. 2) 2900. 200. —45. 201. 10.

202. 2) q\y= 15%, d= g 203. 2) a,=-88, d=18. 204. 78 6péBen. 205. 44.
206. a,=5, d=4. 209. 2) -3, 12, -48, 192, -768. 211. 2) -11—6; 4) SLI

212. 2) b —3-[1)M- 4) b —3-(-i)m 213. 2) 5; 4) 8. 214. 2) +; 4) - L
.2) b, HIETLS 3) 2132548 214.2) 5 4 -1

215. 1) by=4374; 2) n=>5. 216. 2) b,= 33, ¢ = % 217. 2) b, =6, b= 30%

wi b, =-6, b= —30%. 218. 337080 p. 219. 0,25 cm2. 220. 5. 222. 2) —%;

4) _2_871§; 6) —400. 223. 2) 2186. 224. 2) b,=-1, b,=128. 225. 2) n="T;

4) n=5. 226. 2) n=9, b,=2048; 4) n=>5, g="17. 227. 2) 364; 4) 305.
228. 2) b;=4802, S,=800. 229. 2) —lg—;. 231. 2) g=5, b;=300 win ¢g=-6,
by=432. 232. 2) ¢=2 wm ¢=-2; 4) S;=781 num S,=521. 233. 2) 4, 16, 64;

9 V2, V5, VI0. 284.2) ay=1, ag= o0 4) a,=0, a,=0. 235. %.
1 1 1

236. 2) d=-7, a,=2, a;= 155 4) d=-3, a,=vJ2 -9, a;=V2 -12. 238. 2) Lz

239. 2) -1080. 240. 2) 143; 4) 280,5. 241. 2) -22. 242 2) g=- %,

b,= ~i, b= 6—14; 4) ¢ = —V2, b= -10V2, b;=20. 243. 2) b, =-0,5 (~2)*- 1.
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125 85 65 3

244. 2) b,= 2% 245. 2) 5,,=1-22; 4) S,=5. 246. s dy 3. og7 8.

) b= = ) S10=1ones 4) Sy=5. 246. 2) 242; 4) o2 247. 5

248. d=3. 249. 2) 14, 11, 8, 5, 2. 250, ,g, 251. 2) a,,=0, a,=-108.
1 2 2

252, 2) 7= 5, %=-4. 253 14. 254 2) ay=-13, d= -1 255.2) 2.

256. 2) -27; 4) x%. 257. 6. 258. B cpexy. 259. 180 pas. 260. a,=8, d=-3

umu a, =2, d=3. 261. a,=5, d=-5 win a,=-5, d=35. 263. 72. 264. 1024a.
265, 3 4.

[apa IV. 267. 1) Cayuaiinoe; 2) cayuaiiHoe. 268. 1) Cnyuaitnoe; 2) HeBo3-
MoxHOe. 269. 1) Cayuaiinoe; 2) ciyuaiinoe; 3) HeBO3MOHOe; 4) JOCTOBEpHOe.
270. 1) HeBoamoskHoe; 2) pocroseproe. 271. 1) Cayuaiinoe; 2) HeBO3MOKHOE;
3) HeBOaMOKHOe; 4) cayuaiinoe; 5) mocroseproe. 272. 1) CosMmecTHBIE; 2) He-
coBMecTHBIe. 273. 1) HecoBmectHbie; 2) coBmectHble, 274. 1) CoBmecTHEIE;
2) coBmecTHBIe; 3) HeCOBMeCTHble; 4) HECOBMeCTHBIE. 277. He aBasAwTCH.
278. 1) He asasiorcs; 2) sasiasiorca. 279. 1) fsnsawored; 2) siBafATCA; 3) fAB-
nsioresi; 4) He aBimoresa; 5) sBasiorea. 280, 1) Asnsiores; 2) He ABIAIOTCH.

283. 1)%; 2)%; 3) 0; 4) 1. 284. 1)%; 2)%; 3)%; 4) %; 5)%; 6)-3—.
285. 1) %; 2) %; 3) %; 4) %; 5) %; 6) % 286. %. 287. 1) 51—0; 2) %E—.
288. %. 289. % 290. 1) %; 2) %; 3) 11—8; 4) %; 5) % 291. P (A) = 2—87-;
P(B):%; P(C):—g-; P(D)=%. 292. 1)%; 2)%. 293. 1) i; 2) i.
204.1) &5 Do i Dy D Lo Dy 8) i 9) 15
10) %; 11) 1i2; 12) %. 295. 1) 11—8; 2) -115; 3) %; 4) %. 296. 1) %; 2) é—.
297. 1) Eli; 2) i. 208. 1) ﬁ; 2) ?1-2— 299. 1) -:1;; 2) % 300. %. 301. 1) %;
2) % 302. 1) %; 2) % 303. 1) %; 2) % 304. 1) 6_;3; 2)%5. 305. 1) Bamaso

i 1 1
HeYETHOe YMCJIO OYKOB; 5; 2) BeIEYT aubGo Tys, aubo BajeT KpacHOi MmacTH; E;

1 9 1114 42 7

3) AB, AB, AB, AB. 306. 1) 0,3, 0,4; 2) e, ey o s By

10°10°2°2'5' 5 38 12’

35 17 1 1 5 5 4 25 10
il el . 1 » H :04; ] i Ov H 2 — e iy T e Sl

4 36 18 807. 1) 0,64: 0 0.16::0.50 )18 18 36 9 )49 49 49
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10 24745 )1 L 1 5 409238 o0 25%. 31L P~0.6.
49 29° 49° ) 81’ 324’ 324’ 324 250

1 1 5 3 2 7
. = . =0, z s —3 —3 — —: —3 : 7 0;
312, P,=0,84; P,~0,14. 314. 1) 1 2) 3 3) 12 4) 1 5) 3 6) 12 )

1 29 1 1 1 2 1
- H —3 2) —; —3 =, =3 —. 316, 0,01. 317, 1) —;
8) 1. 815, 1) 755 2) 555 8) ¢35 4) £, 5) 53 6) 1= 316 817. 1) —
1 1 1 1 1 1 1 1 4
= g 1)=3 s =3 =, i =g @) =3 8) =5 )=
D3 38D Dy B NG BN Do ) =
1 1 3 1 3 2 11 3
. 1) =3 T g Lt = =5 4= 1) —; =T
820 D i Dge BLU 5 D)oo B Hg. 322D o 2) 2
I'masa V.
24 | [Foilia ign] 325 [x 2 e bail s belliriis ]
1] 1] 1 tlalslss] 174
= 42 |3 Pl|8 |76 |2 |63 [_BJ
826, Ly ol daTs ezl alielie
LI LI I W e T T I A A I O
24 |12 | 8|6 |6 |6 |8 |12|24
328. | x |34 |35 |36 |37 | 38| a9 | 40
113|463 2]1
|31 (8 (83|11
20| 20| 5 |10 |20 |70 | 20

330, B rabnuie npHBeNEH De3yJbTAT AHATM3A CTPAHHUIEI TeKcra ua «CeBacTo-
IOJBCKUX pacckasos» JI. H, Toxcroro.

R B U B r a E (&) X 3
0,090 | 0027 | 0056 | 0012 | 0025 | 0,087 | 0007 | 0013
n 7 K n M H 0 n
0,057 | 0,07 | 0,036 | 0045 | 0,029 | 0066 | 0,137 | 0,025
P 5 T y ® X u Y
0,047 | 0061 | 0054 | 0017 | 0001 | 0014 | 0007 | 0014
W i b bl b 3 6] q
0012 | 0006 | 0001 | 0,008 | 0015 | 0,002 | 0010 | 0,012

331. Onerun, no6phiit Mo mpusaTens, poamncs Ha Gperax Heswr, I'me, Moer
6bITh, poxuauck Bel Wiu 6amcranu, Mol YUTATENdD.
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335. 1) x | 145— | 150— | 155— | 160— | 165— 170— | 175— | 180—

149 154 159 164 169 174 179 184
M 1 9 14 8 7 6 3 2

337. 1. 3); 2. 3); 3. 3). 339. 200. 340. 240. 341. 60; 100; 120; 240; 220;
140; 80; 40. 342. 9600; 6000; 4800; 4200; 3300; 1500; 600. 343. 1) 8; 2 u
6; 4; 2) 11; 2; 2. 344. 1) 3; 3; 3; 2) 7; 3 u 5; 3. 345. 1) Mo=-2; Me=1;
2) Mo,=0,1, Mo,=0,2, Mo,;=0,4, Mo,=0,5; Me=0,35. 346. 1) 3; 2) —-0,5;

3) z%; 4) 5. 347. 1) 2%; 2) 2,5. 349. 7,00 r/em?; xeneso. 350. 12,25 ner;

13 ner. 351. 135 cm — BBICOTA, ABAAONAACA MeAUAHONW W MOJIOM COBOKYIIHOCTH,
a TaKKe NMPHOIMKEHHBLIM CPeJHHM 3HAYEHHEM COBOKYIHOCTH, M3 KOTOPOH yaa-
n6H «cayuaiiabiii» peayabrar 90 cm. 352. X =~ 12 ner; Mo=19 ner; Me=11 ner.
353, 2) 8. 354. 2) 4. 355.2)4; 1; -3; -2. 357.2) 2,56r% 4)9,2 M2,
358. 1) 2,56; 2) 4,96. 359. 1) D, <D,; 2) D,>D,. 360. 1) D, <D,; 2) D,>D,.
361. Bropoit urpok Gosee crabuien. 362. CpepHue peayibTATUBHOCTH OJHHA-
KOBBI; NepBul (yrbonncT Gonee crabuieH.

363. [y [ola3lals|6|7|8|o|10]11]12]13]14]15]16

p_‘__Li_Liiiliiiiﬁ_ll

64 |32 |64 |76 |64 |32|6a| 8 |6a |32 |64 |16 |64 |32 |64

364. | o 2 6 | st

2) asamep (X)| 42 44 46 48 50 5 54 5 58
Kon-Bo xa-

naros (M) | 1500 | 3000 | 9000 | 18000 | 16500 | 10500 | 9000 | 4500 | 1500

3) Mo=48, Me=50, X =50, R=16.

I'mapa VI. 367. Bepro, utro 6 e M, -3¢ M. 368. Bepro, uro 1€ A, 8¢ A.
369. Bepuo, uro 12€ B, 3€ B. 370. 2) {1;5}, {1}, {5}, @; 4) {4;5; 6}, {4; 5},
(5;6), {4;6), {4}, {5}, {6}, @. 3871.2)-2; -1; 0; 1; 2; 3; 4)-2; -3.
372. 1) OKpPYIKHOCT C HEHTPOM B TOUKe A M paamycoM 3; 2) cepeMHHBIH mep-
nmeHAMKYJIAp K orpesky AB. 373. 1) {-3}; 2) {-1;1;2}. 374. 2) A\B={2; 3},
B\A={-1;0}; 4) A\B={T7}, B\A={-5;-6}. 375. 1) uppanuonanpusie; 2) ue-
Jble oTpumaTeabHble umciaa u gucao 0. 376. 2) ANB={c}, AUB={a;b;c; d};
4) ANB=O, AUB={a;c;d;e}. 377.2) ANB={1}, AUB={-1;0;1;2;3};
4) ANB={5;6}, AUB={-6;-5; 5; 6; 7}. 378. [4; 7], [2; 9] 379. [6; 7], [5; 8].
380. {-2}, {-2; 6; 7}. 381. AN B={1; 3;9}; HOII (18, 45). 382. CND={x: x=90k,
ke M; HOK (18, 45). 383. {0; 1; 2}. 384. {-1;0; 1; 3}. 385. 2) (—o0; 1]; {-1; 0}.
386. 1) A;2) Ay;;3) A3 4) Ay 5) A 6) A 7) A,.387.1) T=17, 2) 45<3;
3) nwoboe HATYpaJbHOE YHMCJIO HE ABJAETCA IEJbIM YHCIOM; 4) y 3eMJH He TOJb-
KO OAMH ecTecTBeHHBIH cnyTHuK. 388. 2) {5; 10; 15; 20; 25}; 4) 1. 389. 2) [2; 3];
4) R. 390. 2) HcTuHHO, UCTUHHO; 4) JOXKHO, HCTHHHO. 391. 2) JloxHO, HCTHH-
HO; 4) uctuHHO, uctuHHO. 392. 2) «Eciu KaKAplil 4JieH IOcJIeloBaTeJIbHOCTH,
HAayMHAS CO BTOPOro, paBeH MOJIYyCyMMe COCEeHHX C HHM YJIeHOB, TO 3Ta IO-
cJIelOBATELHOCTh — apH(pMeTHYecKas IPOTPeccHd». 393. 3) «Ecnu amaroHallb
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9eTBIPDEXYIOJIbHUKA JEJIUT ero Ha [ABa PABHBIX TPEYIOJbHUKA, TO 3TOT UETHIPEX-
YFOJNBHMK — NapalieJiorpaMM»; JjioxkHa. 394. 2) PaBHOCTOPDOHHHI TPEeyrolbHHK;
4) paBHOCTOpOHHMI TpeyroasHuk. 395. 2) n+(n+1)+(n+2)=3n+3=3(n+1),
T.€. CyMMa TpPEX IOCJIEJOBATEJLHEIX HATYPAJbHLIX 4YHCeJ [eJUTCH Ha 3.

396. 1) MocraTouno; 2) HeobXoAMMO | AOCTATOYHO; 3) Heobxoammo. 407. 2) 2v/5;
4) J29; 6) 10. 408. 2) x2+y2=49. 409. 1) A, E; 2) D, F.410. 2) (x+3)y*+y*=4;
4) (x+20+(y—4)*=0,25; 6) (x+3)2+(y+2)?=3 % . 411. 2) (2; 5), (-10; 5).

413. 2) (-1,5; 2,5); 4) (-4;-2,5). 414. 2) K(0;1). 415. 2) P (-2,9; 0).
416. 2) (x-2)’+(y+3)*=25; 4) (x+4)*+(y+4)2=52. 417. 2) (x+3)%+
+(y—2)°=10. 418. 2) OxpyxHOCTH ¢ HEeHTpOoM B Touke C (4;6) u paguycoM

r=8; 4) OKpy>KHOCTH C HEHTPOM B TOYKeE C(3;-1) u paamycom r =/10.
419. 2) x-2y=0; 4) 5x+2y=0. 420. 2) x—-3y=2; 4) 4x -5y =27.
421. 2) x-4=0, y+7=0. 422. 2) k=4; 4) k=-2,5. 423. 2) Ilepecekarorcs;
4) coBnanawor; 6) mapamnensnsi. 424. 2) IlapannenbHb; 4) nepecexkalTcsa;
6) coBmagaror. 425. 2) (6;-1). 426. 2) 4x+3y=9. 427. 2x+5y=-4,

2x-3y=-4, 2x+y=4. 428. 2) (0;0,5), (g;o}. 429. 2) a=1, b=3,5.

430. 2) x—y=1. 433. 2) lIse ToukH c KoopamHaramMu x, = 3,6, y,=~-1,6;
x,~-1,6; y,~ 3,6; 4) Touxu ¢ koopaunaramu (0; 0), (2; 2) u (-2; 2). 434. 2) lse
ToukH ¢ xoopmuuaramu (0; 0) u (1;1). 441. 2) {1; 2}, {1}, {2}, D; 4) {m; n; p},
{m;n}, {m;p}, {n;p}, {m}, {(n}, {p}, @. 442.2) {-3;1}; 4) {k; ; m;p).
443. 2) A\B={(f}, B\A={a; d}; 4) A\B={3; 7}, B\A={2;4}. 444. 2) MUK =
={a;b;c;d:e; k), MNK={a;c;e}; 4 MUK={5;-3;-1;1; 2;3}, MNK=0@.
445. 2) [-6;2]; [4;-21; 4) [-5;2]; {-2). 446.2) 17=17; 4) 15>7.
447. 2) {1;3;5;9;15;45);  4) {-3;-2;-1;0; 1;2}).  448. 2) {4); 4) {-3).
449. 2) UcruaHO, HCTHHHO; 4) JI0KHO, HCTHHHO. 450, 2) HeuérHoe umcno 5 me

AeqdTcs Ha 3; 4) cymMma, yrioB TpeyroasHWKa He paBHa 360°. 451. 2) 62;

4) 3J10. 452. 2) x2+y2=2,25. 453. 2) (x—2°+(y+6)2=16; 4) (x+1,5)+
+(y+3)*=25. 454. 1) A, D; 2) B, C. 455. 2) 4x—5y=20; 4) 14x+ 13y =—33.
2

456. 2) E:-; 4) h 457. x+y=1 nm 2x+2y=5; 2x-4y=3 = —x+2y=4.

458. 3x+y=2, %+ y=2. 461 2) (-3;3 (-1} 4) (3;-7); [2;4]).

462. 2) JloxHO, HCTHHHO; 4) MCTHHHO, WCTHHHO; 6) JIOKHO, HCTHHHO; 8) nox-
HO, ucTHHHO. 463. 2) «Ecam ab>0, 0 a>0 u b>0s, soxno; 4) «Ecan oTpe-
30K HapaJulelleH OJIHOH M3 CTOPOH TDEYroJbHHKA, TO 3TOT OTPE30K SBJIAETCH
cpepHel JIMHHEH TPeyroJbHHKa», JOXHO. 464. 2) (-2; 3), (-1;-1), (1;2).
465. 2) (-19; 13). 466. (2;9). 467. (-3,5;-3). 468. 2) (x + 1%+ (y—1)*=26.

469. (0;3++/5), (0;3 - V5). 470. (4 + J7;0), (4 — J7;0). 471. 2) (2; 0), (0; 2).
472. 2x—-11y=10, Tx—-4y=12, 5x+Ty=2. 473. 2) (1;-6). 474. 2) Touxa

¢ KOODAHMHATAMH (—%; 4]; 4) nBe npamere: x=8 ®m y=-9; 6) gse npsMbie:
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3x - ng =0 u 3x+ ng = 0. 476. 2) Ise Touku c KoopauHATaMH X, < 1,6,
y,~3,6 u x,=-1,6, y, = 3,6; 4) ABe TOYKH C KOOPAUHATAMH X, ~-0,2, y,=-0,3
n x,~-1,8, y,=-0,3; 6) Touka ¢ KOOpAMHATAMU X ~ 0,7, y=1,3.

YnpaXHeHus QNS NOBTOPEeHWs Kypca anrebps! Vil—IX knaccos
477. 1) -1,8; 2) 22,75. 478. 2) 3naueHus BBIPAYKEHHWH DABHBI. 479. 2) x=%.

2
480. 2) 2%; 1) —2—3’-;- 481. 2)3-%3; 4) 647. 482.2) (0,3)% < (0,372

483. 2) 5ab/b; 4) 1labab. 484. 2) —3x?; 4) V5a?. 485. 2) x = %; O x=0;

486. 2) Her. 487. 2) Her. 488. 2) 1,6<x<7; 4) x>-7,5; 6) 0<x<2, x>2.
490, Her. 491. 2) a =3". 492. 1, 4, 28, 280. 493. 2) a,,=47,5, S,,=537;
4) ay = 11%, S, =108. 494. 1220. 496. 2) b,=5. 497. 2) b, =125, S,=156;
4) b,=81, S,=61. 498. 15%. 499. 1679 m/c. 500. 1,68 M. 501. —1%.

502, 2) x, ,=+2. 503. 2) (1;8), (-1;-3). 504. 2) -1; 4) —%. 505. Ileproe.

506. V6uzaer. 507. 2) x<0, x>6; 4) x # V3 £+ V6; 6) x<-3, 0<x<2, x>3.
509. 2) x=61; 4) x=2; 5) x,=0, x,=-3, x;=2. 510. 8u. B5l1l. 39—22):.

512. 7, -28, 112, —448 wm -11%, —46%. —186%, —746%. 513. b, =5,

b,=405. 514. 8, 13, 18 mm 20, 13, 6. 515. 6,40 Om. 517. 1)%ﬁ;

2 2

1+J7 = _= 5 1 7 49

2 . 518. 1) 1-+Ja; 2) a® + b3. 520. 10, 4, -2, 1 ——y e
Y )1-+a; 2) a® +b3. 520. 10 wIE ~ o, g

3

521. 6, 18, 54 wumm 26, 26, 26. 522.2) 4; 4)41. 523. 2)

4) —1—11-. 524. 2) x=T; 4) x=6,5; 6) x=2,25. 525.2)3; 4) 0,1125.

526. 2) 300; 4) 3600. 527. 2) 5%; 4) 16 %%. 528. 2) 5a%b; 4) -%asb"’.
529. 2) 35-2x—2x%—x%  4) 8a?+4b2+36a+36.  530. 2) 4,9;  4) 2.
531. 2) b2—Ta%®.  532. 2) [g - 1) (-g- + 1); 4) (b - V3) (b + V3) (0% + 3).

2
533. 2) [%+1) . 4) (1 +9b)2. 534. 2) (a+1)(a—x); 4) (a-x)(5a-"1).
535. 2) 2a% (a—1)%; 4) (a-b)?(a+b)%. 536. 2) 2(x-3)% 4) (x—-1)(x+2).
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b+3 3y x+4 x-1 8 _; 3c? 15a
A 3 —; 3 : « 2) —m*; 4) ——; 6) —;
VLY V' Vgrp® Vegg BB AGmS 9351 6 4c
6 —5a 3b-at 1
1 - 2). s 3 . 540. 2) ———; 4) b+a-1.
8) (x+1)(x-2). 539, 2) 4 4) = 0. 2) T ) a
2 1 x 10 9
2 ; 4 s 4 —; 4 . . 2) -0,25; 4)1—,
541 )a(“z) )a+1 542 3)y )2“1 543. 2) ) =
544. 2) 3. 545. 2) 2 ; 4) X . 546. 2) 4; 4) 8. 547. 2) -2; 4) 0;
x+2 Jx -1

6) 7. 548. 2) 2; 4) 14. 549. 2) _1‘[%; 4) 6v2. 550. 2) 2-10%; 4) 1,210

551. 2) 1,25. 552. 2) 3,5. 553. 2) x%% 4) xy?. 554. 2) -1; 4) 1+ Vm.
555, 100 kr. 556. 10%. 557. 340 kr. 558. 44 p. 559. 3) -6m*+2Tm3—47m? +
+41m—T; 4) a*b®-6a%®+9b*. 560. 2) (4a® - 5b%) (4a® + 5bY); 4) (m—-n+k)x

X (m+n-k); 6) [é a%—%c“)(% a3b+%c‘}; 8) (a+b+2)°% 561. 2) (2a - 3b2)%

4) (5b%+4a)®. 562. 3) (5x-3y) (xV5 + 2y) (x5 - 2y); 4) (xy - 3) (8% Ta).

563. 3) m?  4) —3—”{1. 564. 2) —0,6. 565.3) 1; 4)6; 5) 3—32; 7) 6.
1 m 1

566. 2 . 4 . 567. 4) ~0,5. 568. 2) —0,02x%. 569. 2) 33 L
]x2+xy+y2 )Jn_1+1 ) ) B ) 3

4) 4,8. 570. 3) Ja - 1; 4) 571. 2) 1-Vb; 4) 1+ mVm. 572. 2) x=1;

a
16 — a2’
4) x=-0,5. 573.2) x = 12%; 4) x=-18,5. 574. 2) x=3; 4) x=-9.

875. 2) x,=-2, x,=3; 4) x,=5, x,=-1. 576. 2) x,=0, x,=5; 4) x,=0,
X,= —%; 6) x, ,= +22; 8) x, ,=%2. 577. 2) x,=-1, x,=1,5; 4) x,=5,

x,= —g. 578. 2) He wumeer; 4) umeer. 579. 2) x,=1, x,=4,5; 4) x,=-5,

%,=0,5. 580. 2) x,=-3, x,=5; 4) x=-1; 6) x,=4,3, x,=-11,7. 581. 2) x=3;
4) x=-4. 582. 2) x, ,=%1, x, ,=+6; 4) x, ,=+2. 583. 2) x=383; 4) x=09;

6) x]_:l; x2:4- 584. 2) x!‘zz 2+ Jg’ x3'4= :Ezﬂ' 585. 2) x=_1;

4) x,=1, x,=-0,5; 6) x=4. 586.2) (3;7); 4)(2:3); 6) (-2;-3).
587. 2) (1;-1); 4) (2;2). 588. 2) (5;3), (-3;-5); 4) (4;-9), (-9; 4); 6) (4; 5),
(-4;-5), (5:4), (-5;-4). 589.2) x=6; 4) x=0,5. 590. 2) 3(1+/5);

_9+4v2
=

4) x 591. 2) x,=0, x,=2; 4) x<1. 592. 2) x=2; 4) x=-1.
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1
593. 2) x,= —5, x,=-3. 594. 2) x=4;4) x=3; 6) x=0.595. 1) x,=0, x,=a;

2) x,=0, x,= %; 3) x,=0, x,= “%; 4) x,=0, x,= —%. 597. 2) (5; 4);
4) (1;1). 598. 1) (2;-1), (-2; 1), (0,5; -0,5), (-0,5;0,5); 2) (2;8), (-2; -8),
(8,5; —5), (-8,5; 5); 3) (15 2), (2; 1); 4) [— ‘1—) 6) (3; 9), (-3;-9), (V3; - 243),

(-V3; 2V3); 8) (3— E]. 600. 2)x€%' 4) x>1. 601. 2) x<1; 4)x-<3—~,

6) x<2. 602. 2) x>-1,5; 4) x=3. 6032)12346042)1012
- J_ 3+J_
2 2

4) -1; 0; 1; 2; 3. 605. —4; -3; 2. 606. 2) -1<x<3; 4)

6) pemmenuit HeT; 8)x<—1%, x>1. 607. 2) —1%<x<3%; 4) -1<x<3.
608. 2) -4<x<2;4) 0<x<T7, x>8;6) x<-3,-0,5<x<0,5.609. 2) 9 > 45;

4) 56 < 645; 6) 23 <V2-¥5. 610. -9. 611. x=10. 612. 2)x£—2§,

x>4; 4) x=-0,4. 613. 2) x<-1, x>1; 4) x<0. x>2. 614. 2) x<2;
4) 2<x<2; 6) -1<x<0; 8) x<-1, x>1. 615. 2) -b<x<-1, x>4; 4) x<1,
3<x<4; 6) T<x<-6, 1<x<3, x>8. 617. 62,5 n 57,5. 618. 5 xm/4.
619. 4 km/g9. 620. 12,5 km/9, 2,5xm/u. 621. 26 cm, 2cm. 622. 48 MuH.
623. 20 mun. 624. 351, 40 . 625. 54, 7 4. 626. 32 u 8 ner. 627. 40 m/MuB2.

628. 2,5 kM. 629. =5c. 630. 4 km/u, 16 KM/9. 631. 75 xm/u. 632. 16%1\!/(:,
100 M. 633. 2) Ia; (0; —4), (8;0), y(-2)=-5; 4) mer; (0;6), (4;0), y (-2)=3.
636. 2) (5;-10); 4) [— —%). 637. 2) 23; 4) 6%. 638. 2) x,=-2, x,=-5;
4) x,=0, x,;=*%1. 640. 2) :’;}—% &3 %. 642. a=8, b=3. 643. a=0,3,

b=-0,5, ¢=0,2. 648. 2) He asnaercd géTHOI ¥ He ABJAeTCH HedéTHoi; 4) He-
gérHaa. 649. 2) Ma. 650. 2) —1; 4) -1. 651. 2. 652. —0,5. 653. 2) a,=201,

S,,=2737. 654. n=39. 655. 682. 656. 2) 0,5; 4) —1—.657. 189. 658. 2) a,=1,
d=3; 4) a,=2, d=3 nu a,=14, d=-3; 6) “1—2 d=3 uiu a,=8, d——3
659. 2) —5. 660. a,=1, d=-2. 661. 2) lla; 4) na. 662. 2) 12 nm —13; 4) —

M _18 ges. b —3(—1]"_1 una b #_3[1].._1 664. b,=12, g=-2 wnm
12° . s 6 n— “\e) 8 =i g

b,=-12, ¢=2. 665. %; 1; 3; 9; 27 mnm :—13-; —1; 3; -9; 27. 666. 2) b, =0,384,
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q¢=0,25 wm b,=0,6, ¢=-0,2. 667. b,=37,5, ¢=0,6 win b, =48, ¢=0,25.
668. 2) 341; 4) 341 wunm 121. 669. 18; 5; 2 uam 2; 5; 18. 670. x=1.

atd . 678, x=1. 674, 4. 675 m=-1, y<0

671. 13 maxmatucros. 672.
a—-a -1

opa  x > ——;-. 676. (-3;4). 677. 32. 678. Kopmeit mer. 679.1< x < 1%.

1

2 o Z+0 dse [wi; —3.7). 686, 1) —;
16 36

681. -1, 5—. 2, 14—. ?
x< XS 3 68 7 683 T

1 2 2 1 7
2) = X =45 X, = ——. . x<-1. 689. 2. A — 691. 1) —; 2) —.
)6 687. x, x, 3 688. x<-1. 68 690 17!2]3 ) 3 2) 12

692. 0. 693. x,=0, x,=45. 694. 60 xkm/u, 80 xkm/u. 695, x,=1. 696. B Tpe-
TheM. 697. x>2,5. 698. 1. 699. 110. 701. 1; 15; 2; 4; 2. 702. (y - 2) (by — 2).

3
703. -2 5 704. x,=3, x,=-3. 705. % 706. 25. 707. 0,2. 708. x<0,5, x>3.
a—
2a-1
709. (1;1). 710. p=2, ¢=3. 711. 63. 712. (2:1). 713. 2" 714. p=-1,
qg=-2, (é, —%), -l<x<2. 715.%. 716. x=0, x=1, x=2, x=3, x=4.

717. Ia. 718, 22+1
a+h

. 719. 60 km/u, 40 km/u. 720. 33.

3apaum NOBbLILEHHOW TPYyAHOCTH
736. n=1. 737. (4;1), (4;-3), (-4;1), (-4;-3). 738. 7, 8, 9, 10. 743. 1) V2 - 1;
2) V2; 3) 2—?;; 4) Va. 744. 1) Xy =~2, Xy=B; xy=3-f21, x,=3+/21;

2) x,=2, xZ:%. x3=3, x‘=%; 3) x=15; 4) x,=0, x,=2. 745. 1) x,=—4,
x,=1; 2) x=3. 746. 1) (3; 2), (-2;-3); 2) (0; 0), (1; 2), (2; 1). 747. 1) (-4;-5),
(-5:-4), (-1+2V3;-1+2V3), (-1-2V3;-1-2V3), (4+13;4-13),
9 9
4-+13; 4 13); 2) (1;2), (-1;-2), | ——; V6T |, | ———3 —V6T [; ; 6),
(4 -V13; 4+ V13); 2) (15 2), ( )[Jﬁr][ﬁﬁ J_]s)(ss)
3V56-3. 3J5+3 _3J5+3. 36-3]_ ( . 1 ]
[ = 5 ] ( — = ; 4) 2+2J§,1+—J-3_—,

53 1 1
S 3; 1 =i - . & 0F, PR, ¥ 1+ _9)- . oy P
(2 J§J 5) (0;0), (2;1), (-2;-1), (152), (-1;-2); 6) (3; 1), [3’ 1)'

749. 1) (0,5; 5,5), (1,5; 5,5); 2) (1;1); 3) (1;2); 4) (-2v2 + V3; - 2V2 - V3),

(2v2 - V3; 2V2 + JQ( [ 2 %].750. 1) r=1, r=-1; 2) r=-2.

5. 7
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751 -2.25<a<-2. 752 a = 5. 753.-7"3‘,_ <a<2V3-4. 755 p=-2,
g=-1 mwmu p=1, g— mwboe. 756. —1<r<2. 757. a<-2. T66. (x*+x+1)x

2 a’+1 1 2

2_x+1)(xt-x2+1). 767.1) 21%, . mBe Ty &
Xx(x2—x+1)(xt—x2+1) 7. 1) = 2) — 9. 1) J_6.<x<5,
%<x<1; 2)x<—3—' —3<xc¥, x>4; 3)x<-2, -1l<x<l1,

x>2; 4) -3<x<-2, -l<x<l1, 38<x<5; 5) 3<sx<6; 6)2<x<4.

3 3

770. 1) ~1€x<—T T< <£1; 2) 2sx<——5— 0<x<2; 3) -2<x<0,

236 4)0<x$%; 5) x < - Z,x> . 8) 2<x<1, x>1. 771 8, 8, 13

10’
uu 18, 8, ~2. 772. 4092 nan 1222 773. 3, 6, 12, 18 wm 775 %, %, 2.
- = n+1 n+2
778. S,,=1 =2 +£n+1)x , ecau x#1; Sﬂ=w, ecJIn
(1-x) 2
n+l_ n=-1_
x=1. 779, E[u—n] 780. xn=a""1xl+ba - opu  a#l,
3 9 a-1
(n-1)b ab(a"" 1) 1-a”
x,=x,+(n-1)b opu a=1; S, = s + 1= a)2 1 npu a#l,
Snz(x1+(n_21)b]n npu a=1. 781. xn=(n—1)x2—(n—2}x1+£ﬂ}2(—nﬂ.
o 1_pn-1 an-z_ﬁn—z 2ab
782. 1. 783. x, = ——a—_—g——xz— ofx, Y 784. g 785. 48 MuH.

786. 1040r. 787. 1u. 788. %M/MHH. 789. 4xm.  790. ?5. 791. 7 k.

792. é(4s~3at+\f9a2t2+ 16s7).  793. %. 794, 27%.  795. 24 v°.

= 2
796. 80 xnu/u. 797, 4. 798. 11, V220 —7 4 799, 0,3 . 800. b+Jb2+ dab
801. 44 42 muH. 802. 2 4.

MpakTu4eckue v nNpuknagHble 3apadv
I

Paasa L 1. 50%Y, 4005 & k= 3,/% ~1,12. 3. V=100 ™. 4. 31,2 Mm.
5. 2<d<T7,3. 6. 6=8-108 H/m%.
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maspa 1I. 1. Puc.19, A —cm. pwme. 20,8; puc. 19, B —cm. puc. 20, a;

40
puc. 19, C — cm. pwuc. 20, 2; puc. 19, D — cm. pue. 20,6. 2. y = % 3.y= ==
0,8
4. y=—".
Y="4
Paasa 111 1. 6 m; 22500 p. 2, 496 M. 3. 9901 smuk. 4. n,,= /25000 o6o-

poToB B MUHYTY. 5. Yepes 8 jyer. 6. 1) 2, 3, 4; 2) 3, 4, 5; 3) 4, 5, 6 unu 3,
5, 7; 4) 5, 6, 7 uau 4, 6, 8. 7. MoKHO, ecJH MPOTHBOIOIOKHBEIMY SBJISIOTCH
CTOPOHBEI @ M a+3d; a+d m a+2d. 8. 6 cropon. 9. IIpumepro 42 000 p.
10. ITpumepso 65 xm/c, 130 km/c, 325 km/c, 650 km/c.

> 1 1 15 2

lmapa IV. 1, —. 2, 1)—:2) —. 8. P=W=2<.B Ey it

1aBa 1 64 ) 1024 ) 1024 3 TEOPHH BepPOATHOCTE
JIOKa3bIBAETCH, YTO BEPOSATHOCTEL 3TOT0O COOBITHA paBHA % 4. %; BTOpO# 1mo ma-
CTePCTBY UIPOK 3aHUMAaeT 2-e MECTO JHUIIb B TOM CJydae, KOTAA OH HAXOJUTCH
B TOH MOJIOBMHE TYPHUDHOH CeTKH, B KOTOPOH HeT Jiyumiero urpoka. 5. 1) ﬁ;
2) —L . 6 35 7. 1)13700; 2) 3420. 8. 1) Her; 2) ects. 9. —L

10000° 69 : |- ' © 1200
I'masa V.
3. . :

X 1 2 3 4 5 6 74 8

w | 0,09 | 0,084 | 0,152 | 0,216 | 0,184 0,12 0,1 0,048

4. 0; 1; 1,1; 3; 1,09. 5. Touke A, Tak Kak D, <Dy, 6. Ilpavas koppensanus.
7. ObparHas KOppenanus.

I'mapa VI. 2. 10. 3. 10. 4. 8. 5. 2. 6. 1) Yucsna, xpaTHbe 15; 2) uucaa,
kparasle 18. 7. 1) 2, 8, 5, 7, 11, 13, 17, 19, 238, 29, 31, 33, 37, 41, 43, 47;
2) 3, 23, 43. 9. BepHBIMH SABJIAIOTCA JUIIL BLICKA3LIBAHUS 1, 4, 7, 8, 10.

y < £+1, ys<x+1,
2 y=1
10. 1) | y = 2x -8, 2) x<5’
y22 (x—5)2+(y-3)*>1.
mo 10T. 12. 1 equsnua xopma I u 1,5 eguEUNb xopma II.

11. 4 mamusel 0 5T ¥ 6 MamMUHE

NMpoeeps cebs!

F'nmara I. 1, a) 8%; 6) 16; B) 1%. 2. 8,6-10% 7,8-1073; 6,708 -10%; 1,1- 106,

3 2 2 1 23
3.a) 6; 6) (y+x)xy. 4.a'; 27. 5.(0,78)3> (0,67)%; (3,09) 3< (3,08) 3.
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X 3
6.a)1; 6)15. 7. 0,2—6(—513>101,i‘\/625. 8.b2—a? 04. 9 x,=1,

1
x2=-§. 10. ;—1 11. -5/7. 12. 3uHauenue BHIPAXKEHUA OTPHUIATENHHO.
13. V2 (a + 2).

I'masa II. 1. a) x#1; 6) 3<x<3. 2.a) 1) y=1,4; 2) y=3; 3) y=-2,5;
4) y=8;6) 1) x=9; 2) x=2; 3) x=—%; 4) x=1,4; B) y(x)>0 opu: 1) x>0;

2) x>0; 3) x<0; 4) x>0; y(x)<0 npu: 1) HeT TAKUX TPOMEKYTKOB; 2) x<0;
3) x>0; 4) x<0; r) byaknus Bospacraer mpu: 1) x=>0; 2) HeT Takux Ipo-
MeKyTKOB; 3) x>0, x<0; 4) x € R; dyaknus yopiBaer npu: 1) HeT TaKUX Ipo-
MexyTKOB; 2) x>0, x<0; 3) HET NPOMEKYTKOB; 4) HET IIPOMEKYTKOB.
3. a) Yérnasn; 6) Heuérnas. 4. a) x<3; 6) 2<x<2,x27.5.a) x#2;06) x<2,
x>2; B) y>0 mpu x<2; y<O0 npu x>2; r) x,=0, x,=4. 6. a) He sBngerca
HA 4Y6THOH, HHM He4YéTHOH; 0) HeuérHas; B) uétHad. 7. 0<x<9, x>9.
8. a) x=28; 6) x=1. 9. a) x<9; 6) x>-T.

lanasa III 1.0, 1, 3. 2, a,i=—-25, S;,=-115. 3. bs”_‘%; Ss=7%. 4. q=%,
121 1
Ss=ﬁ' 5. n=3. 6. S,,=115. 7, S3:1-E. 8. x,=25, x,=1. 9. He aBndercs.

10. a,=-1 nm a,=3,75. 11. b,=38,5, ¢=-2. 12. ¢=-2.

1

. . 1 3 1 4 10 1
I'nasa IV. 1, —: 6) —; — —. 2. . 3. 0,18. 4, -3 —2
1aBa a) 5 ) 10 B) 2 r) 5 2 18 3 4, a) 21 6) 21

B) -;%. 5. a) %; 6) —;%. 6. 0,288. 7. a) 0,8; 6) %- 8. a) %: r) %- 2 9,63,
I'maBa V. 1, —X 2 3 4 5

M 3 ; 8 2

“|m | ® | s |

2. R=10, Y=Mo=Me=3. 3. 4; 4; 3,8; 4. 4, 6. 5. Tpu nyru BeAyT K 3HAHHUIO:
OyTh PasMbIIUIEHAH — caMblil 6JaropofHbli, MyTh NOAPAKAHUA — caMblil JIér-
KHit ¥ OyTh onbiTa — camblit ropekmii. (Kondynuit) 6. O6paraad. 7. 1,87.

Pnasa VI. 1, a) {~2:-1;0; 1; 2; 3}, {0;1};6) [-7; 2], [-3;1]. 2. a) 100<32,
qHeso 3 He sBasercs YeTHRIM. 3. (x+2)%+(y—5)?=49. 4. J13. 6. a) {-7;-5; 0; 2};
{2}; 6) [-3; 5); (0; 4]. 7. (-2; 2]U[3; 5). 8. a) 23>10; 6) mpaMbIe a U b He mep-
nesaukyasapabl. 9. C (—1; 4). 11, (—oo0; 4) U[5; +00); (—3; 2]. 12. Ecsm npu nepe-
CeueHHH ABYX MPAMBIX CeKyleil HAKPECT Jieallue Yrijbel PaBHBI, TO ITH HpH-
mbie mapastensasl. 13. Jse Touku. 14, 64. 15. (—o0; 2)U(2; 4).
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Apudmeruueckas mporpeccust 85
ApundmerniuecKHil KOPeHb HATYDAJb-
HO# crenenu 12

BeposaraocTs cobertusa 127
Bribopka 180
— penpeseHraTuBHas 180

I'eomerpuueckas mporpeccus 97
I'padpur bysruuu 44
T'mnepbosna 60

l'enepanbras coBokymuocTs 180

Jncnepeus 196
Heneitaaua Beprayanu 146

Mennara 188
MauoskecTso 210
Mopa 188

O6nacts onpeaenenus pynxmum 43
Ob6regunenue mHOMecTB 213
OTtHocHuTeILHAA YacTOTa cobObITHH 149

Ilepeceuenue muOMecTs 213
ITonuron gacror 175
IlocnegoBatenbHOCTs YHCHOBaA T8
Ilporpeccus apudmeruuyeckas 85
— reoMerpudeckas 97

Pasmax 194
PasrocunbHOCTL 230

CpoiicTBa cTemenn ¢ meaBIM MoOKA3a-
TesaeMm 6

— apu(MeTH4YeCKOro KOpHA n-if cre-
nesu 17

— BO3BeJIeHUA B CTEIeHbL Hepa-
BeHCTB 29

Cneposanune 229

Cnoxenue BeposaTHOcTeit 140

Cpennee 3Hauenue 189

CreneHb C OTPHIATEILHBIM TIOKA3a-
TejeM 5

— C HYJeBBIM TOKasaTeyjeMm 5

Tabnuma pacnpenejieHusa 3HAYeHHH
ciaydaiiHO# BenwuyuHBI 166

Teopema 0 cymme n uieHoOB apupMe-
THYeCKO# mporpeccum 91

— O CyMMe n 4YJIeHOB IeOMeTpHYe-
cko¥ mporpeccun 105

Y mHOMeHUe BeposTHOCTEH 142
YpaBHeHne npamoii 242
— OKpYy:KHOCTH 239

@Dopmyna n-ro 4jena apupMeTHde-
CKOH mporpeccuu 86

— R-TO 4JieHa IeOMEeTPHYEeCKO# Ipo-
rpeccuu 98

— pekyppeHTHaa 80

DyHKnua 43

— cTeneHHas 48

— BO3pacTraplas Ha NPoOMexKyTKe 49

— y6eIBaromas Ha DpoMexyTKe 49

— uérHaa 54

— HeuérHasa 55

—y= 3 59
x

— y=VJx 49

— y=x® 54

— y=3Yx 55
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rMABA |. CTEIIEHB C PAHHOHAJII)HBIM
IIOKABATEJIEM . 3

CreleHb ¢ IeJBIM IIOKasaTeseM o W
ApudmMeTnuecKuii KOPeHb HATypPaJlbHOW CTEIE€HH .

. CpoiicTBa apu(pMeTHUYEeCKOro KOpHHA.

Crenesp ¢ pallMOHAJBHBIM IIOKasaTeleM
BossesieHre B cTeleHb YHCJIOBOIO HEPaBEHCTBA .
Vnpaxcuenus k znase I .

FNABA Il. CTEIIEHHAS ®YHKIUA .

. Obnacte ompejeneHua (QYHKIUU .
. Bospacranue u ybOriBaHHe (QyHKIIUH

YETHOCTh U HEUETHOCTH (PYHKIMH .

), DYHKOUA Y = ik .
x

HepaBeHcTBa M ypaBHEHHUs, COJAep)Kallue CTeleHb
Vnpaxcnenusa k znase II .

rNABA 1il. IIPOTPECCHHA

. YucyioBas MoCaeA0BaTEeIbHOCTS .

. ApudmernuecKasa NpPOrpeccus . . - B
. CymMMa mepBBIX NI YJIEHOB apmbme'ruqecxon nporpeccnn.
. l'eomeTpuueckas IpoOrpeccus . ; ® @
CyMMa IIepBBIX NI YJIEHOB reome'rpmxecxon nporpeccun :

Vnpaxwrnenusa k enase IIT.

FNABA IV, CIVYAUHBIE COBBITUA
. CobniTHA

. BepoaTHOCTH coﬁm'ma
. PenteEne BepPOATHOCTHBIX 3anaq ¢ nomommo

KOMOMHATOPUKH

9. CnoxxeHue ¥ YMHOMKEHHE Bepoa'rnoc'ren .
). OTHOCHUTEJILHASA YacTOTa W 3aKOH OONBINUX 4YHCeI.

Vnpaxnenus k z2nraee IV .

OrnasneHue

11
16
21
29
35

41
42
48
53

59

66
72

77

78
89
90
96
105
109

117

119
125

133
140
148
157
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26. . ”
7. BeicKaseiBaHUA. TeopeMm :
28.

FNABA V. CIYVYAUHBIE BEJIUYUHBI.
. Tabnuns! pacupepeseHus

. ITonurousr uacror . 3 .

. I'enepanbuas conoxynnoc'n, " Bmﬁopna

IlenTpanbHBIE TEHAEHIIHH
Mepsr pasbpoca .
Vnpasrnenus k zanase V

FNABA VI. MHOXECTBA. JIOTUKA .
MHuo:xecTBa .

CrnenoBaHue ¥ PaBHOCHIBHOCTS.

. YpaBHeHUE OKDY»KHOCTH .
30.

. MuokecTBa TOYEK Ha KOODI[PIH&THOK IIJIOCKOCTH

YpaBHeHUe NUpsAMOi .

Vnpaxcnenus rk zaase VI .

YIIPAKHEHUA IJ5S IIOBTOPEHUS KYPCA AJITEBPBI
IX KJIACCA.

YIIPAMKHEHWUSA NJIA IOBTOPEHUS KVYPCA AJITEBPBI
VII—IX KJIACCOB. . L

BAIIAYH TIOBBIIEHHOW TPYIHOCTH .

KPATKHE TEOPETUYECKUE CBEJIEHHS I10 KYPCY AJITEBPBI

VII—IX KJIACCOB.
OTBETHI SR
NPEIMETHBIN YKABATEJD .

OrnaBsnexue

163

164
173
180
187
194
202

209

210
219
229
237
242
247
256

265

269
290

299
319
333
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VuyebHOE H3ZaHHE

Konsrua HOpuit Muxaiinoud
Trauésa Mapus BragumuposHa
dénoposa Hapnewxna Eprennesna

Iabysun Muxaun Heanosuy

AJITEBPA

9 knace
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3as. penaxuueit T. A. Bypmucmposa
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XynoxecrsenHsiil pegaxrop O. IT. Bozomonrosa
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I'padhuxn pysRIIUN
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MonayJiab uucja a
a,ecaua=0
a| =

—a,ecaua<0

DopMYyJibl COKPAIIIEHHOTO
VMHOMXKEeHUN A

(a +b)*=a*+ 2ab+ b®

(a — b)?=a®- 2ab+ b*

a®—b?=(a+b)(a—Db)
(a + b))% =a®+ 3a®b + 3ab®+ b®
(a — b)® =a® - 3a®b + 3ab®- b®
a’®+ b>=(a + b) (a® — ab + b?)

a’>-b*=(a —b)(a®+ ab + b?



